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PREFATORY NOTE 

The last edition of Hall and Knight’s Elementary Algebra 
published in Dr. Knight s lifetime was the sixth, iifeued 
in 18^K). Since his death in 1894 many alterations and 
additions have been made, as occasion required. These, 
for which I am solely responsible, may be summarized as 
follows : 

Extract from the Preface to the Seventh Edition (Jan. 
1897) : 

“ '^he distinctive features are : 

“ (1) The definitions of dimension, degree, homogenejous expres- 
sion are transferred from Art. 10 to Art. 24, 

“ (2) Greater prominence has been given to the fundamental 
Lou'S of Algebra (see Arts. 22, 29-32, 4tM8). With this 
object, parts of the cfiapters on Multiplication and Division 
have bivn re-written. 

(3) A .short section on the use of Detaehed Coe^cients has been 
given on page 39. 

“(4) A fuller treatment of the Hevminder Theorem and its 
application.^ will bo found on pages 2r>4, 255. 

** (5) Five new st^ts of Miscellaneous Examples have been added 
at convenient intervals beginning w’ith one on page 
which replace.s Kxample-s IV’, e.” 

Extract fro.m the Preface to the New Edition {Oci, 1907) ? 

“ The leading features are : 

‘‘ ( I ) A full treatment of Graphs occupying more than 60 pages. 

“ (2) A new set of Easy Examples on Substitution in Chapter I. 
• “ (3) The gn'iiter part of Chapter VHl, on Simple Equations, 
has been re-written .so as to bring the u.se of the funda- 
mental axioms into greater prominenee, and to urge 
importance of verifying solutions, 
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“ ( 4 ) Chapter IX, on Symbolical Expression, has been en^ 
larged. In particular, the section on Formulae has been 
illustrated by a new set of Examples. 

(5) A section on Square Root by inspection has been inserted 
in Chapter XVI. 

“ (6) In Chapter XVII, on Factors, a section on factorisation of 
trinomiaK by completing the square, has been introduced. 
Also a large number of easy misoellaneous examples take 
c the place of the Exercise XVII, 1, of earlier editions. 

“ (7) Considerable additions to the chapters on QuadiatilTEqua* 
tions. In particular, a set of examples involving applica- 
tions to Gwmetry will be found at the end of Clmptfr 
XXVII. 

(8) The chapter on Logarithms has been re-written so as to 
introduce and explain the use of Four-Figure Tables. The 
Tables of Logarithms and Antilogaiithms have been taken, 
with slight modifications, fiom those published by the 
Board of Education, South Kensington. 

“ (9) An easy first course has been mapped out enaUing 
teachers to postpone, if they wish, the harder cases of 
* Long " Multiplication and Division, and the rules depen- 
dent on these processes.” 

I am thus responsible for more than 100 pages of new 
matter. In particular, pages 405-465 are my sole work, 
being taken verbatim from my little book, A Short Inlro- 
duction to Graphical Alffetra, which was first published in 
1902. 


H. 8. HALL. 



SUGGESTIONS FOR A FIRST COURSE 

In the first thirty chapters an asterisk has been placed before 
all articles and examples which may conveniently be omitted 
in a first course. Notes are occasionally given suggesting 
the most suitable place for a section which may have to be 
postponed. 

* For those who wish to defer to a later stage all the rules 
dependent on " Long ” Multiplication and Division, so as to 
reach Quadratic Equations earlier, the following detailed 
course is recommended. 

<!hap. I. Arte, 1-11, 13-16, [Omit Art. 12, Examples 1. c.] 
Chaps. II-V, Arts. 16-40. [Omit all the rest of Chap. V, 
except Art. 44.] 

Chap. VI. Arts. 46-60. [Omit Arts, 61-66.] 

Chaps. VII-XIII. Arts. 66-107. In connection with Chap. 
Xm Arts. 417-424 on Elementary Graphs may be 
read. 

Chaps. XIV, XV. Arts. 106-113. [Omit Arts, 114, 116.] 
Chap. XVI. Arts. 116-1 18a, [Omit Arts, llft-124.] 

Chap. XVII. Arts. 126-136. [Omit Arts. 136A-137,] 
CHAP.XVni. Arte. 138, 139. [Omit Arte. 140-148.] 
Chap. XIX. [Omit Arts. 162, 163,] 

Chap. XX. [Omit Arts. 160-163.] 

Chap. XXL [Omit Arts. 171, 172.] 

Chap. XXIL Arts. 173-179. [Omit Arte, 180-186.] 
[Chaps. XXIII, XXIV may be taken later.] 

Chap. XXV. Quadratic liquations. In connection with this 
chapter Arts. 426-428, 437-440 may be read. 

From this point the omitted sections must be taken at the 
^retion of the Teacher. 
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ALGEBRA 


CHAPTER I 

Definitions. SuBsrnxrnoNS 

1. ^ Algebra taneate of quantities as in Arit^etic, but witib 
greater generality ; for while the quantities used in arithmetical 
processes are denoted by figures which have one single definite 
yalue» algebraical quantities are denoted by syrfAols which may 
have any value we chooee to assign to them. 

The sjnnbols employed are letters^ usually those of our own 
alphabet ; and, though there is no restiiction as to the numerical 
values a symbol may represent, it is understood that in the same 
piece of work it keeps the same value throughout. Thus, when 
we say let o— I ”, we do not mean that a must have the value I 
always, but only in the particular example we are considering. 
Moreover, we may operate with symbols without assigning to 
them any particular numerical value at all ; indeed it is with 
such operations that Algebra is chtefiy concerned. 

We begin with the definitions of A^bra, premising that the 
symbols +) Xr -r, =, will have the same meanings as in 
Arithmetic. Also, for the present it will be assumed that all 
the algebraical symbols employed denote int^ral numbers. 

2. An algebraical expression is a collection of symbols; 
it may consist of one or more terms, which are separated from 
each other by the signs + and Thus 7a+66-3c-x+2y is 
an expression consisting of five terms. 

Hota When no sign precedes a term tha sign + is understood. 

t 
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8. Ezpressioiis are either siinple or compoiiiid. A simple 
expression ooosiata of one terra, as 5a. A compound expression 
QODfiistB of <100 or more terms. Compound expressions may be 
farther distingaished. Thus an expression of tux) terms, as 
3d -25, is called a hmomial expression ; one of three terms, as 
Sd - 35 +e, a trinomial ; one of more t5an three terms a multi- 
nomial. Simple expressions are also spoken of as monomials. 

4 . When two or more quantities are multiplied together the 
result is called the product. One important difference between 
fhe netation of Arithmetic and Algebra should be here remarked. 
In Arithmetic the product of 2 and 3 is written 2x3, whereas 
in Algebra the product of a and 5 may be wiitten in any of 
the forms a x 5, a . 5, or a5. The form a5 is the most usual. 
Thus, if 0=2, 5=3, the product a5=o x5=2 x3=6 ; but in 
Aiitlunetic 23 means “ twenty-three ”, or 2 x 10 + 3, 

5. Each of the quantities multiplied tc^ther to form a pro- 
duct is called a fsctOT of the product. Thus 5, a, 5, are the 
factors of the product 5a5. 

6. When one of the factors of an expression is a numerical 
quantity, it is called the coefficient of the remaining factors, thus, 
in the expression 6a5, 5 is the (K)ofhcient. But the word coefficient 
is also uj^ in a wider sense, and it is sometimes convenient to 
(xmffider any factor, or factors, of a product as the coefficient of 
the remaining factors. Thus, in the product 6a5c, 6a may be 
appropriately called the coefficient of be. A coefficient which is 
not merely numerical is sometimes called a literal coefficient. 

ffote. When the coeffident is unity it is usually omitted. Thus 
we do not write la, but simply a. 

7. If a quantity be multiplied by itself any number of times, 
the product is cal^ a power of that quantity, and is expressed 
by writing the number of factors to the right of the quantity 
and above it. Thus 

a X a is called the second power of a, and is written a* ; 

a X a X a third power of a a’ ; 

and BO on. 

The number which expresses the power of any quantity is 
called its index or exponent. Thus 2, 6, 7 are respectively the 
indices of o*, a*, o’. 

Vote. o“ is usually read “ o squared ” ; o* is read “ o cubed ’* ; 

is read “ o to the fourth ” ; and so on. 

When the index is unity it is omitted. Thus we do not write 
but simplj a. Thus a, la, oi, la* all have the same meaning. 
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8. The beginner must be carefiil to distingmsh between 
efficient and index. 

Emmpk 1. What ia the (Jificrence in meaning between 3a and o’? 

By 3a wc mean the product of the quantities 3 and a. 

By a* we mean the third power of a ; that is, the product of the 
quantities a, a, a. 

Thus, if a =4, 

3arr3xa = 3x4-12; 
a* =a xa xa=4 x4 x 4=^64. 

Example 2. If 6 = 5, distinguish between 4/i* and 26*. 

Here 46*=4 x 6 x6=4 x5 x5 = 100 ; 
whereas 26* = 2x6x6x6x6=2xox5x6x 5 = 1260. 

Example 3. If a = 4, a: = I , find the value of 53^. 

Here &r®=5xxxa:xxxic=5xlxlxl x 1=5. 

Note. The beginner should observe that every power of 1 is 1. 

^ In arithmetical multiplication the order in which the 
factors of a product are written is immaterial. For instanoe 
3x4 means 4 sets of 3 units, and 4x3 means 3 sets of 4 units ; 
in each case we have 12 units in alL Thus 
3x4=4x3. 

In a similar way, 

3x4x5=4x3x5 =4x6x3; 

and it is easy to see that the same principle holds for the produot 
of any number of arithmetical quantities. 

In like manner in Algebra ab and 6a each denote the product 
of the two quantities represented by the letters a and 6, and 
have therefore the same value. Again, the ezpresriona a6c, 
ac6, 6ac, 6ca, ca6, c6a have the same value, each denoting the 
product of the three quantities a, 6, c. It is immaterial in 
what order the factors of a p^uct are written ; it is usual, 
however, to arrange them in alphabetical order. 

Fractional eoefficients which are greater fJian unity are usually 
kept in the form of improper fractions. 

13 

Example. If o=tt, x =7, a =6, find the value of ^ oxt. 

15 13 
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EXAMPLES L a 


If 

0=7,6 

=2, c 

= l,x= 

:5,y 

=3, find the ' 

value of 



1. 

14x. 

2. 

X*. 

3. 

3ox. 

4. 

0 *. 

5. 

56y. 

6. 

6*. 

7. 

36*. 

8. 

2x0. 

9. 

6c*, 

10. 

4y*. 

11. 

7c*. 

12. 

96*. 

13. 

86cy. 

14. 

V. 

15. 

8x*. 

If 

0=8, 6 

=6, c 

=4, x = 


=3, find the 

value of 



16. 

Dary. 

17. 

86*. 

18. 

3x». 

19. 

X*. 

20. 

7y*. 

21. 

f' 

22. 

6r 

23. 

3/«. 

24. 

x*. 

25. 


26. 

a*. 

27. 

6*. 

28. 

a*'. 

29. 

c*. 

30. 

66xy. 

If a=5, 6 

= 1, c 

=6, x= 

=4, find the ' 

value 

of 



31. 

lij*. 

32. 

i*5or. 

33. 

3*. 

34. 

2«. 

35. 

8> 

36. 

7*. 

37. 


38. 

|6cr. 

39. 

fc*. 

40. 

x* 

64* 


10. Wlicn several different quantities are multiplied tc^ther 
a notation similar to that of Art. 7 is adopted. Thus (utbbbbcddd 
k written o*6*cd*. And conversely 7o*cd* has the same me(tiung 
as7xaxaxaxcxixd. 

Exampk 1. If x=6, y =3, find the value of 4x*y*. 

4»y = 4x5*x3> 

= 4x25x27 
^ 700 . 

Emmfle 2, If a = 4, 6 ==9, x =6, find the value of ■ 

8te* 8x9x6* 8x9x36 
27a»' 27x4* 27x64 



11, Ifoneiactorofa jHfoduct is equal to 0^ the whole product 
must be equal to 0» u^mieoer values the other factors may have, 
A factor 0 is usually called a lero factor. 

For instance, if x— 0 then afi*zy* oontaini a zero factor. 
Theiefore a6*xy*=0 when z-0, whatever be the valuea of a, 6, y. 

Again, if c = 0, then ^=0; therefore ab*c*=0, whatever values 
a ai^ b may have. 

Note. Every power of 0 is 0. 
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If 0=7. 6 

=2, c=0, *=6, y 

= 3, find the value of 

1. 4fl^. 

2. a»6. 

3. 86V 

4. 3xy*. 

6. ibhi. 

6. i6»y*. . 

7. fi,*. 

8. a^. 

9 . aVy. 

10. 8*»y. 

11. 

12. fry. 

If 0=2, 6 

=3, c = l,p=0,g: 

=4, f =6, find the value of 


9^» 

15 — . 

6* 

1ft ^ 

^ 9 - W, 

17. 3o^« 

18. |6o^ 

19 . Z- 

9a^ 

20. 5oV. 

•21. 

22. 3“2®. 

23. 2''o». 

24. c®6<f. 

25. 

26. 

27. 

28. 

64r® 

32 

f 

f* 


[Thi articles and examples marked toUh an asterisk may be post- 
poned and taken in connection witA Chap, xvi.] 

o 

*12. DEFTNinoN. The square root of any proposed expies- 
mcm is that quantity whose square^ or second power, is equal to the 
given expression. Thus the square root of 81 is 9, because 9‘ — 8 1 . 

The square root of a is denoted by 4/a, or more simply s/a. 

Similarly the cube, fourth, fifth, eto., root of any expression 
is that quantity whose third, fourth, fifth, etc., power is equal to 
the given expression. 

The roots are denoted by the symbols ^ if etc. 

Examples. ^27=3; because 3* =27. 4^32=2; because 2** =32. 

The symbol sj is sometimes called the radical sign. 

Example 1. . Find the value of 5s/{6a*6*c), when a=3, 6 = 1,<=8. 

6V{6o»6<c) =6 X ^(6 X 3» X I* X 8) =5 X ^/(6 X 27 X 8) 
=5x^1296 = 6 x 36 = 180. 

Example 2. Find the value of when a =9, 6=3, *=6. 

»//a6n »//9x3*\ »//9x81\ 

V Wy " V ‘ V 

_»// 9x9x9 \_9 

Vv 1000 ) 10* 
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If a = 8, c-0, i=9, *=4, y=I, find the value of 


1. 

v'(2a). 

2. 


3. 

s/(2ax).s 

4. 

V(2oJt*). 

5. 

i/m- 

6. 

^(ax*). 

7. 

l'(8*y). 

8. 

i/(c^)- 

9. 

2V(2ay). 

10. 

8^(4*!). 

11. 

3c^(la). 

12. 

2a:y>/(V)* 

13. 

V©' 

14. 

VS)’ 

15. 

V©)' 

16. 

'i'(S)' 

17. 

V(S)’ 

18. 

my 

19. 

m- 

20. 

V(S)- 

21. 

VO- 


13. In the case of expressions which contain more than one 
term, each term can be dealt with singly by ,the roles already 
given, and by combining the terms the numerical value of the 
whole expression » obtained. When brackets { ) are used, they 
will have the same meaning as in Arithmetic, indicating that 
tiie terms enoloeed within them are to be considered as ihie 
qwuitity. 

Example 1. When c = 5, find the value of c* - 4c +2c* - 3c*. 

Here c*=6*=5x5x5x6 = 626; 

4c=4x6^20; 

2c» = 2xe> ==2x5x5x5 = 250; 

3c*=3x5>=3x5x6 = 75. 

Hence the value of the expression 

=026 - 20 + 260 - 75 = 780. 

Example 2. If a = 7, fr = 3, c = 2, find the value of 
o(5+c)*-e{a-6)*. 

The expression = 7 (3 + 2)» - 2<7 - 31* = 7 . 5* - 2 . 4* = 1 76 - 128 = 47 

Example 3. When a = 5, 6=3, c = l, find the value of 

6+2c (o + c)* 

Th.opn«i<n,=6* - J. 
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14 . By Art. 11 any term which contains a zero Jador is itself 
zero, and may be call^ a zero term. 

Example 1. If a ~ 2, 6 =0, x =: 5. y -3, find the Talus of 
6a*-fl6>+2xV + 36xy. 

The expresaion ={5 x 2’) - 0 + {2 x 5* x 3) +0 
=40 + 150 = 190. 

Note. The two zero terms do not affect the result. 

Example 2. Find the value of |x> - a>y + 7a5x - fy*, whan 
a=6, 6=0.x=7,y = l. • 

{x»-a*y + 7<i5x-|y»=f . 7«-6> . 1+0-f . l» 

=2»|-26-2i = >^. 

Example 3. Find the values of the expression x* - lOx + 21 when 
X has the values 0, 2, 3, 7, 8. 

Here the following arrangement will be found convenient. 



Thus the required values are 21, 5, 0, 0, and 5. 

15. In working examples the student should pay attentiCQ 
to the following h^ta. 

1. Too much importance cannot be attached to neatness of 
style and arrangement. The beginner should remember that 
neatness is in itself conducive to accuracy. 

2. The sign = should nev^r be used except to connect quan- 
tities which are equal. Beginners should be particularly careful 
not to employ the sign of equality in any vague and ipexaot 
sense. 

3. Unless the expressions are very short the signs of equality 
in the steps of the work should be placed one under the oi^er. 

4. It should be clearly brought out how each step follows 
front the one before it ; for this purpose it will sometimes be 
advisable to add short verbal explanations ; the importanoe of 

* this will be seen later. 
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If a =2, 6=3, c=l, d=0, find the numerical value of 
1. 6a+66-&+W. 2. 3a-46 + 6c + 5d. 

3. 6a + 3c-26 4'6d. 4. a6 + 6c + co - da, 

5. 6a6 - 3cd + 2da “ 5c6 + 2d6. 6. a6c+6cd + cda+dd6, 

7. 3a6c - 26cd + 2cda -4da6. 8. 26c +3cd -4da + 5a6. 

9. Stol + Scda -7dd6+a6c. 10. o* + 6* + c* + d*. 

11. 2o»+36»-4c*. 12. a*+6<-c*. 

If a =1, 6=2, c=3, d=0, find tJie numerical value of 
13. o« + 6»+c^ + d». 14. J6c*-a*-6»-|o6\:. 

15. 3a6c-6^-6a*. 

16. 2a> + 36*+2c* + 2d*-26c-2cd-2do-2a6, 

17. c» + |ad<-3a* + 6y. 

18. a> + 26» + 2c*+d>+2a6 + 26c + fcd. 

19. 2c* + 2o» + 26»-4c6 + 6a6cd. 

20. 13a* + ^ + 20a6-l6ac-166c. 

21. 6o6-|ac*-2a+|6*-3d + Jc». 

22. a*-c«+5>-d«+2o6-2cd. 

23. 2a6-j6*-f-3ac-2c-d+^. 24. 1266V: -9d*-f3a6(«. 
If a =2, 6=1, c=3, z=4, y=6, 2=0, find the value of 


25. 


1 - 6*{c - a). 

26 . 

(2o-€)(* + 2 y- 2 ). 

27 . 


28 . 

j{fy-2c«)+f(a!y-6c). 

29 . 

0* 6* 

2y 

' 

30. 

0 * a’ 

31. 

(«+y)* 

6(c*-a) 


a*-6* (o+6_+2)* 


(*-*)* 

7(0*+*)* 

V«f 

0*6* (6+c-*)* 

33 . 

(o + 6)» 


34 . 

(o+6+c)* 4(c-o)* 

(y-e)» 

e(z-ht)‘ 

€(y-») 3(o+y) * 
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1. When X haa the values 0, 3, 6, 8, 10 find the raloeB of 
®»-9x+20, 

' X* 

2. Find the values of 3 + 2ar + — when z has the values 0, 1, 2, 3, 4. 

4 ' 


3. Shew that y*- is 0 if s^=7, and also if y=:8. What 
is its value when y ~ 107 

x* X* 

4. Find the values of the expression i 7 r:: + 77 : + 2x when x has 

the values 2, 6, 8, 10. • 

5> Shew by substituting 10 for a and 3 for b that the two ex- 


4(a - 6) + 3{o + 6), 5(o +6) + 2{a - 36) 


are equal 

Test the equality also when a =6, 6 =0. 


6, Shew that i* - 6z* + llx - 6 is 0 for each of the values *=1, 2, 
3. What is its value when x = 10? 


^ 7 . Shew that the expression x* - 13x’ +44x is equal to 32 when 
jr = l, 4» or 8. 

8. Shew that 2 * + lOx is equal to Tx* for each of the values x=0» 
2, 5. Which of the expression is the greater, and by how much, 
when X =67 


9. By substituting 3 for x and 2 for y shew that the expressions 

6x* + 7x*y-y* and (2x+y)(3x-y)(x+y) 

are equal 

10. Find the value of 4x* + 4x-3 when x=2, and when a;=|-. 

11. When x=:5, shew that 4x*+4x-3 is equal to 9{x + 8). 

12 . Shew that fix’ -1 lx* +3x is equal to 0 when x=^, and when 
X = |. Find its value in the form of a decimal when 2 = ^. 


Examples for Revision. {Oral) 

1. What do you understand by 63 and by 6 . 37 

2. What is meant bv 45xy and 4 . 5xy7 If x=4, y~5, give tike 
arithmetical value of each. 

3. Which is the greater 245 or 2 . 4 . 5, and by how much? 

4. Oive the product of I and u in three ways. 
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5. If 5 boys hare p marbles each, express algebraically how 
many they have in all. Up = 25 what is the numb^? 

6. If X cakes are to be shared eqoaUy among 6 bo^, express 
algebraically how many each will have. If x=:42 woat is the 
nomber? 

7. If 54 books are divided equally among c boys, express each 
boy^s share algebruoally. What is the arithmetical value if c=6? 

8. What is the difierence between " twice 3 ” and “ 3 squared ”? 

9. ,jlive the expresdon for “ thrice d ", also that for the " cube 
of d Give the arithmetical values if d - 2. 

10. Distmguiah between “ four times z " and “ x to the fourth ”, 
Give the respective values when x=3, 

1 1 . The quantity c is to be multiplied by the quantity x. How 
is this expres^T Give the product if c=7 and z=3. 

12. If X factors, each e^ual to c, are to be multiplied together, 
express this algebraically, ^liat is the value if x-3 and the factor 
c=7r 


13. The quantities u, 6, c ai« to be added together. Express ftiis 
algebraically. What is the answer if a =5, b = 7, c-llj 

14. The quantity r is to be taken from the quantity «. Give the 
algelwaical expression that denotes this. Wliat is the answer if 
f=27 ands=4U 

15. A boy starts playing with z marbles and wins y. Express 
the nomber he tiien hu. If 25 and y- 9, what number has he! 

16. The same boy plays with his increased number and loses z. 
Express the number be then has. If s = 17, how many has he left? 

17. A farmer takes / sheep to market aud sells g of them. How 

many has be left! is tne remainder if /=04 and g=48! 

18. Anotbor faraer takes i sheep to market «id retuma with I of 
them. How many has he sold! If i:-75, and 1 = 32, what is the 
number he has sold! 

19. Give the sum and {woduct of the three quantities a, b, c ; and 

if a =5, 5=7, 6, give the arithmetical value of each. 

20. If I walk y miles per hour for y hours, what is the algebraioal 
expecadim for the length of my walk! If ys4, what is the answer! 



CHAPTER II 


Negative Quantities. Addition of Like Terms 

16. Ik the preceding examples the sum of the temfb to be 
subtracted has never been greater than the sum of the terms to 
be added ; that is to say, every operation has been capable of 
•being worked by Arithmetic. But m an example that reduces 
to a result such as 4 - 9 the subtraction cannot be arithmetically 
performed, yet as an algebraical result such an expression can 
be explained; and, moreover, a subtractive term may stand 
alone and its meaning be quite plain. 

17. Algebraical quantities which are preceded by the sign + 
aio said to be positive ; those to which the sign - is prefixed 
are said to be n^ative. When no sign is prefixed the + sign 
is to be understood. These signs are frequently used to denote 
a qwdity possessed by the quantities to which they are attached, 
as expired in the following illustrations : 

(i) Suppose a trader gains £100 and then loses £70, the result 
of his trading is a gcUn of £30, that is + £100 - £70= + £30 ; 
and the + £30 denotes that he is £30 better off than when he 
began. 

But if be had first gained £70 and then lost £70, the loss 
would exactly balance gain, that is + £70 - £70 = £0. Thus 
he would be in the same poeition as when he began. 

If, however, he had first gained £70 and then lost £100, 
the result of his trading would be a Iok of £30, tiiat is 
+ £70-£100= -£30, and the -£30 denotes that ^ is £30 
worse off than when he began, or that he now has a debt of £30. 

Thus we see that the ~ denotes a quantity epuU in magnu 
tud€f bui oppo$Ue in character to the + £^. 

(ii) Again, suppose a man to row 60 yards up a stream, and 
tii^ to drift down with the current for 40 yards, his poeition 
relative to the starting point would be +60 yatds-40 yards 
= +30 yards, the +20 yards denoting the distance he was tip 

•ttream from his starting point. 
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If he had rowed 40 yards up stream and then drifted down 
60 yards, his position relative to the starting point would be 
+ 40 yar^ - 60 yards - 20 yards, the - 20 yar^ denoting the 
distance he was down stream from his starting point. 

Thus we see that -20 yards denotes a distance equal in 
magniiudet 6td opposUe in direction to that denoted by +20 
yai^. 

(Ui) On a Centigrade thermometer C. means 15"^ above 
tile freezing point and -15^0. denotes 15* below freezing 
point. 

Fron? the above examples it will be understood that + 6, for 
example, will d^iote a quantity greo^ than 0 by 5 units, 
whereas -5 will denote a quantity that is less thw 0 by 5 
units, the two quantities &ing of the same ahsoltfto value but 
of opposite eharaeter. 


P.TAMPT.PJl IL A 

1. A trader gains £2Q, loses £42, and then gains £10. Express 
algebraically the result of his three transactions. 

2. Two cricket counties play 16 matches ; one wins 10 and 

6, and the oth^ wins 7 and loses 9. Express the two results, 
allowing a gain of one point for a win and a loss of ons point for a 
defeat. 


3. In the night a Ceotigiade thermometer falls to - S*, and in 
the day-time it rises to 12*. How many degrees are there between 
the readingsT 

4. A Centigrade th^mometer rises to 9* in the day-time and falls 
15* during the night : what is the night reading? 

5. A snaO climbs 6 feet verticaUy upwards from a given point on 
a wall, alipe down 15 feet, and then climbs 6 feet npwanw again. 
Express aq^brmically his 6nal position from his starting point. 

6. Two men each fire 20 shots at a mark and agree to xvfpaUiT 4 
points for every hit and to deduct 3 points for every miss. One 
bits the mark 12 times, the other 8 times. Express algebraically 
their separate scores. 

7. Each of three football teams i^ys 20 matches during tiis 
season. Tbe A team wins 9 and Iosm 5, the H team wins 6 and 
loses $, and the G team wins 9 and loses 9, the other games being 
drawn. If one point be aJtowed for a win, and one point deducted 
for a loss, place tiie three teams in (wder of merit and give the 
expteMions that denote the results of the ssason's pby. 



ADDITION OF LIKE TERMS 


13 


>] 


Addition of Like Tenns 

18 . DxriNiTioir. When terms do not differ, or when they 
differ only in their numerical coefficients, they are called like, 
otherwise they are called unlike. Thus 3a, 7a ; 6a% 2a*b ; 
3aV>*, -4a*6* are pairs of like terms ; and 4a, 36 ; la\ 9a*6 are 
pairs of unlike terms. 

The mlee for adding like terms are : 

Buie I. The eum of a number of like terms is a like term. 

Buie n, IfaUthe terms are positive^ add the coefliderd^ 

Example. Find the value of 8a + 5a. 

Here we have to increase 8 things by 5 like things, and the 
isggr^ate ia 13 of such things ; 
for instance, 8 lbs. + 5 lbs. = 13 lbs. 

Hence alM, 8a + 5a = 13a. 

Similarly, 8a + 5a + a + 2a + 6a=22a. 

Buie m. If ail the terms are negalivst add the 
numericaUy and prefix the minus sign to the sum. 

^Example. To find the sum of -3a;, -5a:, -7x, 

Here we have to express, as one subtractive quantity, the sum, 
or total, of four subtractive quantities of like character. To 
subtract in succeesimi 3, 6, 7, 1 like things would have the same 
effect as to take away 3 + 5 + 7 + 1, or 16, such things in one 
operation. 

Thus the sum of - 3a:, - 5x, -lx, - a; is - 16 j:. 

Buie IV. If the terms are not all of the same sign^ add to- 
gether separately the coe^Unts of ail the positive terms and the 
coefficients of all the negative terms ; Me difference of these two 
results^ preaded by the sign of the greater^ will give the coefficient 
of the sum required. 

Example 1. Find the sum of 17a: and - 8a:. 

A gain of 17 followed by a loss of 8 would give as a result a gain 
of 9, for the difference of 17 and 8 is 9, and tiie gain, or positive 
term, is the greater. 

Thus the sum of 17x and - 8a; =9x. 

Example 2. The sum of - 17x and 8r = - 9x. 

iSaDamplsS. Find the sum of 8a, -9a, -a, 3a, 4a, -lla, a. 

The sum of the coefficients of the positive terms is 16. 

„ „ „ negative „ 21, 

The difference of these is 6, and the sign of the greater is negative ; 
a hnioe the required sum is - 5a. 
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When a number of quantities are connected together by the 
ngns + and - ♦ the value of the result is the same in whatever 
Older the terms are taken. 

For example, in a seriee of combined losses and gains, the result 
is the same in whatever order the gains and losses are taken. 

We may, therefore, add or subtract the terms in the most 
ccmvenient order, which is usually that stated in Rule IV above. 
This prooees is called coUecting tenos. 

19. When quantities are connected by the signs + and 
the resulting expression is called their algebraical sum,'' 

Thus 1 la- 27a + 13a- - 3a states that the algebraical sum 
of lla, -27a, 13a is equal to -3o. , 

Note. The stun of two quuititics nomericaliy equal but with 
opposite signs is zero. Thus the sum of 5<i and - is 0. 


EXAMPLES H. b 


Find the sum of 




1. 

5a. 7.1, Ila, o, 23a. 

2. 

4r, X, 32!, 7r, 9r. 


3. 

76, 106, 116, 96, 26. 

4. 

6c,6e,2r,15r, 19r, 100c, c. 

5. 

-3j, ~5z, -llz, -7r. 

6. 

-66, -66, - 116, - 

186. 

7. 

-3y, -7y, -y, -2y, -4y. 

8. 

- c, - 2<:, - 60c, - i 

13c. 

9. 

-116, -56, -36, -6. 

ID. 

6r, -z, -Zx,2z, - 

ar. 

n. 

26y, - lly, - 15y, y, - 3y, 2y. 

12. 

5/. -9/. -3/, 21/. - 

•30/. 

13. 

2i, -3», A, -s, -5*. 5s. 

14. 

7y. -lly. I6y. -3y. 

~2y. 

15. 

&r, - 7aJ, - 2af, 7a:, 2x, - 5z. 

16. 

7a6,-3a6.-6a6. 2a6, a6. 

Find the value of 




17. 

-fti« + Ux»+3a:*-4x*. 

18. 

3o^- 18a*r + fl*j:. 


19. 

3o»-7a*-8a» + 2a»-Ilo» 

20. 

4a:*-6**-8x*-7a:». 


21. 

4aV - fl*6* - 7o%^ + 6a V tt*6«. 




22. 





23. 

?a6ed - ] la6(d - 41a6cd + 2a6af. 




24. 

iar-ia: + x + §x. 

25. 

|o + |a-Ja, 


26. 

-56+i6-|6 + 26-i6 + j6. 





27. + 

28. Job- 

29. fr-|*+fx-2x+V^-J*+*. 

30. 
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SiBiPLE Brackets, Addition 

, 20. When a number of arithmetical quantities are connected 
together by the signs + and - , the value of the result is the 
same in whatever order the terms are taken. This also holds in 
the case of algebraical quantities. 

Thus a - 6 + c ls equivalent to a + c - 6, for in the first of the 
two expressions 6 is taken from a, and c added to the'r^ult ; in 
tly> second c is added to a, and b taken from the result. Similar 
reasoning applies to all algebraical expressions. Hence we may 
write the terms of an expression in any order we please. 

Thus it appears that the expression a~b may be written in 
the equivalent form ~b+a. 

To illustrate this we may suppose* as in Ait. 17* that a repre- 
sents a gain of a pounds* and -b a, loss of 6 pounds : it is clearly 
immaterial whether the gain precedes the loss or the loss pre- 
cedes the gain. 

21, Brackets ( ) are used to indicate that the terms enclosed 
within them are to be considered as one quantity. The full use 
of brackets will be considered in Chap. YU ; here we shall deal 
only with the simpler cases. 

8 +{13 + 5) means that 13 and 5 are to be added and their sum 
added to 8. It is clear that 13 and 5 may be added separately 
or together without altering the result. 

Thus 8+{13+6)=8 + 13 + 5=26. 

Similarly a+(&+e) means that the sum of 6 and c is to be 
added to a. 

Thus 


a+(6+c)=a+6+c. 
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8 + ( 13 ~ 5) meoBs that to 8 we are to add Uie excess of 13 orer 
5 ; now if we add 13 to 8 we have added 5 too much) and most 
therefore take 5 &x>m the result. 

Ihua 8+(13-5)=8 + 13-5^16. 

Similarly a+(4-c) means that to a we are to add h, diminished 


by c, ^ f 

Thus o + (h“C)=o+6-‘C (1). 

In hke manner, 

o+h~c-f(d-«-/)=a+h^c4-d-«^/ (2), 

Clonveftety, 

a+6-c+d-e-/-o+6-c + (d-<-/) (3). 

Again, a-h+c^o+c-b, [Art. 20.J 

= the sum of a and c - 6, 

=:the sum of a and - b +c, [Art. 20.] 

Uierefore a-b+c~a^( ~b+c) (4). 


By considering the remiits (1), (2), (3), (4) we are led to the 
fdlowing rule : 

Eule. When an exprttsian uithin brackets is preceded by the 
sign +, the brackets can be removed without maittny any change in 
the expression. 

Conretsely : Any part of an expression may be e?iclo8ed within 
brackets and the sign + prefizedy the sign of every term within the 
brackets remaining unaltered. 

Thus the expression a-b + c-d + e may be written in any of 
tbeftdlowing ways, 

o+(-6+c-d+e), 
a-b + {e-d+e), 
a -'6 + c + ( -d + <). 

22. The expression a -(&+<;) means that from a we are to 
take the sum of b and e. The result will be the same whether 
b and c are subtracted separately or in one sum. Thus 
o-(6+c)=a-6-c. 

Again, a-{b-c) means that from a we are to subtract the 
excess of b over c. If from a we take 6 we get a -b ; but by so 
doing we shall have taken away c too much, and must therefore 
add c to a -b. Thus 

a-{b-e)^a-b+c, 

In like manner, 

a..,h-(c-d-«)=o-b~c +(/+€. 

Acomdingly the following nife may be enunciated : 
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Buie. an exprestion vnthin brackets is preceded by (he 

sign - 1 (he brackets may be removed if the sign of every term vnihin 
the brackets be changed. 

Conversely : Any part of an expression may he enclosed unthin 
brackets and the sign - prefixed^ provided the sign of every term 
within the brackets be changed. 

Thus the expression a-6+c+{i-e may be written in any of 
the following ways, 

»-( +6-c-(i+c), 
a-6+c-( -i+e). 

We have now established the following results : 

I. Additions and subtractions may be made in any order. 

Thus a+b-c+d-e-f-a-c-i-b+d-f-e 
-a-c-f+d + b-e. 

This is known as the Commutatiye Law for Addition and 
Spbtiaction. 

II. The terms of an expression may be grouped in any manner. 

Tbusa + fe - c+d-c-/=(a+6)-c+(d-e) -/ 

=a + (6-c)+(d-e) -f=a+b-{c~d)~{e+f). 

This is known as the Associatiye Law for Addition and 
Subtraction. 


Addition of Unlike Terms 

28. When two or more like terms are to be added leather 
we have seen that they may be collected and the result expressed 
as a single like term. If, hou^ver, the terms are unlike they can- 
not be collected ; thus in findin g the sum of two unlike quantities 
a and 6, all that can be done is to connect them by the sign of 
addition and leave the result in the form a + b. 

Also by the rules for removing brackets, a + ( - h) —a - h ; that 
is, the algebraic sum of trand -6 is written in the form a -6. 

It will be observed that in A^bra the word sum is used in 
a wider sense than in Arithmetic. Thus, in the language of 
Arithmetic, a - 6 signifies that h is to be subtracted from a, and 
bears that meaning only ; but in Algebra it is also taken to mean 
• the sum of tiie two quantities a and -6 without any i^ard to 
the relative magnitudes of a and A 
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MmmfUX, Find the sum of 3a -56 + 2c; 2a + 36- d; -4a +26. 

The sum =(3a-56 +2(') + (2a +36 -d} + ( -4a + 26) 

3a - 56 + 2c + 2a + 36 - d - 4a + 26 
::::3at2a-4a-56 + 36 4 26 + 2f-d 
= o + 2c - d, 

by collecting like terms. 

The addition is, however, more conveniently effected by the 
following rule : 

Cl 

Buie, .drran^ the expressions tn lines so that the like terms 
may 6e in the same vertical cciumns ; tiien add each column, begin- 
ning with that on the left. f 

The algebraical sum of the terms in the 
first column is a, that of the terms in the 
second column is zero. The single terms 
in the third and fourth columns are brought 
down without change. 

Example 2. Add together -5a6 + ft&c-7ac; 8a6 + 3ac-2ad; 
-2a6 + 4ac +5ad ; 6c-3^+4ad. 


Here we first rearrange the ex* 
|»reesions so that like terms are in 
the same vertical columns, and then 
add up each column separately. 


~5a6 + 66< -7oc 
fia6 +3ac -2ad 

-2a6 +4ac + 5ad 

-3a6+ 6c +4ad 

-2a6 + 76c 4 7ad 


3a-56 + 2c 
2a + 36 -d 

-4a + 26 

a +2e-d 


EXAMPUIS m. a 

Find tha sum of 

1. tt+26-3c; -3a+6 + 2c; 2a-36 + c. 

2. 3a + 26-c; -o + 36 + 2c; 2o-6 + 3c, 

3. -3s;+2y+z; x-3y+2!; 2a;+y-3«. 

4. TX + 2y + 32; 3x-y + 2 z; 2 x + 3y-z. 

5. 4o+36 + 6 e; - 2 a + 36-8c; a -6 + c. 

6 . -lJ5a-l»6-18c; 14a + 156 + 8 c; a + 66 + 9c, 

7. 26a-l66+c; 13a-106+4c; a + 206-c. 

8 . -16a-106 + 6 c; 10a + 56 + <;; 60 + 66 -c. 

9. 5ax-76y+a; aa;+26y->cx; -3az+26y +3e(r. 

10, ^lOp + q-r; |)-20g + r; ;p+ 7 - 20 f. 
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Add together the following expressione : 

11. - 6a6 + 66c -* 7ca ; 8a6-#c + 3<»; - 2a6 - 26c + 4ca. 

12. 15<i6 - 276c -6ca ; 14a6>186cf lOca; 456c-3ca-49a6. 

13. 5a6 + 6c-3ca; a6-6c+ca; -a6 + 2ca+6c. 

14. pq^-qr-rp; -p^ + gr + rp; ‘pq-qr-vrp. 

15. x + y + z; 2x + 3y-2z; 3x-4e/+2. 

16. 2a-36 + c; 15o-216-8c; 246 + 7c+3a. 

17. 4a:y-9yz + 2zx; - 26ay + 24y2 - zx ; 23xy - ISyz + 2 ar. 

18. 17fl5-136c + 8ca; - 6a6 + ft6c - 7ca ; - 76c - ca + 2a6. • 

19. 47x-63y + z; -25x + l5y-3z; -22x + 16z + 48y. 

20. -176-2c + 23<i; -9a + 156 + 7c; -I3a + 36-4c. 


Dimension and Degree 
Ascending and Descending Powers 

24, Each of the letters composing a term is called a dimim - 
sitn of the term, and the number of letters involved is called 
the d^ree of the term. Thus the product abc is said to be o/ 
ihree dimensions, or of the third degree ; and ax^ is said to be o/ 
five dimensions, or of the fifth degree. 

A numerical coefficient is not counted. Thus 8 a* 6 ® and a* 6 * 
are each of seven dimensions. 

The degree of an expression is the degree of the term of 
highest dimensions contained in it ; thus a* - 8 a’ + 3a -5 is an 
expression of the fourth degree, and a*x - 76*x’ is an expression of 
the fifth degree. But it is sometimes useful to speak of the 
dimensions of an expression with regard to some one of the 
letters it involves. For instance the expression ax’ - 60 :*+ ex- d 
is said to be of three ^intensions in x. 

A compound expression is said to be homogeneous when all 
its terms are of the same dimensions. Thus 8 o* - o* 6 * + 9a6* is a 
homogeneous expression of six dimensions. 

26. Different powers of the same letter are unlike terms; 
thus the result of adding together Sx* and 3x’ cannot be ex- 
pressed by a single term, but must be deft in the form 2 x’+ 3 x*. 

Similarly the algebraical sum of 5a*6’, -3ai*, and - 6 * is 
j)a> 6 * - 3a6* - 6 *. This expression is in its simplest form and 
cannot be abridged. 
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In adding together several algebraical expressions oontainiag 
terms with different powers of the same letter^ it will be found 
convenient to arrange all expressions in demnding or o^cendin; 
powers of that letter. This will be made clear by the following 
exampleB. 

Example 1. Add leather 3r’ + 7 + 6cr-6j*; 2x>-8~Jhf; 

4x-2*’+3**; 3x*-95r-;^; x-z*-z* + 4. 

In writing down the first expreMion 
we put in the first term the highest 
power of Xf in the second term the 
next highest power^ and so on till the 
last term» in which x does not appear 
The other expressions are arrang^ in 
the same way. so that in each column 
we have like powers of the eame Idter. 

Example 2, Add together 3o6*-2h’ + a*; 5o*6 - o6* - 3a* j 


Here each expression contains 
powers of two letters, and is 
MTanged according to deeeend' 
ing powers of 6, and ascending 
powers of a. 


8a* + 56»; fto»6-2a» + ah*. 
-2h» + 3a6* + a* 

- a6*+ 5o*6-3a» 
5h» +8a» 

si*+ 9o%'2a* 
~3M+3a6*TTiflST4? 


3x* nSx* +6x + 7 
2x»-ftx-8 
-2x* + 3x* +4x 
3x»- x»-ftr 
- X*- x*-f x + 4 
‘^^2x*^x + 3 


RTAMPT.ra m. b 

Find the sum of 

1. 2aA+3co+<Sohc; -6o6+26c-5a6c ; 3ah-2fcc -3ea. 

2. 2a:»-2xy + 3y*; 4y* + 5xy>2x*; x*^2xy-6y*. 

3. 3a*-7ai-4h*; - fio* + 9ah - 3** ; 4a* + oi + 66*. 

4. x*-fxy-y*; -z*+yz+y*; -x*+xz + z*. 

5. “X*-3xy + 3p*; 3x*+4xy-6y*; x*+xy+y*. 

6. x*-x*+x-l ; 2x*->2x + 2; -3 j* + 5x + 1. 

7. 2x*-J*-x; 4 x*4*8** + 7x; -6x*-fix*+*. 

8. 9x»-7x + 5; + 2ar*-4ftr-n. 

9. l0!r»f5x + 8; 3x*~4x*-6; 2x»-2x«3. 

10. o*-fli6 + 6c; o6 + 6*-ca; ca-dc+c*. 

11. Ba»-3e»+d*; 6>-2o*+3d>; 4c>-2a*-.3d», 
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Find the sura of 

12. + 2a^ + a: + 6; - Tx* + 2x ~ 4. 

13. a*-a* + 3a; 3a*+4a*+8o; 5a>-6a*-lla. 

14. ** + y*-2xy; 23*-Sy*-4yz; 2x*-2z*-3xz. 

15. ac*-2y* + x; y*-2ir»+y; x*+2y*-x + y». 

16. x* + 3x*y + 3xy* ; -3x*y-6a:y^-x*; 3a:*y+4zy*. 

17. a»4-6a6*+6«; 6»-10a6»~a»; 6a6«-26»+2a*6. 

18. 3a^ + 2x>y»-6xy*; 3a:>y> + Cxy* - 

19. o>“4a^ + 6ci6c; a*&-10«5c+c*; 6* + 3a*6+a6c. 

20. a:*-4x*y + 6xy*; 2x*y-3xy*+2y*; y*+32:*y+4xy*. 

Add together the following expressions : 

21. ~a+f6; |a-6. 

22. -ia-Ji; -|^+|6; *2a-6. 

23. -2o+fc; -^a~26; §6 -3c. 

2a~3b; ^b-c. 

25. + -x>-|xy + 2y*; f x* - 

26. 3o*-fa6-i6*; - |o* + 2a6 - |A* ; -§«*-o6+6*. 

27. + 

28. -ix* + 6ax«-|a*x; -ix»+ftt^. 

29. i**-fay-7y*; |xy + ^y*; -|^-h4y*. 

30. ia»-2a*6-f6»; |a*6-Ja6« + 26*; - 



CHAPTER IV 

SUBTBACnON 


26* Ths simplefrt cases of Subtraction bays already come 
under the head of addition of likt terms, of which some are 
negative. [Art 1$.] 

Thus 6a - 3a = 2a, 

30-70= -4a, 

- 3a - 6o = - 9a. 

AJso, by the rule for removing brackets [Art 22], 

3a-{ -8a)=:3a + 8a 
= Ua, 

and -3a-*(-8a)=-3a + 8a 

=6a. 


Subtraction of Unlike Terms 


27* The method is shewn in the following example. 
BxampU. Subtract 3a -26 ~c from 4a -36 + dc. 


The difference 
=4a-36 + 6c-*(3a-26-c) 
=4o - 36 + 5c “ 3o -f*26 + c 
= 4a - 3a - 36 + 26 + 6c + c 
=a-6+6c. 


The expression to be subtracted U 
first enclosed in brackets wiUk a 
minus sign prefixed, then on removal 
of the bra^ets the like terms are 
combined by the rules already ex- 
plained in Art. 18. 


It is. howevCT, mors convenient to arrange the work as follows, 
the signs of afi the terms in the lower line bdng changed. 


4a-36+6e The like terms are written in 
- 3a + 26 -I' c the same vertical column, and each 
by addkum, a- 6f6c column is treated separately. 


Bnle. Change the sign of every term in the expreasion to be 
eutiradedt and add to the other expresnon. 

Mots. It is not neoessaiT that in the expression to be subtracted 
the signs ahonld be aetwuly changed ; the operation of changingi 
aigna ought to be performed mentally. 
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Sxam^ 1 . 
6ic*+ xjf 
2a:* + toy - 7y* 
3x* ~ 7a:y + 7y* 


From 6z*-{-ay take 2»*+toy-7y*. 

In the first column we combine mentally fix* 
and - 23^, the algebraic sum of which is 3a:*. In 
the last column ^ sign of the term » 7y* has to 
be changed before it is put down in the result. 


Examfh 2. Subtract 3a:* - 2a: from 1 - a:*. 

Terms containing different powers of the same lettOT being unlike 
most stand in different columns. 

In the first and last columns, as there is 
nothing to be subtracted, the terms %re put 
down without chan^ of sign. In the second 
and third columns each sign has to be changed. 


- 3 * +1 

3«*-ar 

-a:»-3a:* + 2a: + l 


• The re-arrangement of terms in the first line is not jieceesary, but 
it is convenient, because it gives the result of subtraction in descend* 
ing powers of x, : 


EXAMPLES IV. a 

Subtract 

4a-3b+cfrom2a-3&~c. 

2. o -36 + 5c from 4a -86-i-c. 

3. 2a:-8y-i-2 from ISx + lOy- Ito. 

4. 16a-276 + 8c from 10o + 36+4c. 

5. - 10z-14y + 162 from *-y- 2 . 

6. - lla6 + 8«i from - I06c + o6 -4ai. 

7. 4a -36 + 16c from 26a- 166 -I8c. 

8. - 16x- I8y- 162 from -6x + 8y + 72, 

9. a6 +cd -ac~ 6d from a6 + cd+ac+6d. 

10. -a6 +cd-ac + 6d from a6“cd + oc-6d. 

From 

11. 3a6+6cd-4ac~66dtake3a6 + 6cd-3ac-66d. 

12. y2-2af+a:y take -ary+ya-aa:. 

13. -2iC*-a:*-3a: + 2 take as* -a: + l. 

14. - 8a:*y + 16ry* + lOxya take 4a:‘y - 6zy* - 5xyz, 

15. ^-6+^ take Ja+|6-^. 

16. J«+y -2 take 

17. -0-36 take |a + j6-j[c. 

18. i»~?y+Ajtake 

^19. -fc-ly-eatake ia:-fy-V«* 

20. -lx+|y-itakei«-^-f 
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From 

1. 3jry»^48£rtake -4jry4 25 fz- 10 er. 

2. -8j:V + laaf*y + 13 jV* tAke ir*y* + 7**y-8ay. 

3. -8 46(14 + 0*6* take 4 -3o6-5o»ft*. 

4. o*6c + 6*ca+c*o6 take 3o*6c - 66*co - 4c*a6. 

5. - 7a*6 4 8o6* 4 erf take 6o*6 - 7a6« 4 6crf. 

S. -8*>sr45^y*-aVtake8x*y-5iy4*y. 

7. l(taV + 16o6* + 8o*6take -10o*5* + 16fl6*-8o"6. 

8. 4x*-3Jr + 2 take -SiH + ftE''?, 

9. af*4n**44take8a5»-6i-3, 

10. -8oV + 5x*4l6takeftoV-8i*-6. 

Subtract ^ 

11. z*-z* + z + l from 2 ^ + 2 * ~z + l. 

12. 3*y*-3a:*y 4**-^* from z*+3i*y + 3x1^ +y*, 

13. 6*+c*-2a6c from o*+fe’ -3o6c. 

14. 7*y*-y*-3jr*y + 5z* from 8jt* + 7jr*y-3ary*-y*. 

15. 3:*+64Z-3Jf* from 5iH-8z*-2j:* + 7. 

19r o*+6*+e*'“3o6c from 7o6c -3o*+66*“C*. 

17. 1 -a:4**“X^ - a:* from a* -> 1 43:-x*. 

18. 7«*-8a*43o*4a from a*-5o*-7+7a*. 

19. 10o*6+8o6»-8a»6*-6*frora6a*6-6o6*-7oV, 

20. o*>6» + 8a6*-7o*6from -8o6*4l6a*6+6». 

From 

21. Ja* - fry -fy> take -fr*+iy-y*. 

22. |c*-|a-‘ 1 take -fa*+a~l. 

23. ia^“fc + i take Ja- 1 +fr*. 

24. |a*“|attakef 

25. ia»-f*jf»-y»takefr»y-|y*-lay*. 

26. iti*-2aa*-fi^takefi^4ia*<>{aa*. 
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MISCELLANEOUS EXAMPLES I 

1. Simpixiy (I) ir-2x*-(2a;-3a:*) ; 

(2)3a-46^(36+a)-(6a-86): 

2. To the sum of 2fl-3&-2c and 26 -a + 7c add the sum of 
(7 - 4c + 76 and c - 66. 

3. Whenx=:3, j/-2, 2 = 0 , find the value of 

{2)\xy+^. ^ 

4. Define truiex, toefficicTit. In the expressions 4aJ* + 3x, 2x* + z*, 
a:*-f 7z, find (1) the sum of the indices, (2) the sum of the coefficients. 

• 5. From Sz* + 3z - 1 take the sum of 

ib - 5 + 7 r® and 3z* r 4 - 2z* + x. 

6. Subtract 3<i ~ 7a* + 5a* from the sum of 

2 + 8o* - a* and 2o* - 3a* + a - 2. 


Distinguish between liix and unlike terms. Pick out the like 
terms in the expression 

a* - 3a6 + 6* - 2a* - a* + 36* + 5a6 + 7a*. 

8. Write down in as many ways as possible the result of adding 
together x, y, and z. 

9. Subtract 5x* + 3x - 1 from 2x*, and add the result to 

3z*+3r-l. 

10. If tlie number of pounds I possess is represented by +a, 
what will -a denote? 

11. Write down in algebraical symbols the result of diminishing 
2a by the sum of 36 and 5c. 

12. W'hen x=il, y = 2, z = 3, find the value of the sum of 6x*, 
- 2 x*2, 3y*, Also find the value of 22 *^ - 3y*. 


13. Add the sum of 2y-3y* and 1 -5y* to the remainder left 
when 1 -2y* + y is subtract^ from 5y*. 

14. Explain dearly why x-(y-*)=:x-y+*. 

15. If * = 4, y =3, 2 = 2, a =0, find the value of 

3x* - 2yz - ax + 5ax*y. 

• 16. Simplify 2a - 6 - (3o “ 26) + (2a - 36) - (a -> 26). 
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17. Find Uio algebraionl mm of the like termi in the expression 

6a* - 4a<6 + 6* + 6a>6 + 7a6* - 3a% + 4a6> + 8o«6. 

18. A boj works x sama, of which only y •> 22 are right ; how 
many are wrong? 


19. In the expression 3a* - 7a% + 6*, point out the highest power, 
the lowest power, the positive terms, and Uie ooeffident of a*. 

20. Take a:*-y* from 3jy-4y*, and add the remainder to the 
sum SS ixy - x* - 3y* and 2a:* + 6y*. 

21. If x=l, y = 3, 2 = 5, u: = 0, find the value of 

V(3^y) + s/(&r) + s/(3yw). 

22. What is the degree of a term in an algjffraical expression? 
In the expression 4z* - 3x*a* + o*. what is the degree of the negative 
term? 

23. Find the sum of 5a-76-fc and 36 -9a, and subtract the 
result from e -46. 

24. If x=3, y =4, p = 8, ^ = 10, find the value of 


25. If X represents the date a.i>. 10, what will - 3x stand for? 

26. Add U^tiier 3x* - 7x + 5 and 2x* + 5x - 3, and diminish the 
result by 3 j:* + 2, 

27. In the expression » 

4a*6* - 6* -f 3a*6> + 66* - o6*x + 2x*a6 + ate* - a>6>, 
point out which terms are /the, and which are homogeneous. What 
is the dt^iree of the cxprcsrion ? 

28. Express in algebraical symbols the excess of the sum of a 
and 6 over c diminish^ by d. 

29. A, man walks 2a - 6 miles due North from a 6xed point 0, 
an^ then walks a distance 3a + 26 mil^ due South ; what is his final 
posham with re^uxl to 0? 

30. What cxpremon must be added to te:*-7x+2 to produce 



CHAPTER V 


Multiplication 

[Part of this chapter may he taken at a later stage. See remark on 
page 35. The easy graph^al work in Artci. 411-420 may be dudied 
after Examples v. b.] • 

28. Multiplication in its primary sense signifies repeated 
addition. 

t) 

Thus 3x4=3 taken 4 times 

=3 + 3+3 + 3. 

Here the multiplier contains four units, a!nd the number of 
times we take 3 is the same as the number of units in 4. 

Again a x b taken h times 


the number of terms being 6. 

Also 3x4=4x3: and so long as a and 6 denote positiye 
whole numbers, it is easy to shew that a x 6-6 x o. 


29. \Mien the quantities to be multiplied together are not 
positive whole numbers, we may define multiplication as an 
operation performed on one quantity whidi, when performed on 
unity produces the other. For example, to multiply y by we 
perform on f that operation which when performed on unity 
gives I ; that is, we must divide f into seven equal parts and take 

4 

three of them. Now each part will be equal to ^ and the 


result of taking three of such parts is expr^sed by 


4x3 

6x7’ 


Hence 


4 3^4x3 
5^7“5x7* 


Also, by the last article, 


4x3 3x4 3 4 
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The reasoning is clearly general, and we may now say that 
a x6=6 xa, where a and b are any positive quantities, integral 
or fractional. 

In the same way it easily follows that 
fl6c=o x6 xc 

=(a x6) xc=(h xa)xc-hac 

= 6'\{axc)= ixcxa =6ca ; 

that is. (Ae factors of a product may be taken in any order. This 
is the Commutative Law for Multiplication. 

2a x36 xc=;2x3 xa x6 xc=:6a6e. 

30. Again, the fadors of a product may be grouped in 
tray we pUaee. 

Thus abcd^a x 6 xcxd 

=(a6) X (cd) =0 X {6c) X d ~a x (6crf). 

This is the Associative Law for Multiplication. 

81. Since, by definition, a*=aaa, and a^=aaaaa^ 

.<0^—000 xaaaaa=aaaaaaaa i 

that is, the index of a Utter in a produd is the sum of its indices 
in the fadors of the produd. Tl^ is the Index Law for Multi* 
plication. 

Again 5a*=:5aa, and 7a*=7oaa; 

5a* x7o*=5 x7 xoaona =350*. 

When the expreaaiime to be multiplied ti^ther oontain powers 
of different letters, a similar method » used. 

ExampU. 5a*6* x 8a*6x* = 5aaa66 x ^adbxxz 
= 40aW. 

Hate. The beginni^r must be careful to ohewve that m this pro> 
cess of multiplication the indices of one Utter cannot combine in any 
vay with those of another. Thru the expression 40 a*lpj^ admits of 
no further siinplification. 

82. Buie. To multiply two simpU expressions together, 
multiply the eoeffcients togfsttur and prefix their produd to the 
produd of the d^erent letters, giving to ecwh Utter an index equal 
to Ihe sum of the indices that Utter has in the separate fadors. 

The rule may be extended to cases where more titan two 
expreenmu are to be mnltiplied togrther. 
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Example 1. Find the product of x®, and x*. 

The product s X !E*xx*=:r*+* XX* 

The product of three or more expressions is called the con- 
tinued product. 

SxampU 2, Find the continued product of 5xV> aind 3as*, 
The product = 6 xy x 8 y* 2 * x 3 x 2 * = 120 x*y® 2 *. 


Multiplication of a Compound Expression by a Simple^ 
Egression 

83. By definition, 

^ (a + 6)m= m + m + m + .,. taken a + h times 

={m^m + m + ... taken a times), 
together with {m+m + m-b ... taken b times) 

=am + bm —(I)* 

Also (a-^)tn= m + m+m+... taken a-6 times 

^ =:{m+m+in + ... taken a times), 

diminished by {m-bm+m+ ... taken b times) 

=am-6m (2). 

Similarly (a - 6 + c)m = atn - hm + cm. 

Thus it appears that the produci of a compound expression by 
a single factor is the algebraic sum of the partial products of each 
term of the compound expression by that factor. This is known 
' as the Distributive Law for Multiplication. 

Note. It should be observed that for the present h, c denote 
positive whole numbers, and that a is suppos^ greater than. 6. 

Examples, 3 (2o + 36 -”40)= 6a + 96 -12c. 

(4x* - 7y - &*) X 3xy* = 12x*y* - 2Ixy» - 24xy®:*. 


Find the value of 
1. 6x*x7x*. 

4. 6xy* X 6x*. 

7. 2a»6»x2o*6». 
10. 6o*6*xxy. 

13. 3a*6»*»x5o>6x. 


EXAMPLES V. a 

2. 4a* X 5o*. 

5. 8a»6x6». 

8. 5a*6x2a. 

11. xVx6oV. 

14. 4a»6xx76V. 
17. 2a^x*»y». 


3. 7a6x8a»6*. 

6. 2a6c X 3ac*. 

9. 4a»6»x7a‘. 

12. abexxyz. 

15. 6a®x‘x8cx. 

18. 3a»xyxa»xy. 
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Multiply together : 

19, a& + 6 c and 0 * 6 . 

21 . 5a(+3y and 2 j:*. 

23. ie + ca-o&ando&c. 

25. 6 **y + *y»-7*yand3*>. 
27. 6o«5c - 7a6V and a»6*. 


20. 6ab-7bx and 4a^. 

22. a*+&>>c*aDda%. 

24. 6o> + 36* - 2e* and 4aH>c^. 

26. 6*»-5**y+7ay and8*y. 


Multiplication of Compound Expressions 

34. If in Art. 33 we write c +d for m in (I), we have 
(o+6)(c+(f)=a(c+d)+6(c+d) 

= {c+d)a + (e+d^ [Art. 29.] 

=iK+od+6c+6d (3). 

Again, from (2) 

(a-6)(c+d)=a{c+d)-6(c+d) 

=(c + d)a-(c-t-d)6 
=:<H:+ad-(6c + W} 
~ac+ad-bc-bd (4). 

Similarly, by writing c - d for m in (1), 

(a + 6)(c-rf) = a(c -d) + 6{c -d) 

-{c-d)a + {c-d)b 

=<ic '-od+ 6c ~6d (6), 

Also, from (2) 

(a - 6)(c - d) =a(c - d) - 6(c - d) 
=(c-d)a-{c-d)6 
-ac-ad-(6c -6d) 

=ac -ad-6c+6d (6). 

If we consider each term on the right-hand ride of (6), and 
the way in which it arises, we find that 

(+o)x{ + c)= +CC. 

( - 6) X ( -d)=: +6d. 

<-6)x(-i-c)=-6c. 

(+o)x(-d)= -fld. 

These rcaoha enaMe us to state what is known as the Bute 
of Signs in multipHoation. 

Bote of Mfns. The proiud of Uto term ufitk Wee ft 

poeUive; the pndvd cf (wo term with unliU eigne U negative. 
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85. The rale of signs, and especially the use of the negative 
multiplier, will probably present some difficulty to the banner. 
Perhaps the following numerical instuices may be useful in illus- 
trating the interpretetion that may be given to multiplication 
by a negative quantity. 

To multiply 3 by -4 we must do to 3 what is done to unity 
to obtain ~ 4. Now -4 means that unity is taken 4 times and 
the result made negative ; therefore 3 x{ -4) implies that 3 is 
to be taken 4 times and the product ma^ negative. 

But 3 taken 4 times gives + 12 ; 

3x(-4)=-12. 

Similarly - 3 x - 4 indicates that - 3 is to be taken 4 times, 
dAd the sign changed ; the hist operation gives - 12, and the 
second -f-12. 

Thus (-3)x(-4) = -l-12. 

Hence, mvUiplication by a negative quantity indicates that we are 
to proceed just as if the multiplier were posUivCy and then change 
th^sign of the product. 

Note on Arithmetical and Symbolical Algebra 

36. Arithmetical Algebra is that part of the science which 
deals solely with symbols and operations arithmetically intel- 
ligible. Starting purely arithmetical definitions, we are 
enabled to prove certain fundamental laws. 

Symbolical Algebra assumes these laws to be true in every 
case, and thence finds what meaning must be attached to 
symbols and operations which under unrestricted conditions no 
longer bear an arithmetical meaning. Thus the results of Arts. 
33 and 34 were proved from arithmetical definitions which 
required the symbols to be positive whole numbers, such that 
a>b and od. By the principles of symbolical Algebra we 
assume these results to be universally true when all testrictions 
are removed, and accept the interpretation to which we are led 
thereby. 

Henceforth we are able to apply the Law of EHsfributimi 
and the Rule of Signs without any restriction as to the symbols 
used. [See Art. 33, Note.] 

37. To ffimiharize the b^pnner with the principles wo have 
explained we add a few examples in aubstitotioos when 

some of the symbols denote negative quantities. 
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BxampU 1. If a = - 4, find the value of a*. 

Hero a* = (-4)*==(-4)x(-4)x(-4)= -64. 

By repeated applicationB of ihs rule of signs it may easily be 
ahe^ that any orfd power of a negative quantity is Twguriw, 
and any even power of a negative quantity is positive. 

Examph 2. If a = - 1, 6=3, c = - 2, find the value of - 3o*5c*. 
Here -3a^6c*= -3 x{ -!)• x3 x( -2)* j We write down at 
= “3 x( + 1) x3x( -8) 1 once( -!)•=; +1, and 



= 72. 


1 ( 

-2)>=-8. 


EXAMPLES V. b 


If 0= “2, 6=3, c- “1, x= - 

-5,y 

=4, find the value of 

1. 

3o*6. 2. 8a6c*. 

3, 

-5c». 

4. 6o>c>. 

5. 

4^. 6. 3a«c. 

7. 

-6V. 

8, 3aV. 

9. 

-7fl*6c. 10. -2a*6x. 

11, 

-4aV. 

12. 3c*x*. 

13. 

60V. 14. -7c^. 

15. 

-Sox*. 

16. 4cV. 

17. 

-So^V. 18. -7aV. 

19. 

8c<x». 

20. 7aV. 

Ifo=-4, 6=-3, c=-’l,/= 

:0, Z: 

=4,y=l, 

, find the valae,of 

21. 

.3a*-f6x-4cy, 

22. 

2a6*-36c*T2/x. 

23. 

/a*-26«-M». 

24. 

3oy-55‘x-2c». 

25. 

3o»-36» + 7cy*. 

26. 

36y-46V-6c<x. 

27. 

V(«)-3^/(*y)+^/(6V). 

28. 

3>/(aci)- 

-V(f'V)-6vW 

29. 

7V(o%)-V(fr*<^)+V(/^). 





30. 3fV(36e)-M4cy)-2cyv'{36c*). 


88. The following examples further illustrate the nile of 
signs and the law of indioes. 

Exampie 1. Multiply 4a by -36. 

By the role of signs the product is native ; also 4a x 36 = 12a6 ; 
4flx{-36)= -I2a6. 

Bxampk2. Mnltiidy -6a6*zby -a6^. 

Here the absolute value of the product i* 5a*6*x*, and by the 
rule of signs the (xoduct is positive ; 

( -6a6*x) x{ -o6*x) =5a*6*z^ 


famnpfe 3. Find the continued product of 3a*6, - 2a*b\ - a6^ 


3a%x(-2aV)= -0a*6*; 
(-6o^x(-a6‘)=+6aV. 
Thus the complete product 


This result, however, may be 
written down at once ; for 
3a«6x2aVxa6*=6«*6’, 
and ly the rule ot si^ the 
qoired produot is posiHve. 
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Example 4. Multiply 6«* -- |o*& - f a6* by - 
The product is the al^braical sum of the partial products 
formed according to the rule enunciated in Art. 33 ; thus 
(6a» - fo»6 - iab^) x ( - |a6*) = - |a‘6> + fa>6» + |a>6«. 

EXAMPLES V. c 

Multiply together : 

1. cu; and -Soar. 2. -2a6i:and -labx. 

3. and -ab*. 4. 6ct*y and -lOany. 

5. -uicdand -* 3u*6*c*<i*. 6. a^and -5a:*y*z. 

7. 3a:y +4yz and - 127^2. 8. o6 - 6c and a*6c*. 

-x-y-rand -3ar. 10. a* * 6* + c* and «6c. 

11. ~a6+6c-caand -a6c. 12. - 2a®6 - 4a6* and -7a*6*. 

13. 5x*sf-ftcy*+8icV and 3a;y. 14. -7a:®y-oay*and -8x*y’. 
15. -5xy*r + 3ay2:^-8a:*yzandzyi. 16. 4z^h* - Bxyz &nd ~ 123 ^ 1 ^:*. 
17. - 13ay - 15a;*y and - 7a^y*. 18. Szyz - lO^’yz’ and - xyz. 
19i u6c - a*6c - a6^i and -fl6c. 20. — o*6c + 6*cu — c*a5and -o6. 

Find the product of 

21. 2a -36 + 4c and -fa. 22. 3* - 2y - 4 and - f r. 

23. fa - 16 - c and fax 24. fa*i* - foa:® and - 

25. -|aV and -fa* + 00 : -fir*. 26. - fory and - Sx* + f oy. 

27. - 2 j:®y* and - f z* + 2y*. 28. - fx^y* ~ 

39. The results of Art. 33 may be extended to the case u here 
both of the expressions to be multiplied together contain two 
or more terms. For instance 

(a-6+c)m=am-6m+cm ; 
replacing m by x - y, we have 

(a - 6 +c)(x -y) =o(x -y) - 6(x -y) +c(x -y) 

= (ax - oy) - {6x - 6y) + (cx - cy) 

= ox - ay - 6x + 6y + cx - cy . 

We now may state the general rule for multiplying together 
any two compound expteasiom. 

Rule. Multiply foch term of the first ca^eAwon by each term 
of the second. When the terms mvUi^ied togeHhet have like signs^ 
prefix to the product the sign +, when unlike prefix - j the 
q^e6mtca2 aum of Oie partial produda so formed gives the compiete 
product. TliiB process is oall^ Distributkg the Product. 
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40. It should be notioed that the pzoduct of a +6 and x-y 
is briefly expressed by (o+6)(ar-y), in which the brackets 
indicate that the ezpresaion a+b taken aa a whole is to be 
multiplied by the expression x-y taken as a whole. By the 
above role, the value of the product is the algebraical sum of 
the partial products +ax, +bx, -ay, -by; the sign of each 
product bei^ determined by the rule of signs. 

Exampie 1 . Uultiply x + 8 by z -i- 7. 

T^s product = (z + 8) (i + 7) 

=z* + 8x + 7x +• 56 
=x> + 15x + 56. 

The operation is more conveniently arranged as follows : 

We bMin on the left and 
work to tube right, placing the 
second result one place to the 
right, so that like terms may 
stand in the same vertioal 
column. 

ExanpU 2. Multiply 2* - 3y by 4 j - 7y, 

2x - 3y 
4r - 7y 
8af»-12zy 

- 14zy + 21y* 
addition, 8 lf* - 26xy + 21y*. 

EXAMPLES V. d 


Pind the product of 


1. 

x + 5 

and 

X + 10. 

2. 

x + 6 

and X - 5. 

3. 

x~7 

and 

x-IO. 

4. 

x-7 

and X + 10. 

5. 

x + 7 

and 

x-IO. 

6. 

x + 7 

and 2 + 10. 

7. 

x+6 

end 

x-6. 

8 . 

x + 8 

and x-4. 

9. 

x-12 

and 

x-^I. 

10. 

x + 13 

and 2 - 1 . 

11. 

x-15 

and 

x+16. 

12. 

x-16 

and -x+3. 

13. 

-x-2 

and 

-x-3. 

,14. 

-2+7 

and 2-7. 

15. 

-x+6 

and 

-x-6, 

16. 

x-13 

aiui x+14. 

17. 

x-17 


x + 18. 

16. 

x + 19 

Mod x-20. 

19. 

-«-16 

and 

-x+16. 

20. 

-x+21 and x-21. 

21. 

2x-3 

and 

x+B. 

22. 

2x+8 

and x-8. 


X + 8 

X 4- 7 

x>+ ix 
+ 7x + 56 

by addition, x* + I&r +66 
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Find the product of 


23. 

X- 

6 

and 

2a:-l. 

24. 

2a:-6 

and 

I - 1. 

25. 

3x 

-6 

and 

2a: +7. 

26. 

3x + S. 

and 

2a: -7. 

27. 

5x 

-6 

and 

2x + 3. 

28. 

6aj +6 

and 

ar-3. 

29. 

3a: 


and 

3a: + 5y. 

30. 

3x~5y 

and 

3a: -5y. 

31. 

0- 

25 

and 

0+35. 

32. 

0-75 

and 

0 + 86. 

33. 

3o 

-65 

and 

0-85. 

34. 

0-95 

and 

0 + 55. ‘ 

35. 

a; + 

■a 

and 

a: -6. 

36. 

x-a 

and 

0 + 5. 

37. 

at- 

2a 

and 

x+35. 

38. 

ax-hy 

and 

oa:+5y.* 

39. 


-ab 

and 

xy + ab. 

40. 

2pq-Zr 

and 

2pg+3r. 


^[With the exception of Art. 44, the rest of this chapter may 6< post- 
poned and taken after Chapter xrv.j 

*41. We shall now give a few examples of greater difficulty. 


Example I. Find the product of 3r* - 2jr - 5 and 2x ~ 5. 


3r»- 2z-5 
5 


6x>- 4a4-lftr 
- l&c* + lOz +25 

6a:*-19a:> +25 


Each term of the first expression is 
multiplied by 2x, the first term of the 
second expression ; then each term of the 
first expression is multiplied by -5; like 
terms are placed in the same columns and 
the results »lded. 


Example 2. Multiply a-6+3cbya+25. 

a - 5 + 3c 
0 + 25 

0 * “ a6 + 3oc 

2a5 -25«+6&c 

0 *+ o6 + 3oc-26* + 66c 


*42. When the coefficients are fractional we use the ordinaij 
process of Multiplication, combining the fractional coefficients by 
the rules of Arithmetic. 


ExampU. Multiply Jo* - Jo5 + f5* by Jo + J5. 
ia'- i<iA + |6« 

jo + i* 

ia*- ia«4+J<i4« 
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*43. If the expressions are not arranged aooordiitg to povrers, 
asoerding or deeoending, of some common letter, a rearrange' 
ment will be found convenient. 


Emmjpk 1. Find the product of 2a* + 4i* Sob and 3ob - 5o* + 4b*. 


2o»- %ab +4b» 
- 5a»+ 3o6 +46* 


-10ti* + l&i*6- 200*6* 

+ 60*6-- ft»*6*f!3o6* 

** to»6*- 1206*^^166* 

lOo* + 210*6-210*6* +166* 


The rearrangement is not 
fueetaary^ but oonvenient, 
beoanee it makes the coUeO' 
tion of like terras more 
easy. 


Emmylt 2. Multiply 2rz-^+2a:*-3yj:+jrybyx-y + 2a, 

2**+ xy +2xz -3yz *- 5* 

« - y +2z 

2x*+ x*y + 2x*z-3xjx- xi* 

-2x*y -2a^ -ay* + 3y*r+ yz* 

4x*z +2x^+4xa* -Sy:^ -22* 

2**- x*y + 6x*t-3xy« +3x2»-xy» + 3y*2“5y«*-2z* 


*£XAMF1XS V. 6 


Multiply U^ther; 


1 . 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 

19. 

20 . 
21 . 
22 . 

23. 

24 . 


fl + 6+c, o+6-e. 2. 

o*-o6+6*,o*+a6+6*. 4. 

x»-2x* + 8, x + 2. 6. 

**+xy+y*, x-y. 8. 

16a* + 12a6 + 96*, 4o-36. 10. 

x*+x-2.x*+x-6. 12. 

-o*+o*6-o*6*, -0-6. 14. 


o - 25 +f, o + 26 -c. 

X* + 3y*, X + 4y. 

X* - x*y* + y*» X* + y*. 
o* - 2ax + 4x*, 0* + 2ax + 4x*. 
a*x-ox* + x*-o*, x + o, 
2x*-3x* + 2x, 2x* + 3x + 2. 
x*-7x + 5, X* -2x + 3. 


o*+2o*6 + 2fl6*,o*-2aA + 26*. 16. 4x* + 6xy + 9y*, 2x-3y. 
x»-3xy-y*, -z* + xy+y». 18. 6* - a*6* + o*, o» + o«6» + 6*. 
x*-2:^+y*, x* + 2xy+y*. 
a6+cd+ac+6d, a6+cd-ae-6d. 

- 3o*6* + 4o6» + l5o*6, 6o*5* + fl6» - 36*. 
27x*-36ax*+48a*x-64o*, 3x+4o. 
o*-0a6-6*,a*+6a6+6*. 

4^-ay+*+y*+y+l,x+y-l. 
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Multiply together : 

25. o* +5* +c* - 6 c -CO - 06 , a +l?+c. 

26. -a!*y+y*+a:>y*+z*-xy*, »+y. 

27. +3^. **+»*. 

28. 3o* + 2o + 2a* + I 4•o^ o* -2o + l. 

29. -flu:* + 3oay-9ay*, -ax-3ay*. 

30. -2t*y+y*+3xV+^“2j;y*» ^+2ay+y*- 

31. Ja*+Jo+J, ia-|. 32. ia^~2a;+f, i*+i. 

33. fa;*+icy+|y, 34. |x*-ox-fo*, fa:*-i«c+Ja*, 

35. fx* -fz ^+fz -f. 

36. |ox + |ar* + ^*, |a*+fx*-fax. 

44. Products written down by inspection. Although the 
result of multiplying together two binomial factors, such as 
X + 8 and x - 7, can always be obtained by the methods already 
explained, it is of the utmost importance that the student should 
8(^ learn to write down the pr<^uct ra^Mly hy inspedion. 

This is done by observing in what way the coefficients of 
the tenns in the product arise, and noticing that they result 
from the combination of the numerical coefficients in the two 
binomials which are multiplied together ; thus 

(x + 8)(x + 7)=x* + 8x + 7x + 66 
=x*+ 16x + 56, 

(x*~8){x-7)=x*-8ic-7x+66 
=x* - 15x4-56. 

{x4-8)(x-7)=x*4-8x-7x- 66 
=x* + x-56. 

(x-8)(x+7)=x*-8x4-7x-66 

=x»-x-66. 

In each of these results we notice that : 

1. The product consists of three terms. 

2. The first term is the product of the hmt terms of the two 
binomial expressions. 

3. The third term is the product of the second terms of the 
two binomial expressions. 

4 . The middle term has for its ooeffioient the sum of the 
numerical quantities (taken with their proper signs) in the 
second torms of the two binomial expressions. 



38 


ALGEBRA 


[CHAT. 

The intermediate step in the woric may be omitted, and tibe 
prodacta written down at onoe, as in the following examples : 

(* + 2)(x + 3) + 5x + 6. 

(x - 3Ha? + 4) =z* + X - 12. 

(x + 6)(x-9) = x>-3x-64. 

<x - 4y)(x - 1(^) =x* ~ 14xy + 40y*, 

(x-6y)(x+ 4y)=x*-2xy-24y*. 

By tn easy extension of these principles we may write down 
the product of any two binomials. 

Thus (2r+3y)(x-y) =2x* + 3iy “2ay-3y* 

=2a:«+ xy-3y*. 

(3x - 4y) (2x + y ) = fir* - 8xy + 3xy ~ 4y* 

= fix* - 5xy - 4y*. 

(x + 4)(x-4)==x* + 4x-4x-16 
=x»-16. 

(2x + 5y)(2x - 5y) =4x* + lOiy - lOiy - 25y* 
=4x*-25y». 

EXAMPLES V. f 

WriU doicn the values of the following products : 

1. (x + 8)(x-5). 2. (x + 6){x-l). 3. ix-3)(x + 10). 

4. ix-l)(x+6). 6. (x + 7)(x-9). 6. (x-l0)(x-8). 

7. (z-4)(x + n). 8. (x-2)(x+4). 9. (x + 2)(x^2). 

10. (a-I)(a + l). 11. (a + 9)(a>'5). 12. (a-3)(a + 12). 

13. (a-8)(a + 4). 14. (a-8){o + 8). 15. (a-6)(o + 13). 

16. (a + 3)(a + 3). 17. (e-lI)(o + lI). 18. (a-8)(a-8). 

19. (x-3a)(x^2a}. 20. (x + 6a)(x -5a). 21. (x + 3a}(x-3a). 

22. (x+4y)<x-2y). 23. (x+7y){x-7y). 24. {x-3yKx-3y). 

25. (a+36)(a436). 26. (o-65)(a + 10&}. 27. (a-96)(a-85). 

28. {2x-5)(x+2). 29. (2x-5)(x-2). 30. (2r+3)(x~3). 

31. (3x-])(x-i-l). 32. i2x+6)(2x-l). 33. {2x+7)i2x-Z), 

34. (4x~3)(2x+3). 35. (3x + 8)(3x-8). 36. {2x-5)(2x-5). 

37. {3x-2y)(3x+y). 38. (3x+2y)(3x+2y). 30. (2x+7y)(2x>0y>. 

40. (fix + 3a)(fix - 3a). 41. (2x - fia)(x + fia). 42. (2x -f-aXOr -f a). 
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The Keihod of Detached Coeffldenta 

*45. When two compound expressions contain powers of 
one letter only, the labour of multiplication may be lessened 
by using detailed coefficientSt that is, by writing down the 
coefficients only, multiplying them together in the ordinary 
way, and then inserting the successive powers of the letter at 
the end of the operation. In nsing this method the expressions 
must be arrang^ according to ascending or d^toending ffOwers 
of the common letter, and zero coefficients must be used to 
represent terms corresponding to mitwing powers of that letter. 

* Example, Multiply 2**-4a;*-5by3ac*-f4*-2. 

2- 4+ 0- 6 
3+ 4- 2 

6-12+ 0-15 
8-16+ 0-20 
^ - 4+ 8- 0 + 10 

6 - 4 - 20 - 7 - 20 + 10 
Thus the product is 

- 4z* - 20a:* - 7 j:* - 20* + 10. 

The method of detached ooeffidents may also be used to 
multiply two compound expressions which are homogeneous and 
contain powers of two letters, j 

Example. Multiply 3o* + 2o^ + 4a5* +26* by 2a* - 6*. 

We write a zero coefficient to represent 
the term containing a*&' which is absent 
in the first expression. Similarly, the 
term containing ab is represented by a 
zero ooeffiemt in the second expresdon. 

It is easily seen how the powers of a and b arise in the successive 
terms, and the complete product is 

6o« +40*6 -30*6* + 6a*6* +4a*6* -4fl6* -26* 

Kote. B^pnners should on no account attempt to use detached 
•oeffidente until they are well practised in the ordinary full process 
of multiplication. 


3+2+0+4+2 

2 + 0-1 

6+4+0+8+4 

-3-2-0-4-2 

6+4-3+6+4-4-2 


Here we insert a zero coefficient to 
represent the power of x which is absent 
in the multiplicand. In the product the 
highest power of i is clearly a:*, and the 
others follow in descending order. 
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[// fnferrtd, ikt artidea in this chapter marked with on asterisk 
may ^ postponed and taken after Chapter xv.] 


Whin a quantity a is divided by the quantity 6, the 
quotknt is defined to to that which when multiplied by b 

produces a. This operation of diriaion is denoted by a-f6, ^ 

6 

or ajb ; in each of these inodes of expression a is called the 
dhrklend. and 6 the divisor. 

Divifiioa is thus the invene of multiplication, and 

(a^6) 

This statement may also be expresst'd verbally as follows ; 
quotient x diidsor = dividend. 


Since Division is the inverse of Multiplication, it follows 
that the Laws of Commutation, Association, and Distribu- 
tion, which have been establisbed for Multiplication, hold for 
Division. 

47. The Rule of Signs Holds for division. 

_ . ab axb , 

Thus ab~a-~:=: =6. 

a a 


k • 

-ob-ra= 

a 

a64( “a)=:~ = 
-a 


fl X ( - b) 


-fr. 


(-o)M-fr) 


- 6 . 


-oh-r( -a) 


- o6 ( - a) X 6 
-a ' -ft 


Hence in dhrisioo as well as multiplication 
like signs produce <f, 
%mUka signs produce 
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IMvisioa Sinqple Expreas^^ 

48 . The method is shewn in the following eumples : 


Example 1. Since the product of 4 and x b 4Xf it foUows that 
when 4x is divided by x the quotient is 4, 

“ or otherwise, 4x-^z=4. 


Example 2. Divide 27a‘ by fto*. 

mu ^ 1 . 27a* 27aaaoa 

The quotient = ttv = — 

w* 9aaa 

= 3aa=3a*. 


We remove from the divisor 
and dividend the faetofs ooiii> 
mon to both, just as in arith' 
metic. 


Therefore ?7a*-^ 9a* = 3o*. 


Example 3. Divide 35o*6*c* by 7a&*c*. 

rj,, ^ SSfloa .bb .ccc ^ ^ , 

The quotient = — rr =5aa . c=5a*e. 

7a , W . cc 


We see, in each case, that the index of any letter »» the qvoli^it 
itx ihe differenu of the indices of that leSer in the divid^ and 
divisor. This is called the Index Law for Division. 

The rule may now be stated ; 

Buie. The index of each letter in the quotient is obtained by 
subtracting the index of that letter »n the diVtsor from that in the 
dividerid. 

To the result so obtained prefix with its proper sign the quotieM 
of the coefficierU of the dividend by that of the divisor. 

Example 4. Divide 45o*6*i^ by - 9a*6z*. 

The quotient = ( - 6) x a*"*&*‘*a:*“* 

= - 6a>6**, 

Example 6, - 21a*6* -r ( - 7a*6*) =36. 

Note. If we apply the rule to divide any power of a letter by the 
same power of the letter we are led to a curious conclusion. 

Thus, by the rule o*-^o*=a*"*=:o* ; 

but also a*-ra> = 1 ; 

o® 

This result will appear somewhat sfrange to the b^inner, but ila 
full significance will be explained in the chaptw on the Theory of 
tndicee. 
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DWisioE of a Gompoimd Expression by a Simple 
Eipres^oto 

49* Rule. To divide a compound expression by a sinf^ 
factor, divide each term separately by that factor, taie ihe 
algebraic evm of the partiat quotients so obtained. 

This follows at onoe from Art. 33. 

Mxamples. (i) (9ti;-12y + 32)-r -3= -3x+4y-2. 

' (2) (36oV-24a*6»-20fl*W)-^4a*6=9a6-66*-5«*6. 

(3) {2a:»-&ty + |*y)^ -|z= - 4* + lOy - 3iy*. 


EXAMPLES VI. a 

Divide 

1. 3i* by z*. 2. 27x* by -Ssr*. 

3. - 3&r* by 7z*. 4. abx^ by - ax. 

5. x*y* by x*y. 6. a*x* by -oV, 

7. 4aWbyflb*c*. 8. 12aW by -3o«W;. 

9. -a*e» by -ae*. 10. 15z*yV by 6xVz*. 

n. -IfttVby -4xy>. 12, -48o»by-8a». 

13. 35o«l^7o’. 14. 63aW by 9a»6V. 

15. 7a«6cby -7a*6c. 16. 28a<b* by - 4o>6. 

17. l«.V’by-2xy. 18. - 6<yx» by - 5x*y. 

19. x*>-2iybyx. 20. 3i*-3x*+xby x. 

21. x*-7x‘+4x*byx*. 22. lOsr’ -8x*+3x< by *«. 

23. 15x»^25r*l^ 24. 27x« - 36x* by 9x*. 

25. -24x»-32x*by -8x». 26. 34xy -51xy by 17»y. 

27. o*-<^-oc by - 0 . 28. 0 * - a*6 - a*6* by a*. 

29. 3x»-9a:*y-12xy*by-3x. 30. 4xV-8xy + 6xy> by -2*f. 
31. -3a*+i<i6-6acby -|a. 32. - SxV by - |*V. 

31 34. -2a***+J«^by !«•*. 

35. -facia by fox. 
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Division of Con^Knind &qpres8ion8 

60. To divide one compound expression by another. 

Bole. 1. Arraime divi«or and dividend in amending or 
descending powers of some common letter. 

2. Divide Vie term on Vie left of the dividend by the term on 
the left of the divisor^ and put the result in Vie qvjUmd. 

3. Multiply the whole divisor by this q^ienif and put Vie 

product under Vie dividend. • 

4. Subtract and bring down from Vie dividend as many terms 
as may be necessary. 

• Repeat these operations till cdl the terms from the dividend are 
brought down. 

Example \. Divide x* + llz + 30 by a; + 6. 

Arrange the work thus : 

z+fr)j:* + lla: + 30( 

divide x*, the first term of the dividend^ by x, the first term of the 
divisor ; the quotient is x. Multiply the whole divisor by x, and 
put the product x* + 6x under the dividend. We then have 
x + 6 ) X* + Ux+^ (x 
7*+ 6x 

by subtraction, 5x + 30. 

On repeating the process above explained we find that the next 
term in the quotient is 4 5. 

The entire operation is more compactly written as follows : 
x + 6 ) X* + llx + 30 ( X + 5 
x*+ 6x 
fii + 30 
5X + 30 

The reason for the rule is this : the dividend may be divided 
into as many parts as may be convenient, and the complete 
quotient is found by taking the sum of all the partial quotients. 
Thus X* + 1 lar + 30 is divided by the above process into two parts, 
namely x* +6ir, and 5x +30, and each of these is divided by x +6 ; 
thus we obtain the complete quotient x + 5. 

Example 2. Divide 24x* - 65xy + 21 by 8x - 3y. 

8x - 3y ) 24x* - 66xy + 21y* ( 3x - 7y 
24x*- 9xy 

~66xy + 21y* 

-56jy+21y* 
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EXAMPLES VI. b 


Diyid© 

1. *»+3x+2 by * + l, 

3. o*~ila+30by 0-5. 

5. 3jc* + 10* + 3 by *4-3. 

7. 6»* + 11*4-2 by * + 2. 

9. 5** + 16x+3by *4-3. 

11. y* + 23* + 15by4* + 3. 

13. 3x*+*-14by*-2. 

15. ej*-3l*4-35by 2*-7. 

17. 12o*-7ax-12**by3o-4jr, 
19. 12o*-Uac-36e*by4fl-9c. 

21. 6ai*-4*y-45y*by \0z-&y, 

22. 96** - 15y* -4ary by 12* - 6y. 
24. 10ar»-3*-13JE*by 3 + 23*. 


2. **-7* + 12 by *-3. 

4. o*-49o+600byo-25. 

6. 2** + U* + 5by2* + l. 

8. 2** + 17x+2l by 2*+3, 

10. 3** + 34x+llby3* + I, 

12. 6i»-7*-3by 2*-3. 

14. 3**-*-14by* + 2. 

16. 4**+*- 14 by x + 2. 

18. 15a* + 17o* -4** by 3a +4*. 
20. 9a* + 6oc-35c* by 3a +7c,* 

23. 7*» + 96**~2&Eby 7z-2. 
25. 27*» + 9**-3*-10by3*-2. 


26. 18o*-46o» + 39o-9 by 8a-3. 27. 15+3o-7o*-4a* by 6-4a. 
28. 16-96r + 216*»-216i» + 81**by 2-3*. 

*51. The paroceos of Art. 50 is applicable to case© in wliich 
the divisor consi&ta of more than two terms. 


Example 1 . Divide 6** - ** + 4** - 5r* - z - 1.3 by 2** - * + 3. 
2**-* + 3)6**- r* + 4**-5**-*-16( 3*» + z*-2*-5 
6** -3** 49** 

2**-5*»- fi** 

2**- **+ 3** 

- 4** - 8** - * 

-4**+ 2**-6* 

=lto*T5i-1.5 
-10** +5* -15 

MxampU 2. Divide 2a* + 10 - 16o - 39o* + 1 5a* by 2 - 4a - So*. 
Arrange the expressions in ateending powers of a and use detached 
co^cmti as in Art. 45. 

2-4-6) 10-16-39+2 + 15(5+2-3 
10-20-25 
4-14+ 2 
4- 8-10 

- 6 + 12 + 15 

- 6 + 12 + 15 


IbQS the quotient is 6 + Sa - So*. 
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*62. We add a few luuder cases worked out in full 
Mxample 1. Divide by z*^2xa+2a*, 

X* + 2xa -fSa* ) x^ + 4a* 

x«+2a:»o + 2**a* 

*2x>a-2x*a» 

•-2x»a-4x»a«-4aa» 

2x*a* + 4xo* + 4a* 

2x*a* + 4xo*+4a* 

Example 2. Divide a* + 6* + c* - 3a^ by a+6+c. 

a +6+C ) a* -3a6c+ 6*+c* ( a*-o6-ac+6*~^+c* 
o’+ o*6+a*c 

- a*b - a*c - 3a6c 

- a*6 - a6* - abc 

- fl*c + o^* - 2a6c 

- a*c - ttftc - oc* 

oA*- a6c+ac*+6* 
a6* 

- abc^ac* ~b*c 

- abc -6*c-6c* 

ac* + 6c*+ c* 
ac*+iw*+ c* 

Note. In the above example the dividend and succesBive re< 
maindere are arranged in powers of a. 

The result of this important division will be referred to kter. 

*68. When the coefficients are fractional the ordinary process 
may still be employed. 

Example. Divide + tW* ^ 

i* + J» ) i** + ( i** " +iy' 

- iA- i V 

T^+i^ 

i 

*54. In the examples given hitherto the divisor has been 
exactly in the dividend. When the division is not 

^aot the work should be carried on until the remainder is of 
lower dimensionB [^t. 34] than the divisor. 
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[Examj^ea ]-20 triU fumiah pmcUee in the uae of Detached 
Coefficients as explained tn Art, 5].] 

Divide 

1. a:*- by »* + 3 j; + 3. 

2. 2y>-3y*-6y-lby2y*-5y-l. 

3. 6m*'-»*-14f»+3 by 3m*+4m-l. 

4. 6a*-13o«+4a» + 3a«by 3a*-2a«-«i. 

5. i‘ + ** + 7ar*-6* + 8 by a?»+2x + 8. 

6. fl«-«»-&i* + 12o-9byo» + 2o-3, 

7. a*-r6a* -i“13a* + 12o + 4 by a* + 30 + 2. 

8. 2z* -af* + 4a:*+7jf+ 1 by 2 * -x + 3. 

9. a:‘-&r* + 9a:*-8r*“jif + 2 by2*-3x + 2. 

10. a^-42< + 3j*+3x*--33:+2by z»-z-2. 

11. 3ar«+llj:»-82z*-5* + 3 by 2x-4+3z*. 

12. 30y + 9-7]y» + 28y*-35y»by4y»-!3y + 6. 

13. 6i-*-15ir* + 4P + 7A*-7it + 2by3i»-fc + l. 

14. 15 +2m* -31m + 9m* + 4;o* + m* by 3 - 2m -m*. 

15. 2x*-8rTZ* + 12-7z*byz* + 2-3z. 

16. 2*-2r<-4j:* + I9r*bya:»-7z + 5. 

17. 192 -2< + 1282 +4H~8r* by 10 -z». 

18. i42* + 45a:*y + 78zy + 45tiy* + 143^* by 2x* +5jy +7y*. 

19. x^-z*y + 2 y-z»+j*-y* by a:»- 2 -y. 

20. z*4-ar*y-*y+x*-2z3f* + y* by x* + zy ~y*. 

21. 0 * - 6* by o* - fr*. 22. z* -y* by z* + zy +y*, 

23. z' - 2yi« - 7zy - 7zy“ + l^rV by z - 2y*. 

24. a» + 3o*6+6*-l+3o5*byo + 6-l. 

25. **-y*byz»+z«y+xy“+y*. 26. o“>5“by o**b*. 

27. o>*+2fl«5*+5“byo*+2aV+6*. 

28. l-o*-8z*-6ozby l-a-2z. 

Find the quotient of 

29. .Jo*~ Jo*z+^?tw*-27j^ by ia-3». 

30. + *>y l«-i- 

31. JoV+yfjc* by Jo*+|oc. 

32. ^j«*“|o4-|a*+fo+y by - a. 

33. 36z* + }|/* + |’'4zy-6z + |yby0z<-}yo|. 

84 . 
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I. 




-~a^+xy+y*. 


♦55. The foUowing examples in division may be easily verified ; 
they are of great importancep and should be carefully noticed. 

x-y 

x-y 
x^-y^ 

< x-y ■ 

and BO on ; the divisor being x-y^ the terms in the quotient 
aU poHtive, and the index in the dividend either odd or even, 

x + y 

x+y ' 

. x+y 

and BO on ; the divisor being x+y, the terms in the quotient 
aUemalely positive and negative, and the index in the dividend 
alwaye odd, 

x^-y\ 
x+y 
x*~y* 
x+y 


11. 


III. 


=x* + 2rV+a^*+y*. 


=^x* -x^+x^^-xy^+y^, 

=7*-3^y + x^y^~x^ + x^-xy*+y^. 


=x-y, 


=x^-x^+xy^-y’, 


x+y 


= ac* - + **y * “ *y + - y*» 


and BO on ; the divisor being x+y, the terms in the quotient 
oltematdy posititfe and negative, and the index in the dividend 
always even. 

IV. The expreasiona 2 *+y\ *“+!/•• - (where 

the index is even, and the terms positive) are never divisible 

by *+yorx-y. . , ^ ^ , 

AU Uieae different oases may be more concisely stated as 
foUows : 

(1 ) is divisible by x - y if n be any whole number. 

(2) *♦ +y" is divisiblo byx+yifnbeanyotW whole number. 

(3) »• -y* is divisible by x+y if n be any even whole number, 
• (4) *"+yf is never divisible by x+y or x-y, when n is on 
«Mn whole n^ber. 



CHAPTER VII 


Removal and Insertion of Brackets 

56. Quantities are enoloeed within brackets to indicate that 

they moflt all be operated upon in the same way. Thus in 
Uie expression 2a the brackets indicate that thp 
eijMressiOQ 4a -> 2b treated as a ta/wU has to be subtracted from 
2a -3b. When wo wish to enclose within brackets [)art of an 
expreesioQ already enoloeed within brackets it ia usual to employ 
brackets of different forms. The brackets in common use arc 
( ), [ ]• Sometimes a line called a yincalum is draam over 

the symbols to be ominectcd ; thus a - 6 c is used with the 
nine meaning as a-(b+c), and hence a-6+c=a - 6 - c. 

Semoval of Brackets 

57. To remove brackets it is osuauy nest to begin with the 
inside pair, and in dealing with each pair in succession we apply 
the ni^ already given in Arts. 21, 22. 

1, Simplify, by rmnoving brackets, the expresetou 
a“26-14a-66-{3o-c + (5o-26-3o-c + 2b)}]. 

Removing brackets one by one, we have 

«-26-[4a-6b-{3o-c+{5o-26-3o+c-26)}] 
=a-26-[4a-06-i3a-e-t- Sa-26-3a+(;~2&}] 
=«“26-[4fl-6b- 3o+c- 5a-t-26-h3a-r + 26] 

~a-26- 4a+6b+ Sa-c + &i-26-3a+c-26 
= 20 , by collecting like terms. 

EiampU 2. Simplify the expression 

- 1 ' 2« - {3y - (2* - 3y) + (3« - %)) + 2it]. 

Ihe expreseioo = -[-2x-{3y-2x+3y+3j;-2y}-)'2x] 

+ 2*1 

= 2* + 3|f - ^ + % + 3* - ^ - 2* 

«*+4y. 
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EZAHFLES VH. a 

Simplify by removing brackets: 

1. a-(ft-c)-fa + (6-c)+6-(c + o), 

2. a-[6 + {a-(6+a)}]. 

3. a -[2o- {36 -(4c -2a)}]. 

4. {fl-(6-c)}+{6-{c-a)}-{c-(a~6)}, 

5. 2a-(56+[3c-a})-(6a-[6+c]). 

6. -{-[-(a-r“c)]}. 

7. -[a-{6-(c-o)}]-[6-{c-(a-5)}]. 

■8- *(-(-(-a^)))-{-(-y)). 

9. -[-{-(6+c-a)}] + [-{-(c+a-6)}]. 

10. -5x-[3y-{2x-(2y-x)}]. 

11. -(-(-a))-{-(-(-x))), 

12. 3a -[a +6 -{a + 6 + c-(a+6+c+rf)}]. 

13. -'2a -[3x + {3c-(4y + 3j;+2a)}]. 

14. 3x-r6y-{6z-(4x-7y)}]. 

15. -[5j:-(lly-3z)]-[5y-'(3x-%)J. 

16. - [ISo: - {14y - (15s + 12y) - (lOx - 152)}]. 

17. 8a:-{16y-[3x-(12y-a:)-8y]+a:}. 

18. -[z-( 2 -+(a:-s)-(«-z)- 2 }-x]. 

19. -[fl +{«-{» -z) - (a +x) - a} -o]. 

20. - [o - {a + (z - o) - (z - a) - o} - 2a]. 

68. A coefficient placed before any bracket indicates that 
every term of the expression within the bracket is to be multi- 
plied by that coefficient. 

Note. The line between the numerator and denominator of a 
fraction is a kind of vinculnm. Thus “ equivalent to (z ~ 6). 

Anin, an expeaiion of the form \/(z + y) is often written vz +y, 
the line above being raided ae a vincolm indicating the square 
root of the compound expression z +y taken aa a tchcle. 

Thus ^/25+U4=^/^W = 13, 

wh«eas ^+VIi4=6-l-12=17. 
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Sometunee it is advisable to simplify in tiie ooutse of 

ExamfU, Find the valae of 

84-7[-il*-4{-17* + 3(8-9^Sl)]. 

The eap«a8i<m = 84 -7[ - llx -4{ - 17* +3 {8 - 9 + 5*)}] 

= 84-7[>nx-4{-17z+3(6*-l)}] 
:=84-7[-ll*-4{-i7x+l5*-3)J 
= 84-7[-Hx-4{~2z~3}] 

=:W-7[-Uz + 8x + 12] 

= 34-7[-ar + 12] 

= 84i-21z-a4 

= 2U. 

When (he beginner has bad a little practioe the number of 
steps may he considerably diminished. 

EXAMPLES m b 

Simplify by removing brackets : 

1. a -f26 + f3r-3o-(fl + ft)J +2o -(6 +3c)J. 

2. o+b-(c+o-16 + c~(o+6-(c+a~(6-ve-o|})]V 

3 . a ~ {b ~c) - b - c - 2{b - Z{c ~ a) ~ d)]. 

4. 2x-{3y-42)-{2r~(3y+4*)}-{3y-(45 + 2x)|. 

6. 6 + c-(o + 6-[c + o-(6 + c-{o + 6-(e+a-6)})]). 

6. 3i-{5a-[6fl + 3(10ti-b)}}. 

7. a“(6-c) - [a-6-e-2{6 + e}]. 

8. 3fl»-(«e*~{8ft»-(9c*-2a»))]. 

9. 6-(c-a)-[8-a-c-2{c+o-3{o-6)-d}]. 

10. -20{o-rf)+3(6-e)-2[b+(!+d-3{c+d-4(d-o))]. 

11. -4(tf+d)+24(6-c)-2[c+d+o-3{d+o-4(6+e)}]. 

12. “10(o+6)-[e + a-f 6-3{a + 2b- (e+a*6)}]+4c. 

13. «-2(b-e)-[-{-(4o-'6-e-2{a+6+c})}]. 

14. 8(3-e)~f-{a-ft-3(c-6+o)j]. 

15. 2(»-5«)-7[«-6(2-3(o-3)}]. 

IS. Sio-2[3-3(fl+d)]}-4{o-.3[b-4(c-d)]}. 

17. 5{*-2[«-2(o+*)]}-4(«-2[o-2(a+»)]). 

18. -10{«-6(a-(*-c)]J+60{6-.(e+«)}. 
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19. -3{-2[-4(-«)]} + S{-2[-2(-a)]}. 

20. -2{-l-(x-y)l) + l-2[-(i-j,)]>. 

2>. -a,.-., 

Insertion of Brackets 

60. The converse operation of inserting brackets is im* 
portant. The rules for doing this have been enunciated in 
Arts. 2lf22; for convenience we repeat them. 

1 ) Any pari of an expression may be endoaed u-ithin brackets 
and the sign + prefixed^ the sign of et'ery term within the brackets 
remaining unaltered. 

(2) Any part of an expression may be enclosed toithin brackets 
and ike sign - prefixed^ prot ided the sign of et'ery term within 
the brackets be chan^. 

Examples. o-b + c- d- c-a-b + lc-d-e). 

o -b + C'-d -e=a-(6-c) -(d + e), 

X* -ax + bx -oi =(** - or) +(6x -ab). 
ly - flx - by + ob = (xy - by) - {ox - ob). 

61. The tenns of an e'xpression can be bracketed in various 
ways. 

Example. The expression ax-bx+cx-ay+by-ey 
may be written (ax - bx) + (cx -ay) + (by - cy), 

or (ax-bx+cx)-(oy-6y+cy), 

Of (ox-oy) -(bx-by)+(cx-<^). 

62. Whenever a 6sotor is common to every term wit^ a 
hraoket, it may be removed and placed outside as a multiplier 
of the expression wit^ the bracket. 
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Sxampk 1. In the expreeaion 

oa^-(xr + 7-rfz* + &r-t!-rfx* + te*-2x 

bncket togetiier the powers of « so as to have the sign + before 
each bracket. 

The expression = (ox* -tia:*) + {br*“dla:*) + (b*~ car -2*) +(7 -«) 
-x*(o-d)+x*(6-d) +x{6 -c -2) +(7~c) 

=(o -rf)z*+{6-rf)a:*+(6“C - 2)x + 7 -e. 

In this last result the compound expressions a-d, b-d, b-c-2 
are r^vded as the coefficients of x*, x*, and x respecUveljr. 

Example 2. In the expression - a*x - 7a + + 3 ~ 2x - a6 bracket 
togethw the powers of a so as to hare the sign - before each bracket 
The expression = - (a*x - a*y) - (7a +a6) - (2a: - 3) 

= -a*(x-^)-a{7 + &)-(2r-3) 

= -(x-y)a*-(7+6)a-(2r-3). 


EXAMPLES VE e 

In the following expresd^ffls bracket the powers of x so that 
the signs before all the brackets shall be positive : 

1. aa:^ + te*-^5+26z-5a::* + 2r<-3x. 

2. 3ba:*-7“2z+ai + 5ax*+ci“4x*-iiti*. 

3. 2-7x* + 5ar*-2cx + 9(K»+7x-3x*. 

4. 2a:^-3abx + 4dx-dbx^-a^j* + x*. 

In the following expiesaons bracket Uie powers of x so that 
the signs before all the brackets shall bo negative : 

6, ox* + 5a:’-aV-26ir*->3jr*-tr*. 

6. Ix^-Sc^x-o&r^ + Sax + Ii^-oicr*. 

7. ax*+a*x»-&j:*~&E*-cr*. 

8. 36V -bx- ax* -ex*- 5c*ar - 7z*. 

Simplify the following expressions, and in each result re-group 
the terms according to powers of x : 

9 . ax*-2ez-[bx*-{cx-dx-{la»-^.ia^)-{cx*-bx)l 

10. &»»*-7(6x-ci«)-{e6z»-(3ax* + 2a3e)-4c»»}. 

11. a**-3{-aa:*+36*-4[^ct*-f(a*-&i^]}. 

12 . 

13. *{ar-6-x(o-6r)) + ax-x{*-*(a*-6)). 
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68. In certain caaes of addition^ mnltiplication, etc., of ex- 
preflaions which involve literal ooeffidente, the resulte may be 
more conveniently written by grouping the terms according to 
powers of some common letter. 

Example 1 . Add together + 3, 6z - «* - *• and 

ar*-a3:*4'tx. 


The 8um=(w’-26j’ + 3+6x-cx*-a:* + ar*-ttr*+w 
= ox* - car* + *• - (w* - 26x* - ** + + (jF + 3 
= (o-c + l)«*-(o+26 + l)x* + (6+c)* + 3. 
Example 2. Multiply oar* - 26r + 3c by pz - 5'. 

The product = (oz* - 26x + 3c) (par - g) 

=ajji* - 26pz* + 3cpa: - ogz* +2&gz-3cg 
=opjc* - {2bp + a/q)3* + {3cp +2bg)z - 3cg. 


EXAMPLES VII. d 

Add together the following expressions, and in each case 
arrange the result according to powere of x ; 

1. ox* - 2cx, &z* - CT*, car* ~ z. 

2. X* “X- 1, ox* -At*, hx+x*. 

3. a*x* - 5x, 2ox* - 5ax*, 2i* - At* - ox, 

4. flx* + 6x-c, 9X-r-px*,x* + 2x + 3. 

6. px* -pr, 5ct*-jMr, g -X*, px*+gx*. 

Multiply together the following expressions, and in each case 
arrange the r»mlt according to powers of x : 

6. ex*+At + l andcr+2. 7. cr*-2x+3andax-6. 

8. ax*-At-eandpx4-g. 9. 2x*-3x-l andAt+c. 

10. ax*-2At-l-3candx-l. 11. px*-2x-gandax-3. 

12. **+ax* ~At-c and x* -ox* -At+c. 

IS. ax*-x*+3x-6andax*+x*+3x+A 

14* **-dx*-Ae*+c*+dandx*'Fax*-Ac*-cx+d, 
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SiMPiiB Equations 

64. An eqmtioii is a statement that two algelnaical expres- 
sions are equal. 

Thus (i) jr+3+a:+4=2x-{-7, (ii) 4d;+2 = ]4 
are eqtiations. 

The parts of an equation separated by the sign of equality are 
called members or si^ of the equation, and are distinguished as 
the right tide and the left tide. ^ 

65. If the two expressions are always equal, for any values 
we give to the symbols, the equation is called an identical 
eqnidion, or briefly an identity. Thus equation (i) above is 
an identity^ as is easily seen by collecting the tenns on the left 
side. 

If two expressions are only equal for a particular value pr 
values of the ^mbols, the equation is called an equation of 
condition, or more usually an equation^ simply. 

Thus the statement 4i + 2=14 will be found to be true only 
when z=3. 

This, then, is an equation in the ordinary sense of the term, 
and the value 3 is said to satisfy the equation. The object of 
the present chapter is to shew how to And the values which 
satisfy equations of the simpler kinds. 

66. The letter whose value it is required to And in any 
equation is called the unknown quantity. The process of flnding 
its value » called solving the equation. The value so found is 
called the root or solution of the equation. 

67. An equation which, when reduced to a simple form, 
involves no power of the unknown quantity higher than the 
Arst is oaOed a ahnple equation. It is usual to denote the 
unknown quantity by x. 

68. The process of solving a simple equation depends only 
on the following axaoms : 

1. If to equals we add equals the sums are equal 

2. If from equals we take equals the remamders are equal. 

3. If equals are multiplied 1^ equate the products am eqnal^ 

4. If equate are divided by equate the quottents are equal 
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Example 1, To solve the equation 7x = 14. 

Dividing both sides by 7, (Axiom 4) we get 
x=2. 

Example 2. Solve the equation | - 6. 

Multiplying both sides by 2, (Axiom 3) we get 
*=-l2. 

Example 3. Solve the equation 

7i-2x-x:3 10-23-15. 

By collecting terms on each side, we get 
-28. 

Dividing by 4, (Axiom 4) we get 

x=-7. 

EX AMBUSS. {Oral) 

Find the values which satisfy the following equations : 

1. 3a: = 18. 2. 4a: = 12. 3. 0x = 12. 4. 7x^-1. 

9. 3a::=2I. 6. lla: = 55. 7, 133: = 39. 8. 14x=-42. 

9. 7x=:-36. 10. -5* = 30. 11. -2x^-l2. 12. -3x=21. 

13. 3x=0. 14. -4x=0. 15. 2x = n. 16. 9x = 15. 

17. 61x=39. 18. 3x=-7. 19. 28x=35. 20. 34x=-51. 

21. ^-7. 22. ^=-3. 23. -?=4. 24. 

25. 8x + 5a:-3x = 17-9 + 33-ll. 

26. 5x-7x+8x = 12-5 + 7 + 10. 

27. -3x-12x + 6x = 29 - 2 + 6-13. 

28. 4x-15x-9x + 27x= -28 + 8-60 + 17. 

68. In the preceding examples the terms have been so 
arranged that those involving the unknown quantity have been 
on one side of the equation and the numeric^ quantities on the 
other. We can always arrive at this arrangement by the lud of 
the axioms. 

Example. Solve the equation 3z - 8 + 12. 

Subtracting x from both aides» we get 

3x - X - 8 = 12, [Axiom 2,] 

Adding 8 to both sides, we have 

3x-x^!2 + 8 ; 

2x=20j 
X:^10. 


Aviding by 2, 


[Axiom 1.] 
[Axiom 4.] 
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70. Begiiuien should verily, that is, prove the oonootnees 
of their eolutiona by eabetituting, in both aidee, the '^ue 
obtained for tlu unknown quantity. 

In the last equation 3r~8=aj4'12, 
if * = I0, 

the left «de=3x 10-8 = 22, 
and the right Bide -10 + 12 =22. 

‘Since theee two reeultB are equal the solution is correct. 

Tli* In the following exampka aome preliminary reduction 
ia neceaeary. 

Ezampk 1. Solve 5(* -3) -7(6-*)=24-3(8 -2) -3. 

Removing bracketa, 52-15-42 + 72 = 24 - 24 + 32-3; 
collecting tffl’ma, 122-57=32-3, 

Subtracting 32 from each side, we get 
92-67= -3. 

Adding 67 to each side, we have 

92=54. 

Dividing by 9, x = 6. 

[ Verifientum. When 2 = 6, 

the left iide=6{6 -3) -7(6 -6) 

=5x3-0 = 16. 

Ther^bt 5ide = 24 -3(8 -6) -3 
=24-3x3-3 
= 24-9 = 16. 

Thus the solution is coirect.l 

„ 4x322 

Exampk2. Solve = 

Here it is convenient to begin by clearing the equation oi 
fractional coef&ciaits. This can be d<me by moltipf]^ every 
term on each tide of tim equation by the least common mtutifde of 
the denominators. [Axiom 3.] 

Hence, maltiplying throughout by 30, 

]6x-6=4x + 62. 

Subtraeting Ox from each tide, > 

72-6=0. 

Adding 6 to eaeh tide, 72=6. 

Dividing 7, 


[Axiom 2.] 

[Axiom,,!.] 
[Axiom 4.] 
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72. The preceding examples have been worked out very 
fully in every detail for the purpose of impressing on beginners 
the importance of shewing clearly the meaning of eveiy step of 
thdtr work in solving simple equations, ^h step should 
occupy a separate line, and each successive process should be 
refold to one of the fundamental axioms ; the object in each 
case being to gradually reduce the equation until it consists of a 
single term containing x on one side, and a single known term 
on the other, llie required root is then found by dividing each 
sid^by the coefficient of x. 

Orderly arrangement should be studied throughout, and in 
partioular. the signs of equality in the several linta should be 
written neatlv in column. 


In order to furnish the requisite practice in method and 
arrangmaU, we shall now give an exercise containing easy 
equations which are free from difficulty in the way of reduction, 
and which involve little actual work. 


EXAMPLES Vm. a 

Find the value of x which satisfies each of the following 
equations, and in each case verify the solution. 

1. 7x-4 = 17. 2. Sar-S^lO. 3. 2r + 16 = 23. 

4. 5r-9==21, 5. 7* = 18-2x. 6. 3i:=25-2a:. 

7. ir-3=2x + l. 8. 5r + 2=6x-I. 9. 3ar + 2=4«-3. 

10. ir-3«3ir+4. 11, 8r-9=:33-4r. 12. 5r + 3 = 15-x. 

13. 2x + 15 = 27~4x. 14. 7a; + ll=3x-f27. 

15. 16. 9sc+21 -4x=:46. 

17. 5»+7+4x + U+3.r=24. 18. O^O-ftx-lO + Kte. 

19. 7-3jc=6+4x+H-16x. 20. -3*-6=-7»+l. 

21. «» + 7-19 = 7x + I3-3x-21. 

22a 8r+4 + 10r-17=14-23»+W-7*. 

a.4. ^ 
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Solve ajid verify the following equations : 


23 . 

z 5 

3”6' 

24 . 

z 4 

5 3 

25 . 

26 . 

4z^ 7 

5 ^15' 

27 . 

7z 4 

¥"9 

28 . 

29 . 

!»• 


30 . 

z 1 z 

3 2 5 

31 . 

3 “ 9 3 


32 . 

1 1 


73. After enough praetice to enforce the Reasons for the 
5ieveral stejw, the solutio[ia may be preatmtiHl in a shorter form. 

Wlien atjy term is brought over from one .side of an equa/ion 
to the other it is said to be traospc^. 

We shall now shew that any term may be transposed from 
one side of ati equation to the other by simply writing it down 
■on the opjKwiU' side u itk its sujn changed. 

Consider the equation - 8-~x ^ 12. 

Subtracting x from each side, we get 


Adding H to each side, we have 

;ir-x.~12 + 8. 

'rijufl we see that -i-z has been removed from one side, and 
appears as -r on the other; and -8 lias been removed from 
one side and apjiears as - H on the other. 

Similar stef^ may U? employed in all cases. 

It appears from this that tee tnay change the sign of ecery 
term in an rgmtion ; for this is equivalent to transposing all the 
terms, and then making the two nidi's change phut’s, 

Example. Take the equation - 3x - 12 x - 24, 

T ran-Hposing, ~ z f 24 - 3x ^ 1 2, 

or 1 e + 12 - - z + 24, 

whirh Ls the original equation with the sign of eveiy term changeil. 


74. We can now give a general rule for solving any simple 
equation with one unknown quantity. 

Rule. First, if necessary, clear of fractions : then transpose 
all the terms ronlatntrq; the unhunon quantity to one side of the 
equation, and the known quantities to the other, CcHect the terms 
on each side ; divide both sides by the coefficient of the unknown 
quantity and the txUue required is obtained. 
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Exaniplf 1. Solve 5z - (4 j: - 7)(3j - 5) =8 - Z{ix - 9) (a: - 1). 

Here the products {4 j: - 7)(3r - 5} and {4a: - 9)(a:- i) must be 
multiplied out, or Mrittcn down by inspection as in Art. 44, before 
any further reduction can bo made. 

Forming the products, we have 

5x - ( 1 2x* - 4 1 / f 35) = 6 - 3 (4x* - 1 3:c + 9) ; 
and by removitjg brackets, 

r>r - 12^3 +41x - 35 -6 - 12r* + 39z - 27. 

The term - 12z* may bo removed from each side without altering 
(he ecjiiality ; thus 

r>z^41x-.35 6-39z'27. 

Tran,s[K)sing, 5 j 4Iz - 39j:“6 - 27 - 35 ; 

< <|llecting terms, 7z 14 ; 

.-. x-2. 

Note. Sinc'C the minu.s si^m before a bra(ket afTecta every term 
within it, in the tirst lir>e of \v<irk we do not remove the brackets 
until wf have for rac'd the products. 

Eiampl^ 2. Solve 7x 5 [j ^ { 7 - G(r - 3) ) ] - 3x f 1. 

Removing brackc'U, we have 

7z - 5 [z - { 7 - Cz -*■ 18 } ] .3z T 1, 
lx - 5 [ z - 25 -f 6.r ] - 3z 1, 

7r-5x^l25-30j 3x^1; 
tran.sponing, 7z - 5x - 30x - 3x - 1 - 125 ; 

collecting terms, -3]z-- - 124 ; 

x-4. 

EXAMPLES Vm. b 

{It w recommendai (hat A'(w. 1-16 of the following tramples 
should be solved in full by refemiee, to the axioms. In the rest of 
the exercise the solutions may be shortened by iransposUion of 
terms.] 

Solve the following equations and verify the solutions in 
Kxamplea I to 20. 

1. 3X + 15-X + 25. 2. 2x-3 = 3x-7. 

3. 3i + 4.:r)(x-2). 4. 2x + 3 = 16-.(2x-3). 

6. 8(x-I)fl7(x-3)=4(4x-9)+4. 

6. ir)(x-l) f4(x + 3)-2{7+x). 

7. 5x-6(x-6) :":2(x+5)+5(x-4). 

8. 8(x-3)-(8-2x) = 2(z + 2)-6(5-i), 
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Solve the following equations : 

9. 7(2:>-ir}-2x :2(3jr-25). 

10. 3{169-jr)-(79^i-)-29i'. 

11. 5/ - IT - 3/ -5 6i- - 7 - Sj -r 115. 

12. Tj- - 39 - Ulr ^ 15 - 100 - 33j - 26. 

13. ns - 65/ - 123 15/ -35 ~ I20r. 

14. 157 - 21(/ -3) -163 - 1.5(2x-5>. 

15 . 179 - JS(x - 10; IW -:J(x - 171. 

16. 97 -5(/ ^20) 111- S(j.3). 

17 . x-[3'(/-{3^j)|] 5. 

18. ox - |3x - 7) - 5 1 - 2/ - (6x' - 3)} - 10. 

19. Ux-{.-ix-9)-f4-:ij'-(2x-3)}-30. 

20. 2.7/ - 19 - [ 3 - ; 4/ - 5 :■ ] ^ 3/ ~ (6/ - 5). 

21. (/ -lJ^2x -I)-•(/ • 3){2x ■ 3) -14. 

22. (X - 1;' /(2/ ■ I)-2(/ - 2)(/-l)-20. 

23. 2(x - U(x ■ 3) - 8 - (2/ • 1)(/ -5). 

24. 6u*-3/-2)-2(i:^-l) .4(/ -!)(/ - 2) -24. 

25. 2(/ - 4j - (x^ - X - 20) 4x’ - {.")x - 3)(x 4) - 64. 

26. (x - I5)(x - 3) ' (x* - 6x - 9) 30 - 15(x - 1 ). 

27. 2x-.5i3x-7(4x !))j tki. 

28. 20(2 ~x) -3(x-7) - 2[x-y-3;{) -4(2 -x)}) ':22. 

29. X -2- [x-8~2lS-3(.5~x)-.x}| 0. 

30. 3(.5-fix} -.j[x-.5fl -3(r 5)}] -23. 

31. fx-Ja2x-3) 2(x-l)>-.8. 

32. 3(x -l)^ -3(x"-l)-x-15. 

33. (3x-l)'2x-7) 6(x 3)>-7. 

34. i*-ax-25=x(x-4)-2.5(x-5)-16. 

35. r(i - 1) -(x t1)(x ‘ 2) (x -2)(x - 3) -x(j t4) -9. 

36. 2(i-2j(r>4) ■r(2x + l)-21. 

37. U * 1 j* ^ 2(x T 3)* - 3x(x ‘ 2) 35. 

38. 4(XT5}*-(2zTi)* ^3{x-5)rlSf). 

39. 84 f (z + 4) (X - 3) (X • 5) - (x 1 ) (x 1 2) (x f 3). 

40. (xf l)(x f2){x+6)-x‘4 9x*+4(7x-l). 

75. The following examples illustrate the moat uaeM 
methods of solving equations with fractional coeOiciente. 
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Examplf 


Solve 4 - 


1 


Multiply by 88, the least coramon raultiple of the denominators ; 
thus 352-lMx-9)~:43;-4tf 

removing brackets, 352 - I U t 99 ~ 4x - 44 ; 

transposing, -Ilx-4jf— - 44 - 352 - 99 ; 

collecting terms and changing signs, I ox -495 ; 

x-33. 

x-9 1 

Note. Here is equivalent to --(x-9], the iDicidum or 

8 8 

line b<*tweeii the nutn orator and denominator having the same effect 
s^a bracket. [Art. 5S.] 


76. In ct‘rUin cases it will found niorc convenient not to 
multiply throughout hy the L.C.M. of the denominators, but to 
clear of fra et ions in two or more 


Kjrample 2, 


Solve 


2x-3 .5X-32 J^9 
* 35 “ 9 W 


*ilultiplying throughout by 9, \vc have 


transiKJ.sing, 




lSx-27 

35 




Now clear of fractions by multiplying by 5 x 7 x 4 or 140 ; 
thus 72x - 108 -r 4.5x r 40o - 280x - 2800 ; 

2800 - 108 ^ 405 - 280x - 72x - 45x ; 

3097 -163x; 

X -.19. 


77 . To solve equations whose coefficients are decimals, we may 
express the decimals as vulgar fractions, and proceed as before ; 
but it is often found more simple to work entirely in decimals. 

Krampk 1. Solve + *25 - ^ x = !■§ - -VSx - - • 

Expressing the decimals os vulgar fractions, we have 
Ix + i-Jx.lMx-i; 
tloaring of fractions, 24x + 9 - 4x - 68 - 27x - 12 ; 
transposing, 24x - 4x 27x - ^8 - 1 2 - 9, 

47x=47; 

/. X:=I. 
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Ejcample 2. Soke -STox - 1-875 = llr 1185. 

Transposing, -STSx - -lir - M85 r 1*875 ; 
collecting terms, (-375 - '12)x - 3*06, 
that is. 

306 
■ 255 

- 12 . 

EXAMPLES Vm. c 


Solve the following equations, and verify Nos. 1-16. 


1. 

- 


X+.5 
- _ - —5. 

0 

3. 

r 2 X 10 . 

T 9 ' *"■ 

. X r 19 

4. - - 

0 


5. 

r i r - 10 

7 "" 5' 



7. 

4(X-r2) _ 5x 

5” * ' ^13' 


^ 

6 **■ 

9. 

6. 

9 7 

10. 

i 

^3^4 «■ 

11. 

J-.0 x-1 r-3 

'6 " 9 " 4 ■ 


1 2x 13 

3 42 ‘ 

13. 

r>(X-.=)) 2(x-3) 

8 " 7 

14. 4^;- 


15. 

1 = 

2 3 4 “■ 

+V 

4 5® 

17. 

3 5 2 

(-6)4. 


18. 

5 . 6 „ 

X^^(X- i) ~-{x-H)^ 



19. 


+ -+43 
.'.I 4- 


20. 




21. 


("-;)■ 


22. 

1 ^ 4 + 1 I - 1 

-(x-8) + — + — -• = 





SIMPLE EQUATIONS 
5x_r-l2 x + 3 


, 1 /r 5 j: 5x r 12 X + 3 

Ur’re'T-~—r 


X x + 10 , 1-2 

25- 4-- 5 +'‘5 — 1- 3 

26. 'Sx-ir- 2.JX-1. 27. 3+4-7-^- 

•0 '2 

28. 2 2ax-l25~3x-^3 7r>. 29. - •I^ix.= -6 - 1 

30. ’6x - -Tx + ■T.'ix - -STox -r 15 -0. 

31. I2{3x--2.5(x-4)--j(5xTl4}}-47. 

32: 

■125 


35. -ox ' ■■lc™-3x - 1-5. 


•25x - 'Sx — X - 3. 
•36 -OOx-lS 


\ijome of the examples i« Miscellaneous Examples II, p. S8. 
ir ill furnish further practice in Simple Equations.] 

78. IVfotv concluding this chapter it unll be worth while to 
draw attention to the following caaea which occur so frequently 
in solving equations that the beginner should learn to write 
down the solution at sight. 

, . 7x 4 

('ase I. SupjK)9C 

Midtiplying both 8ide« by 5. we have 

4:-5j 


Case II. Suppose 'jx~" 
Multiplying both sides by 3x, w^e have 


o X 7 - 9 X 3x: 


.( 2 ). 
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By a cajrAi] e.TanjinatioD of tJje resuite in (ii aud (2), the 
truth of the following principles will lx* evident : 

.-lay factor of the numerator of one .side of an aquation may 
be transferred to the denominator of the other side, anfl any factor 
of the denominator of one side may be transferred to the numerator 
of the other side. 

The ready application of these principles will lx‘ I'oniid very 
ust-ful. 

,1 , ^ 

Example 1. If . . 


then 

Kxainple 2. If 

then 


H :io 
9 < 14 

X 3 " 


Aiiera little practice the ariUnnetic shouM Ixj jxTfnriiieil nienUlly, 
and the i:it<Trm>diate stejw oniittcd. 


EXAMPLES vm. d 

Write d()\cn tlie values of x which .‘satisfy the following; 
etpialions : 


1. 

2 3 
jr 4' 


2. 

3 j 

7 14 ■ 

3- 

3 0 

4. 

I 

3 


5. 

X 1”} 

17 51 

6. 

2/ S 

15 4,'.’ 

7. 

.3 

if 

1 

H 

8, 

4/ i 

3 2 ' 

9. 

3/ 27' 

10. 

■2x ' ~ 

10 
“3 ■ 

11, 

13 n.Vr 

21 M ■ 

12. 

7 1 

2 .3/ 

13. 

3 r 
H^4' 


14. 

K 4 

21/ 7‘ 

15. 

30 9 

.35 5/' 

16. 

5 15 

8 2x 


17, 

/ 9 

IS 42’ 

18. 

4 IH 
3/ 27 ■ 


20 . 


21 . 



CHAPTER IX 


Symbolical Expression 

79. In solvin'; alfiebraical problems the chief difficulty of 
the bi^ginner is to expn^ the conditions of the question by 
means of symbols. A qnc.stion propositi in algebraical symbols 
will froquently lx> found puzzling, when a similar arithmetical 
questioit would present no difficulty. Thus, the answer to the 
question “ lind a number gn*ater than x by a '' may not be self- 
cviclent to the Ix^ginner, who would of course readily answer an 
analogou.s arithmetical question, “ lind a rjuinbcT greater than 
j() by I’be proa*88 of addition which gives the answer in 
the second cast' supj>lies the nect'ssary hint ; and, just as the 
riiiiiilxT which is greater than 50 by (i is 50^6, so the numlxT 
w hiL'li is grt'atcr than x by a is a: + 

80. 'i'he following examples will {lerhaps be the best intro- 
duction to the subject of this chapter. After the lirst w e leave 
tt) tiie student the clioitt* of arithmetical instances, should he 
find them nea-Asary. 

Kxainjile 1. liy how much does x exceed 17? 

Take n numerical instance ; “ by how much does 27 exceed 17? ” 

The answ er obviously is 10, which is equal to 27 - 17. 

Hence the excess of i over 17 is j: - 17. 

Similarly the defect of j: from 17 is 17 -r. 

Eramplf 2. If z is one part of 45 the other part is 45 -jt. 

45 

Exnmpk. 3. If X is one /nrtor of 45 the other factor is - - 

KxtmpU 4. How far can a man walk in a hours at the rate of 
4 miles an hour? 

In 1 hour ho walks 4 miles. 

In a hours ho walks a times aa far, that is, 4a miles. 

Erempk 5. If £20 is divided equally among y persona, the share 

20 

^ each is the total sum divided by the number of persons, or £— -♦ 
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KxttmpU 6. 
remainder 5, 

that ia. 


If 17 be divided by 6 the quotient U 2, and the 
6 8 


So if S be divided by D, and the quotient be Q and the 
remainder H, we have 


, or S^QD^R, 

Thus, if the divisor U j*, the quotient y, and the remainder 
the dividend is xy 4-i. 

Exam pit 7. .-1 and B are playing for money ; .1 begiiui with ip 
and B with q shiliinga : after B haa won £r, how many shillings 
has each? 

What B has won A baa lost, 

/, A has 20(p - x] shillings, 

B has q ^20x shillings. 


EXAMPLES H. a 

1. What must be addwl to x to make y? 

2. By what must 3 bo multiplied to make a? 

3. What dividend gives b as the quotient when 5 U the divisor? 

4. What is the dofoct of 2c from 3d? 

5. By how much does 3i: exceed k^ 

6. If B)0 bo divided into two parts and one part bo x, what is 
the other? 

7. If o be one factor of b, what is the other? 

8. What number is less than 20 by c? 

9. What is the pri<re in pence of a orange* at tenpenco a doxen ? 

10. What is the price in pence of 100 oranges when / cost six- 
pnee? 

11. If the difference of two numben be 1 1, and if the smaller lie 
X, what is the greater? 

12. If the sum of two numbers he r and one of them u 20, what 
» the other? 

13. What u the exeeaa of 90 over x? 

14. By how much does x excMni 30? 

15. If 100 contains x Gve timee, what is the value of x? 

1$. What is the cost in pounds of 40 books at x shillings each? 
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‘^17. In X years a man will be 36 years old, what is his present age I 

1 8. How old will a man be in a years if his present age is x yearsT 

19. If X men take 5 days to reap a field, how long will one man 
take? 


20. What value of x will make 5x equal to 20? 

21. What is the price in shillings of 120 apples, when the c-ost of 
a score is x pence? 

22. How many hours will it take to walk x miles at 4 miles an 


hour? 

23. How far can I walk in x hours at the rate of y miles an hour? 

24. In X days a man walks y miles, what is his rate per day? 
fc^5. How many minuU-s will it take to walk x miles at a miles 
an hour? 


26. A train goes x miles an hour, liow long do<s it take to go 
from Bristcjl to London, a distance of 120 miles? 

27. How many miles is it between two places, if a train travelling 
p rnilca an hour takee o hours to perform the journey? 

./ 28. What is the velocity in feet per second of a train which 
tra\cU 30 miU>s in x htuirs? 

29. A man has ri cn)wna and ft florins, how many shillings 
has he? 


30. If I spend X shillings out of a sum of £20, how many shillings 
have I left? 

31. Out of a purse containing £a and 6 shillings a man .speixls 
c jjenee ; express in i)eneo the sum left, 

32. By how much docs 2x - ii exceed x 4- 1 ? 

33. What number must be taken from a -26 to leave a -3ft? 

34. If a bill is sharwl equally amongst x persons and each pays 
3s. 4^., how many pence does the bill amount to? 

35. If I givo away c shillings out of a purse TOntaining a 
sovereigns and ft florins, how many ahtllings have I left? 

36. In how many weeks will x horeos eat 100 bushels of oats if 
one horse eata y bushels a week? 

37. if I spend X shillings a woek, how many pounds do I save 
out of a yearly ini*ome of £y? 

U 38, A bookshelf contains x y Grook, and z English books : 
if there are 100 books, how many arc there in other languages? 

39, I have X pounds in iny purse, y shillings in one pocket, and 
: jK'nce in another : if I give away half-a-erown, how many pence 
have I left? 

V 40 . In a class of x boys, y work at Claaaics, z at Uathematios, 
and the reel arc idle : what is the excess of workers over idlers? 
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81. We subjoin a fuw harder exaiujilcs worked out in full. 


Eiamiiie I. What is the present ajje of a man who x years hence 
»ill be m times as old as his stm now ageni y years? 

In X years the son’s ago will be y •r x ytiars ; heriro tho father’s 
age will be n{y+x) years ; therefore tme the father’s ago is 
»ri(y * j) -X years, 

2. Fintl the sitn[)]e interest on i’i* in n years at / per 

cent. 


Intert'st on £100 for 1 vi'ar is £ /, 

, / 


.£I 
. £i 


Interest on fit for n vrara Is £ 


100 

rdf 

luu' 


Eiarf\pl^ 3, A nxmi is x yards long, y feet broad, and a feet high ; 
find how many wpiare yanU of Larjx-t will be rotjuircNl fur tfie llwr, 
and huw many stjuare yards of {)a|H r for tho walls. 

( 1 ) The area of tho tlts>r Ls 3xy square fts t ; 


tho nunilsT of square yards of car jet rc<|uiriKl 


3.7 


3 ■ 


i-) Tho iwrimeUjr of tlo' r'«>m i.s 2(3x - y) fc«-t ; 
the area of the walls w 2a (3* f y) iqxiare feet ; 

number of square yards of pa|x'r requirwi is 


Example 4. Tho rligits of a number beginning from tlic h-ft are 
a, b, e ; what U the numljer? 


Here c is the digit in the unit*’ place ; b rtanding in the ten*’ 
place represents b ton* ; similarly n reprow'tiU n htitvlrcds. 

’I he number w thereforo e(|ual to a haiidrwis rb tens - e units 

:::K)aa-106 f. 


If the digit* of the numU-r are invrrtctj, a new number is formed 
which ia symbolically expretaed by 
100c 4-106-0. 


ExampU h. W'hat is (I) the sum. (2) tho product of throe oon- 
socutive numbers of which tho least is n? 

Tho numbers consocutivo (o n are n 4 1, n 4 2 ; 

tho sum K f {a + 1) . (n 4 2) 

3a t3. 

And tho product 4 ))(a 1 2), 
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We may remark here that any evtn number may be denoted 
by 2ny where n is any positive whole number ; for this expres- 
sion ia exactly divisible by 2. 

Similarly, any odd number may be denoted by 2n-l-l ; for 
this expression when divided by 2 leaves remainder 1. 

Kxampk 6, How many days will a men take to mow 6 acres if 
c boys can mow a acres in b days, and each man^a work equals that 
of n bo 5 ' 8 ? 

Since c boys can mow a acres in b days ; 

1 buy be days, 

n bova, or 1 man, -- dava, 

n 

be 

a men — days, 

on 

1 ic j 

. . o men I acre ... - days : 

a VI 

b^c 

therefore a men can mow b acres in -r- da vs. 

EXAMPLES IX, h 

1. Write down four conse^cutive riujnbers of which x is the least. 

2. Write down three consecutive numbers of which y ia the 
groaU^t. 

3. Write down five consecutive numbers of which x is the middle 
one. 

4. What ia tho next oven numlicr after 2rt? 

5. What is tlie odd number next before 

6. Find the eum of three consecutive odd numbers of which 
tho middle one is 2n -c 1. 

7. A man makes a joamey of x miles. He travels a miles by 
coach, 6 bv train, and finiahes "the journey by boat. Ilow far does 
tho l)oat carry him? 

8. A horse cats a bushels and a donkey b bushels of corn in a 
wook : how nianv bushels will they together consume in n weeks? 

9. If a man was x years old 5 years ago, ho^ old will he be y 
years hence? 

10. A boy is X years old. and 5 years hence his age will be half 
that of his father. Uow old is the father now? 

11. Wbat is the age of a man who y years ago was m times as 
old as a child then ag^ x years? 

12. A's age is double E's, B't ia three times C's, and C ia a; yean 
old : find A's age. 

* 1 3, What is the interest on £1000 in b years at c per omt. ? 
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14. What is tho interest on £r in <i years at 5 pt’r esnt.? 

15. What is the interest on CoOo in a years at a per cent.? 

16. What is the interest on £24xy in x niorjths at y pi'r cent, per 
annum? 

17. A rcx>m is r yards in length, and y feet in brca*lth : how 
many square ft'et arc there in the an>a of the tltxjr? 

18. A square r^>om measuns z feet eac h way : how many square 
vartls of carjx't will be rctjiiiriMl to cover it? 

19. A room is p ft^t long ami z yards in width : how many 
yard:^of carpet two fu t \»kle ’will he n tjuire^I for the floor? 

20. What is the cost in jwunds of larpeting a rexun a yards long, 
b feet broad, with (^arjx't costing c .shitiings a s(]uan‘ yard ? 

21. How many yards of carpet z inches wide will lx* nwpiinHj fo 
cover the uf a room y feet lung and : feel brua<l 7 

22. A rcxmi is a yards lusig and yanis bn^iul ; in the middle 
tliere is a carpet c firt square : how manv square yard.s of oil -cloth 
will be requirtsl to e<jver the rest of the 

23. How many miU'S can & jierson walk in 4 ,'j minutes if he walks 
n miles in z hours? 

24. How long ^^ill it take a [)erson to walk b miles if he walk.^ 
20 milcH in f hours? 

25. If a train travels a miles in b luMirs, how many h’ct dexs it 
move through in one second? 

26. train w running with a velocity of z hs't jwr .‘w’cond i how 
many niitt:^ will it travel in y hours? 

27. How long will z men take to mow y acres of tsirn, if each 
man mow z acres a day? 

28- How many men will be rcquiretl t<j do in z hours what y 
men do in zz hours? 

29. Ubat is the rate per cent, which will produce £y interest 
from a prinrijial of £10<)0 in r ye*r»? 

30. Kind in how many years a princquil of £a w ill produce ip 
interest at r per cent, jier annum. 


\Thf JfMoicing fjcamplfA itiU fimM ihe studen/ in aUUing the coH- 
ditio!>4 of a profjUm in equatioruil form,] 

31. If y is the product of throe ronsecutivc numbers of which the 
greatest is p, exprem this fact by an equation. 

^ 32. The ram of three consecutive even numbers is equal to T. If 
the middle number is 2n express Uiis by an equation. 

' 33. The product of p ami q w equal to five times the excess of/i 
over b i txp^ this by an equation. 
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34. If X is divided by y, the quotient is equal to 10 more than the 
sum of la and n ; express this in algebraical symbols, 
i.. 35. A man is x years older than his son, whose present age is a 
years ; five years hence the father’s age will be twice that of the son ; 
express this in algebraical symbols. If the son is now 15, what is 
the fathtT’s age? If the father is now 53, how old is the son? 

36. A has £p and B has q shillings ; A hands £x to Zi and finds 
that he then has three times as much as B ; express this fact by an 
equation. 

37. A man who is p years old has a son whose age is f^'ears ; 
five years ago the father’s age was seven times that of his son. Ex- 
press this in algebraical symixjls. 


Formulffi 


82. InE xaniple 6, Art. 80, we proved 


a result which gives in a single statement a general relation 
exprf'ssing the connection btdween a number, its divisor, and 
fbsulting quotient and rtunainder. 

This is an example of a very important class of algebraical 
statements known as formula! ^ the use and application of w’hich 
we shall now briefly explain. 

Dkkinition. a formula is a ndation established by reason- 
ing among ocTtain quantities, any one of which may in turn be 
regarded as the unknow n. 

Thus in the formula above mentioned, if R, and D are given 
quantities, we have an equation to find the corresponding v’alue 
of .V. Or, a qut*8tion may be proposed as follows : “ By what 
must 1)6 be divided so as to give a quotient 5, and a remainder 
II? ” Here we have given A = 96, ^ = 5, i^=ll, and therefore 
from the formula we obtain 


96 , II 
D = ^^D’ 


whence D~ 17, the required divisor. 

83. A formula, it must be observed, includes all particular 
cases in one general statement ; and so by the use of a single 
algebraical formula we are enabled briefly to express a whole 
class of results in a form at onoe simple, e^y remembered, and 
easily applied. Experience will convince the student how much 
^f the power and utility of Algebra lies in the ready apphestion 
of fonnulie to many kinds of problems. 
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It would be out of place here to make more tlian a paaaiiig 
allusion to other branches of Mathematical or to Physical Science ; 
but on account of the into real and importance of the subject, it 
may be uaefui to draw the reader 6 attention to a few of the 
more elomcntarj' formuhe he is likely to meet with in his other 
studies, 

*(1) If a triiingle on a base 6, has a height A, its aa‘a A is 
given by the foniiula ,( - 

(2) ,^f a pyramid of height h stands on u base wlnwe area is 
a\ its volume I' is given by the formula 
V - lir-h. 

In these cases any linear unit, inch, foot, ... being clioscn, tli^^ 
suj)t‘rticial ami solid units will 1 k‘ n\s|)ectiveiy the square and 
cubic incii, bx)t, ; arid in e.»rh oi these fonnul.c if two of the 
thm' quantities be given, tlie third is easily obtainwl by Arith- 
metic. 

Hxumpie. The Creat Pyraniid of Kgypt stand h on a square Use 
carh side of w hich is 7tSl U-l : and its jjeight u ISO hvt. Kind the 
number of cubie fw>t of stone u.-^xl in its <xinstructiuii. 

From tlw formuU, F - ^ - (764)’ • 4JifO 
UHJ • 764 • 764 
- 93,'it) 1 litio cubic fettt. 

84 . \ve have in this chapter gi^ en several exanipk'S involving 
sfKHf, velfX'ilv, and time ; and all tlu'W can be solved witliout 
difficulty by common stuse reasoning. At the same time wo 
may remark that they are only jiartieuUr easea of the general 
formula s if, in which x denotes the spat'o dtwriU'd by a Uxly 
which moves with uniform velmuty r for a time f. 

In this fonnula, if t denotes th<? number of seconds the Ixxly 
has be<m in motion, and r the number of fwt imaaed over in one 
second, then s is the .sjiace (in feet) descriNxI in t seconds. 

Emmjilf. If a train has a vclo<ity of To f«*t a seeuml, lujw long 
will it take to ( rns« a viaduct which is 300 yard.H in length? 

Substituting the values of s and v {expressed tn feet) in tho 
formula, we get 

900 75/, 

^ m 

75 

= 12 . 

Tbarefore the time U 12 eeconde. 
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86, Another very interesting caao is that of a body failing 
vertically under the action of gravity. 

It is proved in works on DjTiamica that if a body fall freely from 
rest, and if « denote the sjjace (In feet) described in f seconds, 

In this formula g denotes the number of feet per second by 
which the velocity is increased in each successive second in 
consequence of the earth's attraction, and it is found by experi- 
ment that g - J12-2 nearly. • 

Example 1. A stone dropj)ed from the Clifton suspension bridge 
takes 4 seconds b<‘f(tre it reaches the water. Find the height of the 
bfidge above the river. 

From the above formula, ^ ^ x 32-2 x (4)* 

-2r)7'6. 

and the height is therefore 2o7'6 feet. 

Example 2. How long will it take a stone to reach the bottom of 
aVell 144 9 feet deep? 

From the formula, 144-9 - .v x 32-2 x t* ; 



Therefore the time is 3 seconds. 


EXAMPLES n. c 

1, From the formula for the area of a triangle in Art. S3, find 

(i) The area, when the base is 32 ft., and the height 17ft. 

(ii) The baae, when the area is 56 sq. ft., and tho height 7 ft. 

(iii) Tho height (in chains and links), when the area is 5-986 

acres, and the base 17 chains 50 links. 

2. By means of formula (2) in Art. 83, find 

(i) The volume of a pyramid of height 10 ft., on a base 

whose area h 15 sq. ft. 

(ii) The volume of a pyramid of height 6 ft., standing on a 

sqmvre base each of whose sides is ft. 

(iii) The height of a pyramid whose volume U 20 oq. fk tad 

whose base has an area of 12 sq. ft. 
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3. By meuu of the formula s = ri (Art. B4), hnd 

(i) How many miles a train will run in W minutes at 35 miles 
per hour. 

(h) How long a train will take to run 56 miles at 42 miles per 

hour. 

(iii) The veloc ity in miles per hour of a train which travels 
5500 yards in 5 minutes. 

4. By in os ns of the formula s \g(* (Art. 85). find 

(i) The height of a ilagstaff if a stone drop|)ed from the top 

takes 3 sci-ond-s to reach the ground. 

(ii) How long it will take a stone to drop from a balloon whose 
height alK)Ye the ground is 4U2 ft. 6 in. 

6, The cireumfervnr-e C of a circle is tt times the diameter d; 
and the area A of a circle is tt tiinos the square of the radius r, 
Ei prose these two results by formulie. 

If TT find the circumfcrtmces and areas of circles wh<»ao radii 
are inches and 1 ft. 9 in. respectively. 

6. The surface .S’ of a sphere of radius r is given by the formuia 

.S 4 

find (i) the surface of a sphere whose ro^lius w 1-4 in. ; 

(ii) the radius of a sphere whose surface U 381 sq. ft. 

7. If a room Ls x feet long, jr feet brfmd. and 2 feet high, find 
form u Is for (i) the perimeter, (ii) the area of the firK)r, (iii) the area 
of the wails. 

8. From the formula^ of the last example find the porimeter, area 
of floor, and area of the walls of a room 18 ft. 8 in. long, 1 1 ft. 3 in. 
wide, and 12 ft. high. 

9. From formula (iii) of Example 7, find the height of a room 
when the length and briwdth are 17 ft. 9 in., 12 ft, 3 in. respectively, 
and the area of the walls is 630 sq. ft. 

10. tf a parallelogram on a baao 6 has a height h, its aroa A ii 
given by the fomula 

A hh. 

Find the area of para]lel(^i;rama in which 

(i) the base-6’5 cm., and the height 4 cm. ; 

(ii) the hase~2'4 in., and the heights 1-5 in. 

11. The area of a parallelogram ii 4-2 sq. in., and Uk« base ii 

2-6 iiL Find the height. ^ 
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12. The area of a trapezium is equal to 

I (sum of parallel sides) x (distance between them). 

Express this in algebraical symbols, and apply the formula to find 
the area of a trapezium when the parallel sides are 6 ft. 4 in. and 
7 ft. 2 in. and the distance between them is 4 ft. 

13. I’se the formula of Art. 80, Ex. 6, to find a number which 
when divide<l by 19 gives a quotient 17 and remainder 5. 

14. By what number must o66 be divided so as to give a quotient 
37 and remainder 1 1 ? 

15. ^Vhat is the present age of a man who .*5 years hence will be 
tlirw times aa old as his son who is now' 1.")? Verify the answer by 
Bubstituting in the formula of Art. 81, Ex. 1. 

16. In a riglit angle<l triangle if a and h denote the lengths of 
the sides containing the right angle and c denotes the length of the 
hypoten»>8r*, it is known that c* - a® i 6". 

* liy su Institution find w liieh of the following sets of numbers can 
be taken to repres<MU the sides of a right-angled triangle. 

(i) 7,24,2.0. (ii) 12.35.36. (iii) 1-6, 6-3, 6-5. 

« 

17. The reeUnglo conUinc*! by two straight lines, one of which 
w divirlKl into any numlner of parts, is equal to the sum of the 
rectangles eontainetl by the undivided line and the several porta 
of the dividwl lino. 

Prove this by taking aigebraital symbols to represent the an* 
dividwl lino and the segments of the divided line. 

1 8. A Ii is a straight line dividwl Into any two parts at 0. Prove 
algebraically, aa in the last example : 

(i) AIi*^AB.AO^AB.OB. 

(ii) AB,AO:^AO^ + AO.OB. 

Expren those two results in a verbal form as in Example 17. 

19. Provo algebraically the following theorems : 

(i) If a straight line is divided into any two parts, the square 

on the whole line ia equal to tlie sum of the aquarea on 
the two parta together with twice tlie rectangle con- 
tained by the two parts. 

(ii) If a straight line is divided into any two parts, the aum 

of the aquares on the whole line and on one of tho parta 
a equal to twice the rectangle contained by the whole 
and that part, together with the aquare on the other 
part 

• Exmi the reiulia of theM theorems in a form oorreaponding to 
(1) OM (ii) of Example 18 
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20. With tbo DotAtion of Kxamplo 16, 6nd the value of 

(i) r when a - 13, 3 = 8 ; 

(it) a whence 25, 6 = 7; 

(iii) 6 when c =41, a =9 ; 

(iv) flwhenc = 6-5, 6 = 6-3. 

21. If 77 = 3- 14 16, 1 = 2 0125, .f 144 9, 3 -- 32 2. 18 75. t = 5 0, 

the valuee of 

» jl — 1 

(1) «■ A y ; («) ^ : (hi) mv*. 

22. Tn tho formula f given »7» = 12075, r -3, 3=32-2, 

gr 

F = 2iX>, find v. 

23. In the formula v* - if* =2 *,t, find tho valufl of ^ when r =50, 
u “ 10, and e - 10^). 

24. From the formula * ”((»- /). find 

(i) the val’ue of j, when n 20. a I t. 1 ; 

(li) the value of n, when s 25 2. n 12, / .12 ; 

(ui) the value of n, w hc-ii s 46 S, a -6, I 7-2 ; 

livf the valiK.' of f, when ji ; - 175 5. a • 13-5. m 13, 

25. If y 4 - find tho value of y when jr h.vi t!u) vahioa 

0. i, S. 12, Ifi, 20. 

There w a wa!! 20 ft. Intijr. whrK*« heij^ht at anv i«>int x ft. from 
or' en<l w t • fi-et. Draw the wall on a w-ah- of 1 in. h to 4 foot, 
marking on it the hej^'ht at rach enri and at intervals of \ ft. 

Further examples on forniuk- will be found on jiages 190-261. 
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Problems leading to Simple EguATioNS 

86 . The principles of the last chapter may now be employed 
to solve various problems. 

The method of proe(dure is as fol!ow.s : 

Repn^stmt the unknown quantity by a symbol x, and eipress 
in .symbolical knj;ua;<e the conditions of the question ; we thue 
obtain a simple cfjuation wliich can be solved by the methods 
alrt'ady given in (’hapter vm. 

I'xnuiplf 1, rin<l two nuiidx'rs whose sum is 28, and whose 

ditfert-ttcti U 4. 

I/ct z be the snmik'r number, then a- -i-4 is the greater. 

Their s\ua ii* z f (x t 4), which is to be ecjual to 28. 

Hciux; 2S; 

2x-24; 

.-. z \2, 

and r - 4 - 1(5 ; 

so that the numWa arc 12 and 16. 

Tlie Is-ginner is advistnl to tost his solution by finding whether 
it satwhes the data of the (jucstion or not. 

KzamyJf 2. Divide GO into two parU, .^o that three tin a a the 
greater rmiv 100 bv as much as 8 times the leas falls sliort of 

200 . 

Ut I Im' the greater jiart, then 60 is the less. 

Thn'<' times the greater part is .‘Ir, and its excess over 100 is 

3r - 100. 

Eight times th« h-M is 8 {00 ~ x). and its defect from 200 is 

200- 8(00 -X). 

Whence the symljolical statement of the question is 
3x- 100 200 8(r>0-x); 

3x- 100-200 '480 + Rr, 
4«0'l00-200-ax'3x, 

X ::: 36, the gr<«tor part, 

4 n<l 60-X-24, the less. 
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Example 3. Divide £47 between A, C, m th^t .4 may have 
£10 more than B, and B £8 more than C. 

Suppoee that C has x pounds ; then B has x + 8 pounds, and .4 
has X 4-34 10 pounds. 

Hence x -f-ix + S) t(x +8 + 10) = 47 ; 

X + Xt8+XT84-10=:47, 

3x_:;i j 
X 7 ; 

sp that C has £7, B £15, .4 £25. 

Example 4. A person spent £28. 4i. in buying gw'se and ducks ; 
if each goose cost 7s., and each duck 3s.. and if the total nuinber of 
birds bought was 108 : how many of each did ho buy? 

In qui'stions of this kind it is of resent ial importance to have all 
quantities expresseri in the same denomination ; in thu proai'nt in- 
stance it will be convenient to exprous the money in shillings. 

Let X be the number of geeac\ then 108 - x is the number of dneks. 

Since each gooee coats 7 shillings, x geese cost 7x shillings. 

And since each duck t'osta 3 shillings, 108 - xducks cost3(108 -x) 
shillings. 

Therefore the amount spent is 7x -3(108 -x) shillings; but 
the question states that the amount is also £28. 4s., that is 
504 shillings. 

Hence 7x ^3(108 -x) ::-.564 ; 

7xi^324-3x=5&4. 

4x^ 240, 

X - (KJ, the numljcr of gewo, 
and 108 “ X 48, the number of ducks. 

Example 5. ..4 is twice aa old as B, ten years ago he waa four 
times aa old : what arc their present ages? 

Ix't B'n age be x years, then ^’a age is 2 j yearn. 

Ten years ago their ages were resp<'{'tively, x - 10 an<l 2x ~ 10 
years; thus we have 2x - 10^^4(x - 10) : 

2x-I0.4x-40. 

2x 30; 

X 15, 

so that £ is 15 years old, A 30 years. 

Hole. In the above examples the unknown quantity x rcpreseiiU 
a ttamAer of pounds, ducks, years, etc. ; and the student must be 
earefol to avoid b^inning a solution with a supposition of the kind, 
“let x:=il’8 share"’ or “ let x^the ducks”, or any statement so 
vsgue and inexact. 



xl PROBLEMS LEADIKO TO SIMPLE EQUATIONS 79 

EXAMPLES X. a 

1. One numbor exceeds another by 5, and their sum is 29 ; find 
them. 

2. The difference between two numbers ia 8 ; if 2 be added to the 
greater the result will bo three times the smaller ; find the numbwa. 

3. Find a number such that its excess over 50 may be greater by 
1 1 than its defect from 89. 

4. A man walks 10 miles, then travels a certain distance by 
train, and then twice as far by coach. If the whole journey^ 70 
miles, how far docs he travel by train? 

5. What two numbers are those whose sum is 58, and difference 

28? 

• 6. If 288 bo added to a certain number, the result will be equal 
to throe times the excess of the number over 12 : find the number. 

7. Twenty -three times a certain number is as much above 14 as 
16 w above seven times the number : find it. 

8, Divide 105 into two parts, one of which diminished by 20 
shall bo equal to the other dimiimlied by 15. 

^ 9. Kind thrtHj consecutive numbers whose sum shall equal 84. 

10. The sum uf two numbers is 8, and one of them with 22 added 
to it is five times the other ; find the numbers. 

1 1 . Kind two numbers differing by 1 0 whose sum is equal to twice 
tlioir difference. 

12. A and B begin to play each with £60. If they play till .d’s 
money is double ff's, what d(H\s A w’iii? 

13. Kind a number such that if 5, 15, and 35 are added to it, the 
product of tlie first and thin! results may be equal to the square of 
the second. 

14. The difference between the squares of two consecutive num- 
bers is 121 : find the numl)era. 

15. The difference of two numbers is 3, and the difference of their 
s(|uarcs i.s 27 : find the numbers. 

16. Diviile L380 between .1, /?, and C, so that B may have £30 
more than .4, and (' may have £20 more than B. 

17. A sum of £8. 17 ;t. is made up of 124 coins which are either 
florins or shillings ; how many arc there of each? 

18. If silk costs six times as much as linen, and I spend £9. 8#. 
in buying 23 yanla of silk and 50 yanls of linen : find the cost of each 
per yard. 

19. A father is four times as old as his son ; in 24 years he will 
only be twice as old : find their ages. 

/ittO. A is 25 years older than B, and A 's age is as much above 20 
as B'§ is below ^ : find their ages. 
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21. A'k age ia aii time# and fifteen yoara hence A will be 
three tim^ aa old aa B : find their agoa. 

22. A eum of £4. 5#. was paid in crowns, half-crowns, and 
shiilinga. The numlx*r of half-crowns used waa four times the 
anmber of crowns and twice the numlxT of shillings: how many 
were there of each ? 

23. The sum of the ages of .4 and H is 30 years, and five yoari 
hence .4 will be thn» times as old a.s H : find their present ages, 

24. In a cricket match the hyes were double of the widen, and tlio 
fTOJainder of the score was greater by three than twelve times the num- 
ber of by ca. If the whole si'<^rv was 138, how were the runs obtainwl? 

26. The length of a room exceefls its breadth by 3 feet ; if the 
length had been incroasotl by 3 ftTt, and the brca4lth iliji]nii>hf'«l by 
t feel, the area would not have been altered : find tin* dinjousioiu. 

26. Tlje length of a room excewls its breadth by H fivt ^ if each 
ha.i been incri'ascti by 2 feet, tlio arte would havo been jncrua.‘4sl by * 
•0 square feet ; find the origioal dimensions of the rtwm, 

87 . Wc add problems which lend to eqimtioii.s With 
fractional coefiieietits. 

Siiifnplf. I. Find two tiumljcrs wbjth iliffer by 4. an.l such tnat 
one- ha if (jf the greater ox coeds one- sixth of the h^ss by 8. 

Let X be the smaller number, liien x - 4 is the greater. 

One- half of tbo greater is rrprosented bv ^(x ■ 4), and one- sixth 
of the lesM bv * x, 

* G 

Hcnio * 4) - „ X 8 ; 

2 D 

muitif)]ying by fi, 3x • 13 ■ z 4-8 ; 

±r 36; 

X |8, ilic hsK numlier, 

and X 4 23, the greater. 

IxaK^pU 3. A has £ft, and B has 4 guineas; after B has won 
from A a certain sum, .4 has then five sixths of what B has ; how 
moch did B win^ 

Suppose that li win.! r ihiUtngti, A has then 180-x shillingt, 
and fi baa 84 s- X shillings. 

Henew ISO -x ^-^(84 fx) ; 

I080 - 8X. 420 i5x, 

11x^660; 
x ^30. 

TlMrafore B wins 60 ahillingi, or £3. 
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EXAMPLES X. b 

1. Find h niiitilxT such that the sum of its sixth and ninth parta 
may Ikj orjiial to 1 o, 

2. What is the nuinl)er whoso eighth, sixth, and fourth parts 
together make up 13? 

3. There hi a number whose fifth part m less than its fourth part 
by 3 : find it. 

4. Find a nundjer such that six -sevenths of it shall exceed four- 
fifths of it by 2. 

5. Ihe fifth, fiftwnth, and twenty -fifth parts of a dumber 
together tuuko up 23 : find the number, 

6. Two f on.secut ivc numbers are such that one- fourth of the leas 
^xrt'ods one- fifth uf tike greater by I : find the numbers. 

7. Two differ by 28, and one is eight-ninths of the 

other; find them. 

8. 'i here are two ronseeulivc numbers such that one-fifth of the 
greater exn««^ls otjc M‘ve[ith of the leas by 3 : find them. 

9. Find three lonseeiitive numbers such that if they be divided 
by 10. 17. and 2fi re.i]H,Ttively, the .sum <if the quotients will be 10. 

10. A and a lM>gin to play with equal sums, and when B has lost 
five-elevenths of what he had to U*gin with, A has gained £6 more 
than half of wtmt B has left : wliat ha<l thev at first? 

11. From a urtain mimlK-r 3 is taken, and the remainder is 
div idl'd (>y 4 ; the ijnotient is then increased by 4 and divided by o 
and the result is 2 : find tho numbt-r. 

12. In a ivllar one-liflh of the wine is port and one-third claret ; 
biwidcs tills it contains 15 doren of sherry and 30 bottles of hock ; 
hiiw much jxirt and claret diHv it contain? 

13. Two-tifths of M's money is equal to li’a, and seven-ninths of 
£f’s is equal to U’s ; in all they have £770 : what have they each? 

14. .4, li. and C have £128.^ between them : A’s share is greater 
than live-i^ixths of li'a by £25, and f's is four-fifteenths of B'a : find 
tho share of (‘arh. 

15. \ man Mtlrl a horse for £35 and half as much as he gave for 
it. and gnincil t hereby ten guineas : what did he pay for the horse? 

16. The width of a room is two-thirds of its length. If Uic 
width ha«l been 3 fret more, and tho length 3 feet loss, the room 
would have bt'en square : find its dimensions. 

17. What is the iirnjieTty of a person whose income is £430, 
when he has two.thirns nf it invostwl at 4 per cent., one-fourth at 
3 per cent., and the remainder at 2 per cent.? 

18. I bought a certain nnmbor of apples at three a penny, and 
^fiTo-iixths of Uial number at four a i)enny ; by eelii^ them at six- 
teen for aixjwQce I gained 3^. : how many apples did 1 buy? 
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Highest Common Factor, Lowest Common Multiple 
OF Simple Expressions 

Highest Common Factor 

88. ^EnNTTioN, The highest common factor of two or 
more al^jebraical expressiona is the exiJre»wion of highest dimen- 
sions ; Art. 24’ which divides each of them without remainder. 

The abbreviation H.C.F. is sometiniea used instead of the* 
words higher common factor, 

89. In the case of simple tspressUms the highr^t tx>mniun 
factor can be written down by inspection. 

KzampU 1. The highest common factor fd a*, n*, o*, o* U n*. 

tlxampie 2. The highest common farior ()f uV>', nAV*, a*iV w aA* i. 
for a is the highest power of a that w ill divitie u^ n, a* ; />' is the 
highest power of b that will divide b*, b*, ; and r U not a romnutu 

factor. 

90. If the expressions have numerical coedicients, find by 
Arithmetic their greatest common measure, and pretix it as a 
coefTicient to the algebraical highest common factor. 

£zampie. The highest w>rarm»n factor of 2la*x*y, 28o*j-y* 

w la'iy : for it consists of the product of 

(1| the greatest common measure of the numerioil mefbeients : 
{2} the highest power of each letter which divides every one of 
the given expreasions. 

EXAMPLES U. a 

Find the highest common factor of 

1. 4«A*, 2a>6. 2. ary.xV- 3. ^z,Hz*y*zK 

4. air. 2aWc. 5. 5aV, 15o6c». 6. 9r*y*r*, I2xy^:. 

7. iaW. 0aW. 8. laW, liable*. 

9. 12xV*' 10* Cohry, lOihi^y*. 

11. 6.V. *^2. 17flh»c, 34a^. 

13. b*jV* 14, 24a*h*c*, 48a*fr*c*. 

15. 26jEy*«, lOOer^yz, 125xy. 46. a*fej»y, a*bxr*, 

17. 15oW,60a»6V,2fitfW.k'18. 3ha*c^, 42«*c6*, 30t»c*h*. 
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Lowest Common Multiple 

91. Befinition, The lowest common multiple of two or 
more algebraical expressioiifl is the expression of lowest dimen- 
aiona which is divisible by each of them w ithout remainder. 

Ihe abbreviation L.C.M. is sometimes used instead of the 
words lotrest common multiple. 

92. In the caai‘ of simple e^epressions the lowest common 
multiple can be writtt‘n down by inspection. 

Krample 1, The lowi^st Mimnon multiple of a*, a*, a*, a* is a*. 

KxampU 1!. The lowi'Ht common multiple of a*6<, ah^, a*6^ is 
; for a> is the lowt-st (wwer of a that is divisible by each of the 
«juantitics o’, a, «> ; and is the lowest power of b that is divisible 
by cft< h of tlu‘ (juantities f>^, b’’. 

93. If the cxpri'anions have numerical coefficients, find by 
Arithmetic their least c-ommon multiple, and prefix it as a 
iiK'ffioient to the algebraical lowest common multiple. 

^-^rampU. I'he lowest common multiple of Z5a*x^^, 

2Ha*jy* Is 42(Ai*.fV ; fur it consists of the product of 

U) the least common multiple of the numerical coefiSciente ; 

(2) the lowest power of each IctU^r which is divisible by every 
|)ower of that letter occurring in the given expressions. 


EXAMPLES XI. b 


Find the lowest common multiple of 


1. ahr, 2rt*. 

4. 

7. or. be, ah. 

10. 2.r, .ly, 4z. 


2. z^y^.xyz. - 3. 3x*yr, 4f*y», 
5. 3nW, .Wc*. 6. ary. 

8. (jV, ftc*, ri*. 9. 2a!p, 36c, 4ka. 
11. 3x*. 4y*, 3z*. 12. 7a>, 2a6, 36». 


13. a*6c, 6*«i, c>a6. 14. So^c, 6c6*, 36c». 

15. iir*y*, 3ry, 42^y*. 16. 7r*y, Sxy*, 2^*2/*, 

17. 3.5o*f^. 42a>f6*. 30rtc>6>. 18. 66oW, 44aW. 24 <jW. 


Find both the highest common factor and the lowest common 
multiple of 

19. 2aU, 3ca, 46ra, 20, 2j:y, 4yj, 6iry. 21. 9a6c. 36*c, ca6. 

t^2. 13a*6f, 39o‘6c*. 23. 17^y£», Sli*y. 24. IfijcVz, 25fy‘:*. 

25. 3a6, 26r, 5fo6. 26. I7m»ay. 6lr»V- 27. x*y*, y* 2 <, 

28. I5p»g<. 20mVV, 30mp>. i/29. 72jt*ra»)i* 108it*m»n*, 



CHAPTEU XII 


Elementary Fractions 


94. DEriNiTioN*. 1/ a quantity x b(> dividwl into 6 equal 
partfi, and a of these parts be taken, the result is called the 

a (I 

fraction ^ the unit, the fraction ^ of e is called 

siniply ‘'the fraction so that the fraction ^ represents a 
equal parts, b of ichich niake up the unit. 


95. In this chaj)ter we propost* to deal only with the (‘Oaier 
kinds of fractions, where the numerator and denominator ii'e 
simple expreaaioiis. Their reduction and simplitication will be 
jierfomied by tbe usual arithmetical rules. ITic priK)fs of ihcbo 
rules will be given in Chapters xix and xxi. 


Rule. To reduce a fractioa to its lowest terms : dii Yde 
vumemtnr and denominaior by ercry /actor uhich m common to 
them both, that is by their highest commwi factor. 

Dinding the numerator and denominator uf a fraction by a 
common factor is called r/tncdling that factor. 


Examples. 


(1) 


(2) 


(3) 


6aV Jhi 
§0/:* ir 
7.V: 1 

i^yi* 4xz^ 
3.”>a*6^r 


EXAMPLES Xn. a 


Reiluoe to lowc#jt terms : 


3a 

2. 

4a» 

3. 


4. 

3aAc 

6ab 

ItkiA 


i:xi*fe*c 


6. 

I.Vih 

7. 

21/*y* 

8. 

8o'6 

xh/H 

25Ac 

28^*2* 

mk 

I2ma*p 

15inSp* 

10. 

I6m*p* 

18a*p 

11. 

ahe* 

a^l)*c 

12. 

hry^'z^' 

2i/** 

14. 

rtaVj'e* 

IS. 

rnn*p(j 

16. 

4m*tt*p* 

itV* 

IGoMc 

tn*a*p* 

Om'htp* * 

I5a2V 

18. 

39a»ft<r» 

'19. 


f/ 

20. 


26flV' 

62a*6*c** 

5ilc*pm* ‘ 
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Multiplication and Division of Fractions 

96. Rule. To multiply algebraical fractions : in AriiA- 

tneik, multiply tfMjether all the numerators to form a new numerator, 
ami all the denominators to form a new denominator. 

h'xtmple 1 


2a fix* 36* 2a X 62 * X 36* Si 


36 2ft*6 22 36 x 2a^6 x 22 2a 
by tatja'lliiif; like factors in numerator and denominator. 
3a *6 76r fwa ^ 


KzampU 2. 

all the faetors cancelling each oilier. 

97. Rule. To divide one fraction by another ; vivert the 
olfwor proceed as in multiplication. 

7a* 28fi*/'* 7«* 6 f *2 1.5^r2y*_9r 

.xo nple. ^ 4x^y- 5 a 6 ^ 28a*c* 

all the otlu-.'- factors cancelling each other. 
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examples xn, b 


1 . 


7. 


9 


11 


13 


15 . 


Simplify tlie following e 

2aA r*d* 2 

3rd ■ a6* ’ 

7a*6* IS 2 V _ 

X * 0 , 

9fi2*y l.w* 

3ri*6 2r* liar 

46V’' H«* H>?r2‘ 

ItiAp r>),v*: wi*2* 

172*y^2l/i*rt ' pyz 
1.76* 2:r* , a6f 
M\c ■' 8 Id*’' 144** 
8 rt 2 « 49<^ 

76y 6442* 

4.w*6*r* 24,32yy 
272*y*c "" 180a Vie*’ 
m* 36p*^* ir)wp2* 
8n ^ 81m» ‘ 27n*2*y 


3 

tt* 6 c 5y: 

6 

13 wa* 2 Sj5U'* 


xprp88U)n.s : 

12rt»6c 24a/.* 

K<;6* 3(>/jc* 

8w*n* l.^/y:* 
r)2*y; lGw;i* 

22*y 52*2^2l2V:* 
iy: Ixy* ‘ 402y*; 
262l*jn* 2xlA . 22*1-* 
58m/i* 13pi:m ' S7ffl*/)* 

•ic/'5d*' 154* 

15^ 12^y*5* 
l()2y: ^ 100a*6c 
I042y2jt*p 60y*2^ 

2^5* 


8. 


10. V. 


12, :r > 


14. 


16. 


/ 18 . 


a* ry* ;>6* _ ap 

6* fl6 02 ' 6* 
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R«iucti<m to a Common Denominator 

98. In order to tind the sum or differenct' of any fractioiia, 
vre must, as in Arithmetic, (iret nnluce them to a common 
denominator ; and it is moat convenient to take the lowest com- 
mon muJtiple of the denominators of the given fractions. 

Emuipit. Express with low'i>st comruon denominator the fractiona 
a b c 

The (nwc'st common multiple of the flenominators is Ary:, 
Multiplying the numerator of each fraction by tho fa<tor 
w hieh is rt'quittYi U> make its denominator Qxyz, wo have the 
equivalent fractions 

iln: A Scj 

Aryi Bjryj firy: 

Note, The same result wuuKl clearly be obtair»ed by dividing the 
lowc'st common denominator by each of the denuniinators in turn, 
and multiplying the corresjwnding numerators by the rcsjxriive 
quotients. 

EXAMPLES Xn, c 


E.v[irt‘ss as equivalent fractions with common denominator: 


1. 

■lx 

y 

2. 

4j 

y 

3. 

a 

b 

4. 

a 

r 

fit ' 

2a 


3y' 

r*' 


2// 

r 


f,' 

fi' *■ 

5 

2a 

b 

c 

m 

P _ 

7 

Ic 

P 

a 

m 

ri 


b ' 

3c 

Of 

4n 

On 

1 . 

lx 

Ir' 

Of 

3x' 

fir 

9. 

a 

b 

10. 

n 

h 

11. 

1 

.3 

12. 

X 

^ 3^. 


be 

ca 


X 



X 

y‘ 


y* 

z 

13. 

lx 

3y 

-14. 

4a 

3a 

‘15. 

."ki 

.v. 

16. 

2 

h a 

3y' 

2x 

5A* 

\0c' 

lb 

21f' 

a 

3* o’ 


Addition and Subtraction of Fractions 


99. Bole. To add or subtract fractions : tTprm all the 
fractions with their hu^st common denominator; form the alge^ 
bmical sum of the and retain the common denominator. 

Example 1 . Simplify ^ ' 

The kast common denominator is 13. 


The exproMion = 


aOrfOx-Ux 

t2 


I6z bx 

l2 ^4' 
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_ I O- If ^ ^ 

ExamfUl. Simphfy 


The expression 


_ 6a/> - Mb - ah 0 


"IUj: 




V 

Exiimplf. 3. Simplify - , - - . 

a*c* 3ca* 

The expression - and admits of no further simplification. 


Note. The beginner must be careful to distinguish between 
erasing equal terms with different signs, as in Example 2, and 
cancelung equal factors in the course of multiplication, or in 
re<lucing fractions to lowest terms. Jloreover, in simplifying fractions 
must remember that a factor can only be removed from numera- 
tor and tlenominator when it divides each taken as a whole. 


Thus in . . , c cannot Imj cancelled because it only divides cu 
3a>c* ^ 

and not the wheAe numerator. Similarly a cannot be cancelled 
be<aiist‘ it only divides tVwr and not the whole numerator. The 
fraction Ls Uicrcforu in its simplest form. 

When no denoniiiiator is expressed the denominator 1 may 
be undenstcjcKl. 


_3j a* 12jy-a* 

4y 1 4y 4y 
If a fraction is not in iU lowest terms it should be simplified 
before combining it with other fractions. 

ax x^y ax x 3rtJr - 2 j: 

2 ~‘ixy 2 3 “ ~8 ' 


Kxamftle 4. 3j: - 


Example 5. 


r.YAMP LES xn. d 


Simplify the following expressions : 


1. 

I X 

2 '3’ 

2. 

y y 

4 5* 

3. 

a a 
'i~i 

4. 

2x 

3 ' 

5 

X 

5. 

* , y 
rs' 

6. 

a b 
4"6‘ 

7. 

m n 

8 ■‘r2‘ 

8. 

2w 

13 

n 

”5* 

9. 

* y 

7 " 21* 

10. 

a b 

13 ■‘‘39' 

ll. 

P 7 

16 ”48* 

12. 

5m 

T2 

R 

"W 

13. 

• 

2j 4x 
"3 ^ ' 6 ■ 

'^4. 

fix 4x 

T'y* 

is. 

5x lx 

6 "12* 

^16. 

2a 

5 

4b 

15’ 
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Simpiity tho following esprwsions : 


17. 

a a a 

rTs' 


'«■ i-i- 

X 

12' 


19. 

3 6 9 

20. 

2x X 3x 
3 6 " ‘4 ' 


=>■ 

X 

^y' 


22. 

8 12 4 

23. 

a b 

24. 

3x5 2y 

35 

25. 

5 

a - - 

c 

. 26. 

yi 

27. 

0* 6* 

§a* a 

28. 

a’ r ■ 
a 

29. 

3x* 
tix " 

30. ,r-^. 

3* * p* 


JIISCELLANEOUS EXAMPLES H 

{Chiejiy on i- vin) 

[Th^ i^Xftrnplts marked tcith an a-^erijfl: must hr pnMponrd hy thav. 
who adopt tAe tvygeMions printed in italics on piyrs 35 and 40. j 

1. What oipre&,sj'jji mudt be addtxj to 4.r* -3ir* *-lJ to prcniuce 
4-r^ - 7r “ti? 

2. If .4 6 j -3j/ ♦ 2:, fi x * y • and C lOx + y 7:, tmd 
tho va!u«' ijf .4 -4/1 “ ('. 

3. If JT 3, y 4, : ], tind tho valm' of 

2rv2 

sicy . Ixr v\0y - ^ ■ 

4. Simplit'v f)y r»,'nji)vin;,' brarkets : 

a* - JJ' -{'2e' {{d* c* /») . I^P V)}, 

*5, Multiply * X* - 3x y 5 by X* x - 2. 

6. Solvft tiic equations : 

(l i 3 4z 36x 17; (2) 5x - 15 - 17x + 21. 


*7. Divid* r* - ICkx* * 9 by x* 2x 3. 

8, Simplify 7a - 45 - (5a - 3[ b 2 (a 6) ]). 

9. In an examination A haa z > y marka. ^ baa 2x - 3y< An^l ^ 
baa twice a« many aa A ; bow many marka liavc A, H, and f7 together? 

10. Find the fTim of 1 - 2x f x*, 3* - 2jf*, - 7x 2, art^ging 

tha reault in descending poweri of x. 
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1 1 . Write down the follow ing products ; 

(1) (z + n)(j:-3}; (2) (3z-8)(8z + 3}. 

12. Solve the equations : 

(1) 7z-3-(7-5x)'-3-3z-(5z+8) ; 

(2) (oz T l)(z - 2) - (4z - 3)(3z - 1) 10 - {7z + 2)(z - 1}. 


13. From the sum of 3aA, -tkih, 2ab, lab, subtract the 

sum of Hab,fi(tb, -9aA, lOuA. • 

H. When fj -4, A ~ 3, c -2, find the nuroerical value of 
2ci r A(2<‘ - a) 

15. From what evfjn^shjon nnis:t llfi* - itaJh - Ibr. be subtracted so 
as to give for reniainder 7A(ci -^r) rSci*? 

• 16. Multiply z* - 6z^ - Hz - 8 by z* - 2x -1-4. 

17. Simplify 

12a ~ f ik - 2 1 3o' - 4(6 - a)} - (Oci - 8A) J. 

18. Solve the equations : 

(1) 312z- l)^2(:k - 2)-3-4ir-5): 

12| : 5(t .4) + 16, 

^'erifv the aoluticm in i«ch 


♦19. Divide 3/ ^ I6p‘ 3:i/^^I4p=byp*-7p. 

20. Add Uigether 

(T 2A - (2r f rfj, 3a (6 - 2r) ^ 2rf, aiul 2a - [6 - (2c - 3d)]. 

21. To what cxpnwsion must 7z> -Cz* -oz be added so as to 
nukertz* - 6z-7z*T 

22. U'hat value of z will make the protluct of z - 1 and 2z zl 
leas than the protluct of z t3 and 2z +3 by 14? 

23. When a 2, A 3, c - 1, 9”4, r = 6, find the value of 

IViV*’ -3®2* 4.2 V-c'’6«. 


24. Solve the eqttalion : 

j-13 6z + l 

^ ^""r" 5"*" 

Shaw alao that z 3 does not aatiafy the equation. 


K-S- 
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25. A horse can cat 3m+2H bushcU of corn in a week: Ix'w 
many wci'ks will he bt' in eating I2fH* - 7»in - 10«* bushelH? 

26. Subtract the sum of 

2j-* ~ 3jr i 4 and - * 2/ - 7 

ip.m i r 6 - {r - 6) J. 

27. Kind the value of ^ w’hen a ~ I, » 4, c --- - 

28. St»lve the c<iuatiuns : 


(1) 


C^) 


‘2x r-tJ .3 /X 

l.v 'I: 

2(t-1) 1.7/ 1\ 


^ 29. Divide 3/ 37y* ■ 3,“^ ■ 7y» 4 2 by j/(y 1 ) (y r 4 ) 2. 

30. Divide i’l 120 lictw^'cn .1 and li so that for every half-crown 
that .4 rtHf‘i\ ^^s H may ri>vTivr a sldiling. 


31. Find the value of / 

(a ^ hf- {h - f)* ‘ (e - 0)* 

wlierj (j - ), b - 2, c ~ 3. 

32. Multiply (2?rd - S)(m j- 2) by 3in - 6. 

•33. Divide the pn>ilui t of 

jr 2, X - 3, and 2^* - 7 

by the sum of ?,{x* 2x 2) and 5 j- r* 1.7. 

34. A man walks at the rate of n miles an hour for p hoiira ; he 
then ri< Ics for y liotirs at the rate ^^{ b mil(« an hour. How far has 
he trnvelhsj, and how long would it have taken U> ride the sjirnc 
slistanec at r miles an hour? 

Also w’ork out the result supposing p 1, q 3, a 4, h f), r )], 

35. S<dvc the e^iuationa : 

(1) y - < 10,5,); 

t/' 36. .An f^'dealer bought a certain number of i^a at !.s. 4d. jaT 
vore, and five tiniea the number at fts, psT hundnxl. He aoM 
the whoh^ at lOrf. per dtnen, gaining il. 7#. by the tranaactim. 
How many <'gg» did he buy ? 



CHAPTER XIII 


Simultaneous Equations 

\ln ronnection inth this ckaptfr the stvdent may read Chap. XLiv, 
Art«. 417^1^4.] 

100. C0N.SIDER the equation 2ar'r5y=^23, which contams ftro 
unknown quantities. 

From tfiis we get fytj - 23 - 2x, 

, . 23 -2x 

that IS, y - — ~ — (I). 

^Fnun this it appears that for every value we to give 

to X there will be one CfUTeB]>onding value of y. Thus we shall 
Ik" able to Hnd a.s inaiiv pairs of values as we please which satisfy 
the given equation. 

21 

For in.stance, if x- 1, then from (1) y---* 

27 

Again, if x - - 2, then y = — ; and so on. 

Hut if also we have a second equation of the same kind, such 
as 3x + 4;/^2'4, 

24 -3x 

we have from this y-- (2). 


If now we seek values (jf x and y which Siitisfy both equations, 
the values of y in (1) and (2) must be identical. 

_ 23 -2x 24 -3x 

0 4 

Multiplying up, 02 - 8x - 120 - I5x ; 

7x = 28; 
x-^4. 

Substituting this value in the first equation, we have 
8 + 5y---23; 

5y=15; ^ 

y-3, 

and x=4. 

Thus, if both equations are to be satisfied by the some value® 


of X and y, there is only one solution possible. 
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101. DKnxmoN. When two or more equations are satisfiiHl 
by the same values of the unknown quantitioe they are calk‘d 
simultaneous equations. 

We proceed to explain the different methods for solving siinul- 
taneoue equations. In the presiuit chapter we shall confine our 
attention to the simpler cases in w hich the unknown quantities 
are involved in the Hrst degree. 

1Q2. In the example already worked w'e have used the 
method of solution which bt‘st illustmtcs the meaning of the 
term simulUinwus equation ; but in practice it will bo found 
that this U rarely tlie readiest mode of solution. It must bo 
borne in mind that sinct; the two equations are aimultaneouily 
true, any equation formed by combiniiig them wdll be satisfied 
by the values of z and y which satisfy the original equations. 
Our object will always be to obtain an equation which involves 
one oj\ly of the unknown quantities. 

103. The process by which we get rid of either of the un- 
known quantities is calkxl elimination, and it must be effecteci 
in different wap accfjrding to the natun; of the equations 
proposed. 


Example [. Solve IrfTy 27 |l), 

( 2 ). 


To eliminate x we multiply (1) by 5 and (2) by 3, so as to make 
the coefficients of jr in both equations equal. This gives 

I5r f35y 135. 

nbtraxiing, 29y-87; 

y = 3. 

To find z, substitute this value of y in either of the given 
wjuations, 

Thusfrom(l) 3x-f“21^27: 

x = 2. 1 

and ^ y-3. / 

Note. When one of the unknowna has been found, it is immaterial 
which of the equations we use to complete the solution. Thus, in 
the preset example, if we substitute 3 for y in (2). we have 
5X + 6-10; 

X » 2, as before. 



xm] SIMULTANEOUS EQUATIONS 

Example 2. Solve 7x + 2y=47 (1), 

5x-iy = \ ( 2 ). 


Here it will bo more convenient to eliminate y. 

Multiplying (I) by 2, 
and from (2) 5r-4y:=l ; 

addxruj, 19z=95; 

/. x~^. 

Substitute this value in (1), 

/. 3r) + 2y^47; 

and X = 5, ( 

Kote. Add when the coeiHcients of one unknown are equal and 
xinlike in sign ; subtract when tlje coefficients are equal and like in 


sign. 

Example. 3. Solve 2x = 5y + 1 {1 ), 

24-7x-3y (2). 


Here wc can eliminate z by substituting in (2) its value obtained 
from (1). Thus 

24-^{5y + l)=3y; 

48 - 35y - 7 =6y ; 

41^41y; 

y=i. 1 

and from (1) x = 3. / 

104 . Any one of the methods given above will be found 
sufficient ; but there arc certain arithmetical artifices which will 
frequently shorten the work. 


Example I, Solve 17Ix-213y = 642 (1), 

114x-326y = 244 (2). 


Noticing that 171 and 114 contain a common factor 67, we shall 
nmkc the coefficients of x in the two equations equal to the 
common multiple of 171 and 114 if wo multiply (1) by 2 and (2) by 3. 

Thus 342x-426y = I284» 

342x-978y = 732; 

662^=652; 

x=6. 


subtracting, 

is, 

and therefore from (1) 
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EjrampleZ. Solve 127jr^ 59y 1928 (1), 

59 j + 127^ -1792 (2). 

By addition, 1 86ij + 1 86y ^ 37:;o ; 

/. 20 (3). 

Subtracting (2) from ( 1 1. 68/ - 68y . : 136 ; 

/. ^ y (4b 


Thu.', by an ea,^y (.Dinbhiation <>r (1) ami (2), the ^>robJpni w 
n'thurd t > the solution of the ecjUrttiuiiH (3) and (4|. bnm> these 
Me oVtain by addition tt 22. and by subtraction 2y 18. . 
Therefor? jr 11, and y 9- 

RYAMPT.RS YTn a 

[Art. 421 nuty fte rutd in conurcthn irith thfi( Kxampif^.] 


Solve the equations : 


1. 3/ 4V-I0, 

2. xt2y 1.3. 3. 

4x t 7y 29. 

4/ ^ y - 9. 

3/ ' y 14. 

x..3y II. 

4. 2/ <jr 9, 

5. 3/ ‘ 6y 17, 6. 

2x‘y 10. 

:sr Ty^ 19, 

6jrTr)y 16. 

7x • Hy ,'i3. 

7. 8/ tr 34, 

8. Vii - Ty 29. 9. 

Ux 3v 3!), 

/ ■ ''j/ - .’>3. 

9/ • i:*y 39. 

6x ■ ITy 3,'i. 

10, 2V 23v 33, 

11. 3.-»r-I7y Hi\, 12. 

1.7,- - TTy' 92. 

6.3/ 2.>y 101. 

•jftj- - 13y 17. 

.V»x 33y 22, 

13, 3j Tv 0, 

14. 2U .Vb/ 60. 15, 

39x Ky W, 

7/ ■ oij 71. 

2Hx-27y 199. 

r>2x l.'jy SO. 

16. ’w 7y 21, 

17. 6y ."a 18. 18. 

Kr 5y. 

2U 9y 7.r 

1 2/ - 9y 0. 

l.'lx 8y r 1, 

19. Ty. 

20. lOx^ lTy 0. ' 21, 

9.3x » 1,W 123, 

12y .')/ - I. 

2x- y .'’>.3. 

I.3x.93y 201. 

106. We ,idd a few cases in which, before nrorf'CHiinn to solvr, 

it will be neoesBary to simplify the equations. 


Ezatnpk I. Soke ,'>(/ ^2y) - (3/ 4- 1 ly) 14 .... 

(11. 


7x 9y-3(x -4y} .38 .... 

(26 

Tr)m (I) 

5x ' lOy - 3x ~ 1 Ijr 14 ; 



.'. 2;r--y 14 .... 

(3), 

From (2) 

7x-9y af4l2y .38; 



4x>3y 38 ... 

(4). 

From (3) 

6x 3y 42. 



By addition ICtr So ; whence r 8. From (,3) wa obtain y 2. 



SIMULTANEOUS EQUATIONS 


% 


xin] 


Example 2. Solve 



Clear uf fractions. Thus 
from (1) \2x-2y : 10-2ftx-21 ; 

14^ 2y ■■ 31 

Crura (2) 9t/ -i 12 lOr i 25 - 15y ; 

/, 10x*6y -37 

Kliminatin^ y from (3) and (4), we find that 
14 

Cliininutinf; x from (3) and (4). we find that 
207 

^ 20* 


■dh 

.( 2 ). 


.•..(4). 


Note. Sumotinioy, a.s in tlie present instance, the value of the 
second unknown is more ea.sily foimrl bv elimination tha[i by sub- 
stitutiiiy the value of the unknow n already found. 


EXAMPLES Xm. b 


SnUe tile equations : 




1, 

“^ + !/ 

2. 


11 

=>s 

.7? 




x-y-\. 


4. 

xy-.~r\ 

5. 


6. j:=3y, 


4 ■) “■ 


+1/^50. 

^.. = 34, 

7. 


8. 

' * . 

2^' 

9. 2j; + y=0. 

|y-3j = 8. 


4 j - y ■- 20. 


ir+ !=y-3. 

t Ij 

10. 

7^6" »’ 

11. 

.3x -7y =0» 

12. 

5 4 




2 5 - 

3j+iy=17. 
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Solve the equations ; 


13 . 


14 . 

x + 1 

3y-r> z~y 

0. 

10 

2 8 

15 . 

5 ■ ^ - - 

16 . 

■c y 

13 7 

- lOj^-8 -0. 


106, In order to solve siniultaneoua equations whieh eonWiu 
two unkno^\^l quantities we have w.'en that we must have two 
equations. Similarly we find that in order to solve simultaneous 
equations which contain three unknown quantitii^ we must have 
three equations. 

Buie, KliininaU mu* of the unhiotm^ from any pair of the 
efinations, and thm elitnimk the mme uninoum frt7m another /xin . 
Turo equations ineolring tuvunlmotcns art thus obtained, u hieh may 
be solved by the rules already given. The remaining unhu/uu 
Men found by substituting in any one of the given oiuatwHs. 


KiampU 1. 

Solve fij ^ 2y - oz ~ 

13 

{l\ 


32 i 3y - 2: - 

■13 

f2i. 


lx r oy - 3: ~ 

26 

(3). 

( ‘htK>se y as 

the unknown to l>e eliminaUxl. 


Multiply (1) 

by 3 and (2) by 2, 





39. 



fir . % 4z 

:26; 


subtracting. 

llr-nz- 

:13 

f4l 

Again, multiply (1) by 5 and (.7) by 2 




302 + lOy “ 252 - 

65, 



l4zTl0y- 6:- 

52; 


subtracting, 

162 10: 

13 



Multiply f4) by 4 and |.S) hy .I. 



482-44: :>2. 


482 -572 “-39; 

subtract i.ng, 

1,12^3. 

' - 1 \ 

and from (4) 

X aij 

from (1) 

y-3. 


Note. .After a little practice the atudent wilt find that the solution 
may often be wadderanly shortened by a suitable combination of the 
propotied equations. Thus, in the present inatanie, by adding ( I ) and 
(2) and aubtracting (3) wc obtain 2x ^ 4: =0, nr z "2?. Substitufrig 
in (1) and (2) we ^ve two easy equations in y and z. 
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Some modification of the foregoing rule may often be used 
with advantage. 


Example, 2. Solve ~ 




Fr- 


From the equation 



wc have 

3x-y-12 

(1). 

Also, from the equation 

2 7’ 


we have 

7/-2Z.-42 

(2). 

And, from the equation 



we have 

2y-r3z^78 

(3). 

Kliminating z from (2) and (3), wc have 
2Ixr4y-282; 
and from (1) 12x-4i/=48; 

whence x ~ 10, y ~ 18. 



Also by sij batitution in (2) wc obtain : - 14. 


Example. 3. Consider the equations 

5j:-3y- s-6 (1), 

13x -7y + 3z - 14 (2), 

7x-4y^.^ ( 3 ). 


Multiplying (1) by 3 and adding to (2), we have 
28;e-16y-32, 

or 7a: - 4y - 8. 

Thus the combination of equations (1) and (2) leads us to an 
equation which is identical with {3), and so to find x and y we have 
but a single wpiation 7x - 4y - 8, the solution of which is indeter- 
minate. [Art. HX>,] 

In this and similar cases the anomaly arises from the fact that 
the equations are not indeptnekiU ; in other words, one equation is 
doducible from the others, and therefore contains no new relation 
hftween thft unknown quantities which is not already implied in the 
other equations. 



98 


ALGEBRA 


[chat. 


EXAMPLES Xm. c 


Solve the equations ; 


1. 

jr^2y + 2r 

11. 

2. 

jt +3y 

4: 

"14 


ir f y f I 

- 7* 


x + 2y 

h : 

7 


3x4-4y z 

u! 


2z+ y 

V 

.> 

3. 


-17, 

4. 

•Tr-2y 

t- z 

2, 


:U.3y+ I 

Ifi. 


:lJ- + 3y 

- 2 



'-ir i 2y : 

-11. 


jf y 

i- : 

c. 

5. 

'Zr- y+ : 

1C. 

6. 

x-'ly 

r 3: 

2. 


^.2y^ : 



2^-:iy 

t 2 

\. 


T- yf2: 

: 3. 


3j- y + 2: 

U. 

7 

3jr - 2y ^ z 

2rt. 

‘ 8 

2x -!-3y 

-4; 

20 


ir J-3y ^6; 

70. 


3jr ^4y 

.o; 

20 


X - y - ti; 

41. 


3j r :,y 

‘ C; 

31 

9. 

3j -4y 6: 

1C, 4/ ■ y - 

Z 5, X 

-3y - 2( 

:~1 


10. 

5^ ^2y .14, 

y - tt: ~ 1 ' 

. ^‘i!y 

+ z - 0. 



11. 

6. y 


10, 




12. 

y - : jrJT 

4 3 






13. 

3" 2 

/V: -4r. y. 

z~ '2x ^ 

1. 



14. 

2.t + 3y 5, 

2z - y - 1, 7x 

- Oi - 3. 




15. 


y ' 

16. 

/ » 20 

-r 

10 



-2x 11 



Zz v 

5 



-9- (/ f2:). 
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•107. Dbftmtion, If the produet of two be equal 

to unity, each is said to be the reciprocAl of the other. Thus 
if a6= 1, a and 6 are reciprocals. They are so railed because 

a and ^ = ^1 *^Bd consequently a is related to 6 exactly as 

6 is related to a. 

The reciprocals of x and p are - ^nd - respeotiroly, and in 
* y I I 

sdvinft the following; equations we consider and as 
unknown quantities. ^ ^ 
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.( 1 ). 

.{ 2 }. 


and l)y j^iibstitutin^r in (I). y 


t'rampk 2. Solve 

2x iy 3z 4 

1 1 

fl), 

(2), 


z 3y 



{3'. 

T z 1'’ 

( learin" of fractional co*'(liciont s, wr obtain 


from {!) 

r’ -3 

j y z 

(4), 


--1 -0 


from (3) 

y 



z y z 

(6). 


Multiply (4) by lo and add the rebuilt to (6) ; we have 
10 .") 42 _ 


.V 


dividirif' by 7, 

'^'’=11,. 

y 

18 G 

fnuii (5) 

^ y 

■^ = n. 

X 

from (5) 

y 0, 

fiom (4) 

:..2. 



100 


AUiEHKA 


[cHAr. xni 


•EXAMPLES Xin. d 


Stilve the equations : 


1. 

y 

2. !'-v 2, 

y 

3. 

12 4 

r y 

jr y 

V." ,1 
^ y 


3 2 

•f y 

4. 

y 

5. 

* y 

6. 

r> 3 

'y 

' 44. 

I y 

I I 1 


0 5 

i'x 42' 


^ y ’ 

^ SO 

/. -7, 

y 

8. 1. 

^ y 

9. 

4 27 

^ y 

'CD-'- 

»{: 3 


14 i:> 

^ y 


- : ; =. 

12. 

2y ■ j- 


* ‘ 1 


4 :t 

2.) 

yj 2r 


y -f 

13. ‘‘‘.4 0. 

r y 

M. * 

X 

1 1 

y : 

.30, 

‘ ‘ I -0. 

y * 

1 

X 

.3 1 

' y ^ 

2S. 

2 .3 

• - U. 

Z X 

1 

X ;j 

1 I 

ly ^ 2z 

20. 


2 :» 3 7 15 
X if z X ^* 2 = 


15. 


4 . 



CHAPTER XIV 


PRUBLKMS LEADING TO SIMULTANEOUS EQUATIONS 

108 . In the Examples discussed in the last chapter we have 
seen that it is essential to have as many equations as there are 
unknown quantities to detennine. Consequently in the solution 
of problems which give rise to simultaneous equations, it*wiil 
always be necessary that the statement of the question should 
contain as many independent conditions as there arc quantities 
to lx‘ lietermined. 


T'irartipk 1. Kind two numbers whose difference is 11, and one- 
liftli of wlu)«' sum is 9. 

I^t X be the greater number, y the less. 


Then 

^-y-11 

(1)- 

Mm 

-“'=9, 


or 

x^y-m 

(2). 


Hy a^hlition ir=^5(i ; and by subtraction 2y=34. 

The mititU rs are therefbre 28 and 17. 

KxatHplt 2. If 1") Ihs. of tea and 17 lbs. of coffee together cost 
13. .“w. 6f/,, and 25 lbs. of tea and 13 lbs. of coffee t<^etber cost 
i-l. tk. 'Id . : fiml the price of eacli per pound. 

Supjios(* a [wund of tea to cost x shillings, 

and coffee y 

Then from the question, we have 

ir)jr + ny=C5l (1), 

2.'ix + l3l^ = 86| (2) 

.Multiplying (I) by 5 and (2) by 3, we have 
75a: + 85y-327^, 

75x + 39y ^2.58§^. 

Su btrocting. 46y == 89, 

y-ll. 

An<i from ( 1 ) 15jt + 25j == 65 

whciUT 16r=40; 


the coat of a poimd of tea b 2| sMllinga, or 2a. 8d. 
and the cost of a pound of coffee is l|^ shillings, or la, 6d. 
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K’-titnplf U. A iK“rs!>n I.’m. '2tf. in fjnyiiiy ornnptw at tlin rate 

<‘f li fvir t»«»{K'ni't' aiul applt-sj at fivrfx'iu't' a tiozrii ; if lie had 
rt\o littu's as many ora lilies am! a ijuarter of the nuiiikT of apples ho 
«ouhl have spt'nt £2. 4^. 2'/. many of ivn h diti he buy? 

*.«'t j U' the numlkT of orany'es, and y the mimb<*r of apph^s. 

ZX 

X oranges ewt [leni'C, 


y apples ot)st jH-m-e, 


- 

(1). 

2 10^ 

Agani, .1/ omngt's »wr ■ tir j«‘nee, 

1 y , . .V •'> 

ami aniiUa < tvst ■ . or in-nii*, 

4 " 4 12 4S ^ 

■ 

:) 4<s 

M;ilti['Iy (h by 5 and suhtnut |2| from the result : 

(2). 



‘*oV 

•, 7 1!»2, 

and from (0 ^ lod. 

Thus llien* were lod oranirea and l!t2appli s. 


Kxnr ijflf’ 4, If thf nuiiit-rator of a frmtion is increa.'M'^l by 2 an^l 
the dorvmiirjator by 1, it Is eorites eipial to * ; and, if ifn- iminerutor 
anti th-miminator are eat li diimiiisheti by 1, it Uconies ('^piai to *. : 
linti tlie fraetjon. 

b t X U* the numerator of tl;e fraetion, ij the deiiuininator ; 

then the fraction is . 


rrorn tise first t^tjpposition, 

/ i 2 a 
y, 1 H 

(1). 

jf ... 1 1 

frt>ra the uccofid, ^ 

y 1 2 

Thea« efpwtiona give x H^y 15. 

(2). 

Thua the fraetion U • 

15 
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KzampU The middle digit of a number between 100 and 1000 
is zero, and the sum of the other digits is 1 1. If the digits be reversed, 
the number so formed exceeds the original number by 495 ; find it. 

Ixd T be the digit in the units’ place, 

y hnnflreds’ place ; 

then, sin<« the digit in the tens’ place is 0, the number will 1x5 
reprcwmlcd by lOOi/ i [Art. SI, Ex. 4.] 

.And if the <ligit8 are reversed the number so formed will be 
reprcsetiU'd by IOOjt i y, 

100z4y-(100.v^r)=-195, 
or 100^: y - lOOy - z 495 ; 

99a:-99v 495. 

is, j: V - 5 (1). 

.Again, since the sum of the digits is II, and the middle one is 0, 
wo have = (2). 

Frt>m (I) and (2) we find j -8, y -3. 

Hence the number is 308, 


EXAMPLES XIV 

1. Kind t« o minil)ors wlioae sum is 34, and whose difference is 10, 

2. I'ln5 sum of two numlxTS ia 73, and their difference is 37; 
find the numbers. 

3. One third of the sum of two numbers is 14, and one half of 
their <lifferenre is 4 ; find the numbers. 

4. One nineteenth of the sum of two numbers is 4, and their 
<liffcrenc(‘ is 30 ; find the nurnbc'rs. 

5. Half the sum of two nuinl>ors is 20, and three times their 
difference U 18; find the numbers. 

6. Six pounds of tea and eleven pounds of sugar cost £1. 3^. Sd., 
and eleven ]K)und3 of tea and six pounds of sugar cost £1. 18 j, 8d. 
Kind the eewt of tea and sugar jxr pound. 

7. Six horsc'.s and seven cows ran 1x5 bought for £250, and 
thirtex-n <-ows ami eleven horsca can be btmglrt for £401. What is 
the value of each animal? 

8. A, /?, r, D have £290 lietween them : A has twice as much as 

and H has threx^ tinu's os much as 1 ) ; also C and D together have 

£50 le-ss than A, Kind how much each has. 

9. A, n, r, D have £270 between them ; .4 has three times as 
much as C, and li five times as much as D ; also A and B together 
have £50 less than eight times what C hasS. Find how much each 
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10. Four times B'i age exceeds A’i age by twen^' years, and one 
tbini of -4’a age is less than H’» age bv two yesars ; find Uietr agi«, 

11. One eleventh of .-I’s age is grcaU*r by two years than one 
seventh of ^'s, and li's age is equal to what A' a ago was 
thirUvn yi'ars ago ; find their ages. 

12. In eight hours .-1 walks twelve miles more than H dotw in 
seven hours; an«l it» thirteen hour^ B walks w'verj niili*s itjore timu 
A dot's in nine hours. Huw' many milce docs wch walk jkt hour? 

13. In eleven hours r wulk.s 12l nu!«» loss than D tioes in twelve 
hours } and in five hours D walks 11^ miles less than i' ifix-H in M*ven 
boiirs. How many miles dot's each walk jx'r hour? 

14. Kind a frarlinn such that if I l>e addf^i In iU deiiomifiator it 
ntlutt's to i. and reduces to I on adding 2 fij its nmm rator, 

15. Find a fraction which become | on subtracting 1 fr.iin the 
nmiural 'r and adding 2 to the dcnorniimtor, and rttlm-cs to ^ on 
subtracting 7 from the numerator and 2 fnun the tlenoituiiKtor. 

16. If 1 lie a«ldetl to the numerator of a fraelion it n'^luces to ^ ; 
if 1 ho taken from thi* denominator it rwlmes to i : n'fjuire<l the 
fraction. 

17. If I Ix' addtxi to the nunjerator of a (TrUin frai tiun the 
frartion will be increa^^tx! by and if 1 !«' taken from ita d«- 
nominator the fraction bciomca J : find it. 

18. The sum of a numfjer of two digits and of the number formed 
by reversing the digits is 110, and the difference uf the digits is fi ; 
find the numbers. 

19. The sum of the digits of a number is 1.3, and the difference 
between the number and that formc<l by reverting tbc digits is 27 ; 
find the numbers. 

20. f^Ttain number of two digits is three times the sum of its 
digits, and if -io lie added to it the digits w ill be reverw'^i : find the 
numbi^, 

21. A cfTtain number between 10 and !(XJ is eight times the 
sum of its digitH, and if 45 be suhtractwl from it the digits will lie 
reveraeii : find the nuinlirr. 

22- A man has a number of pounds and shillings, ami ho oliserves 
that if the pounds were turmsl into shillings and the shillings into 
pounds he would gain £5. 14s. ; but if the {KuinrU wore turned into 
nairsovav^^s and the iihillings into half. crowns ho would lose 
IT. 13s. fid. What sum has h«? 

23. In a bag containing black and white halls, half tbn nnraWr 
of white is equal to a thirrl nf the number of black ; and twice thn 
whole number of balls exceeds three timm the numb^ of black bal^ 
by four. How many balls does the hag contain 7 
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24. A number corwiBta of three digits, the right-hand one being 
zero. If the left-hand and middle digits be interchanged the number 
w diminished by ISO ; if the left-hand digit be halved and the middle 
and right-hand digits be interchanged the number is diminished fay 
4rt4. Kind the numlnT. 

A 25. The wages of 10 men and 8 boys amount to £1. 17s. ; if 4 
men together receive is. more than 6 boys, what are the wages of 
each man and boy? 

26. A grocer wishes bj mix spice at 8s. a pound with another sort 
at “wr. a jkjuiuI to make 60 pounds to be sold at 6s. a pound :*what 
(piantity of each must he take? 

\27. A traveller walks a certain distance; had he gone half a 
mile an hour faster, he would have walked it in four-fifths of the 
tjhie : had he gone half a mile an hour slower, he would have beca 
2.1 hours longer on the road. Find the distance. 

. 28. A man walks 3o miles partly at the rate of 4 miles an hour, 

and {tartly at 5 ; if he had walkt'd at 5 miles an hour when he walked 
at 4, and vise versa, he would have rovered two miles more in tlia 
same time. Find the time he was walking. 

29. Two persons, 27 miles apart, setting out at the same time are 
together in 9 hours if titev walk in the same direction, but in 3 hour# 
if they walk in opposite directions : find their rates of walking. 

■ ■ 30. .A family, consisting of three adults and five children, spends 

in ftssl £1. 17#. 6d. a week. Distress, however, comes when they can 
affoni only £l per w eek, and the food of each adult is dimimsh^ by 
one-half, and of each child by one-third. Find the cost per week of 
an adult and of a child. 

31. If I lend a sum of money at 6 per cent., the interest for a 
certain time excec<b the loan by £100 ; but if I lend it at 3 per cent, 
for a fourth of the time, the loan exceeds its interest by £425. How 
much do I lend? 

32. A takes 3 hours longer than B to walk 30 miles ; but if he 
doublea his pace he takes 2 hours less time than B : find their rates 
of walking. 



CHAPTEU XV 


IwoLmos 


[Art«. 41-45 should be studinl here by those who haie adopted the. 
poM})ont'm/tii suygfMed on pay*' 35. J 

109. DEnNinoN*. Involution is the v^-neral name for rnulii- 
[>Iyin:' an expression by iUt'If so as to hnd its s^'eoiul, thin!, 
fourth, or any other jwwer. 

Involution may always ho effected hy actual multiplieatinn. 
Hert', however, we shall (hve some rules for wrilint' (i»»wn at 
once 

(1) any [x)tter of a simple expression ; 

(2) the square and cul)e of any hinomial : 

(.3) the 84juarv of any multinomial. 

110. It is evident from the Rule of Sijjns that 

(1) no eon power of any quantity can be neyaiiir. ; 

(2) any odd [lower of a (juantity will have thr mme .styn as 
the quantity it»-lf. 

Hot«. It pspeciatlv worthy of noti<’e that the s*iuare. of everv 
exprcKsion, whetht r {H>sitive or negative, j.s /jo^otor. 

111 . F rom definition wo have, by the rules of multiplication, 

(-JtY j:4, 

f fli)( -a‘)( - rt») - rt‘' 

( -3aY. :( 

Hence we obtain a rule for rawinj? a simple expression to any 
proposed power. 

Buk. (1) Haw the roeftrieiU to the required power by Arith^ 
meikf and prefix the proper sign found hy the Pule of Signs, 

(2) MuUiply the index of et'ery faetor of the. expression by the 
a^oneni of the power required. * 
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(-2^2)^:^ -32jr« 

( :29«®M». 

V;uV ■ 

It will bo Rwn that in the last case the numerator and the denomi- 
naUjf arc ofX'raU^ ujwn scjiarately. 


EXAMPLES XV. a 


WriU‘ down 

the square of ea< 

’b of the follo'.ving expre&sions 

1. 

2. 

aV. 

3. 7(1^^ 

4. 

nb^c\ 

5. 4<;V>^x*. 

6. 

o/y. 

7. - 

8. 


9. 

10. 


‘V 

12 . 

4 

13. "f. 

14. 

4r'v* 

15. 

'Ixy 

16. 

-lV. 

17. . 

'■^1/ 

^ 18. 

i:k^r\ - 


”20. 

“5i^‘ 

\Vrite down tlic cube of each of the following expressions : 

21. ■2;h\ 

22. 


23. 4.r*. 

24. 

- 

25. 

26. 

- 

27. -fyj*. 

28. 

~ 2aV^, 

29 * . 

ay' 

-^30. 


31. 

^ 32. 



Write (luwii tlie value of each of the following exprc'ssions : 
33. 34. (-fiV)«. 35. (-2.r"y)^ 36. 

“■"O’ '"Ts:)' 


112. Hy multiplication we liave 

{a - b)' (a r-b){(i rb) 

a^i2<ib^b* (1), 

(a fc)* (<r - b){a ~ b) 

(t- f /r (2). 


lljeae n'aulta are cinbodicHi in the folio win rules : 

Rule 1, Th 4 > .vjjiart, of th sum of tuo quanlities is equal to tAe 
sum nf their squares increased by itvicc thetr product. 

Rule 2. The, square of the difference of tiw quantUies is equal 
A the sum of their squares diminished by twice their product 
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Exampif 1. (x +2^)* f 2 . J" . 2y r{2y)* 
x^ 4- 4xy + 4y*. 

Kxnmpir 2, (2fl> - ' 2 . 2^J^ 36» 4 (3/»*)* 

4<i‘- t96‘. 

113, Tiicsc rules may sotuetiines be oonveiiieiiUy applied to 
liud the se]tu)n‘s of iiuinerieal quantities, 

Example L The square of 1012 -( lOW r 12)^ 

1 1000)* r 2. 1000. 12 -(12)* 

lOOOOOO , 24001 ‘144 
1024144. 

Example 2. The square of 9S ' { l<X) - 2|* 

: (100)*~2. lOi, 2-|2)* 

10)00 -4(X) . 4 
90H. 

TJie work U considcrahly HhorU'n(“<l hv the oinks jo u of the first 
two . 4 te[«. 

114 . We may now extend the rules of Art. 112 thus : 

(u - 64 (0^6)4- r}* 

-(a t6)*4.2((j r6)c 4-c* -Art. 112. Kule 1.] 
«* - -4 c* - 2ab ^ 2ac r 26c. 

In the same way we may prove 
(a - 6 -- r)* “ a* f 6 * f r* - 2 a 6 + 2 ac ” 26 c 
(rj *- 6 - r 4- </)J rr d* 4 - 6 * - f * - d* 4 2 a 6 • 2 ac 4 2 ad • 26 c f 26 d , 'led. 

In each of these instaiifx*« we observe that the square eon- 
flists of 

(1) the sum of the squati* of the JW'vemI temi.i of the driven 
expression ; 

(2) twice the sum of the products two and two of the several 
terms, taken with their proper sign*; that is. in each product 
the sijtn is e or - acconiing as the quantitie^s composing it 
hax'e like or unlike si^ms. 

Hole. The nquare ierrtut are always positive. 

The same law# hold whatever be the number of temia in the 
expression to be squared. 

Rote. To find the equare of any tnu/tinofniof .‘ to the ium of 
the xputTM of the seemii term aid twice the product {vnth ife 
proper sign) of each tern into each of the term that follow it. 
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Kx. I. (j- - 2y - Jr» +4y» +92* - 2 . a: . 2?^ - 2 . -c . 32 +2 , 2^ . 3: 
~ x* + 4y* 4 92* - 4jry - 6 x 2 + 1 iyz. 

Ex, 2. (I +2x-3x*)*r.l f4x* : 9 x*t 2.1 .2X-2.1 .3x*-2.2x.3xa 
\ t4x*+9x< -4x-6x*-12x* 

- 1 -4x -2x* - 12x* +9x*, 

by * ulk'ctinfj like t^+ina and rearranging. 


EXAMPLES XV. b 

\V riU* (l(Avn the g<|uare of each of tiu* following exj^reseions : 
1. a » 36. 2, a ~ 3A, 3. x-ijy. 4. 2 x + 3y. 


5. 

3x y. 6. 

3X ■ 

7. 

9x-2y. 

8. fKift -r. 


M r. 10. 

X aftr. 11. 

ax + 2/>y. 12. x*-l. 

13. 

a ft r. 

14. 

a -+6 -r. 

15. 

a + 26 +c. 

16. 

2a Vf ■ L'. 

17. 

,r* 

18. 

xy-tyz + zx. 

19. 

3/1 2v . 4r. 

20. 

x*-xM. 

21. 

2x*+3x-l. 

22. 

X y - ft. 

23. 

2x + 3 y * a 

~2ft. 24. 

rn-n-p-q. 

25. 


26. 

: 3),-A 

“^27. 

- X* - X - - . 


2 4 


3 2 

3 2 


115. liy jK'tnal Jiiulliulh-ation we have 

(<7 ♦ 6)^ .. (a 4 6'(f/ - ft) (a - ft) 

Ahw (ij ~ ft)* fi* - ‘ki*ft + 3oft* - ft*, 

Hy olwi+ing the law of fonnation of the terms in these 
tx^stiitfl w<‘ (','in write down the eutx' of any binoiirial. 

Exn mill/' I , (2x - y)* - (2x)* 1 3 (2x)*v + 3 (2x)y* + y* 

8x* 1 12x*y t 6xy* + y*. 

Exampif 2. {3x - 2a*)* |3x)» - 3 (3x)* (2a*) + 3 {3x) (2a*}* - (2ri* )* 

27x* - r>4j‘*a* + 3Cxa* - Sa*. 

EXAMPLES XV. c 

\Vrite down the rijl)e of each of the following expressioi^ : 

1. X 4 f}. 2. X ( 1 . 3. X - 2y. 4. 2x-!-y. 

5. 3x r»y. 6. aft fc. 7, 2aft-3f. 8. 5ff-ftr. 

/9. x*My». -10. 4x* -V. " 11 . 2a*-3A*. '^2. 5j:*-4y*. 

n. - 14 . 3 . 2 . - 15 . 3 -lr. ^ 16 . " + 2 r. 



CHAPTER XVI 


Evolition 

[Arte, 51-v>4 ^honlii be MuditA here by thosf m’Ao hiivt adoj^M the 
yfoMpowu^rnl suyyffit'd o/i pmje 40, j 

116. pEFTNmoN. Tlie root of any propoeod expn*jwi(>n is 
that quantity which U‘iii« inulti|)liiti by itself the requisite 
number of times prcxiuay the idveii expression. 

The op(‘ration of tiiulin;^ the root is called Evolotioil; it is 
the rt“Vors<‘ of Involution. 

117. Hy the Rule of Sjpis we ah‘ that ‘ 

(1) any nx>t of a ptmlivr quantity may bt' either 

or nojiitu e : 

(2) f\o negatv't' quarnity can have an even nK)t ; 

ever>* <xid py)* of n quantity h.'us the same sitni the 
(juantity itw’lf. 

Note It U rsfxvisNy worthy of remark that cverj’ posit ivo 
qiiftfitity haa two •.ijture ri>»t/n cijual in matin Imt opjxwito 
in siini. 

K^atnfiU, N 

In the prfNent chapter, howrvjT, mc shall ronhne our attention tO 
th(' iKMtTi’.o root. 

//»/»*, fj^s-aiise ^*4*. 

N -/• — -X*, liTf-auae ( - x^)* - x*. 

y[c^~c*, Usauar c**, 

\8ix^^ = lr\ Iwsaijse Mix'*. 

118. Krom the forej^oinn examples we may dr<Iuce a jteneraJ 
ruk for extracting any proposed root of a simple expression ; 

Rule. (1) Find the mot of the. roejjjrieni by Arithmeiir^ and 
prefix iht proper HUjn, 

<2) [HvvU the. exponent of every fartor of the expre4tnon hy the 
index of the propaa^ root. 

FxampUa, Wjr*™ -4 jc*. 

Cl6^=:2a» 

ftt* 

2rtc* oe*‘ 
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EXAMPLES XVI. a 

Write down the square root of the following expressions : 


1. 

M*. 

2. 

3. 2.7rV. 

4. 16aW. 

5. 


6. 

7. 

8. a«6*c*^. 

9. 


10. 

a” 

11. 

10 

19 38V 

25 

13. 

324ri* 

lOlty^ 

14, 

15 

- 400a«t** 

8U‘Y« ‘ 

Write ilown the culx' nx)t of the following' expressions : 

17. 

27(j‘6V. 

18. 

hr 19. 64r«y*:‘*. 

20. -343a'W. 

21. 

r‘*i/* 

" 127 ■ 

.Sr* 

22. . 
<2Uy‘ 

210r«y»‘ 


^^Vite <iown the value of each of the following expressions : 

25. 


26. 

27. 


28. 

; (721H>V/ 

29. 

X'(2,7rK;>r*‘). 30. 


31. 

I2<S 

32. 

v;.« ■ 33, 

-*1 0» 


118*. Hy Art. 11-, we can write down the square of any 
binmnial. 

ThuA { 2 x - :\y)' (LV)- ^ 2 . 2 x. :hj ■ 

ConverHelv, I)V ohservitjfi the form of the terms of ail expres* 
sinii, itfi square nxjt may often Ix' wrilt<“n down at once. 

I. Kind thi^ square rotit nf 2.V- - 40ri/ - 16y*, 

1’ln- I'Xpres.sion (or)* - . 20rv ■ {4jy)* 

(or)* :‘(ar)(4r/) ♦ {4y)* 

(o-r 4.y)*. 

Thus the required srjtmre nsit is it/ ~ 4i/. 

, e4u* , 32a 


hxauifilr 2. Find tlie s<pian' root of — - 
The expression j '"(.V/J 

• ^ A 

•Thus the roquirtxJ square root 
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Biample 3. i-’ind the square root of 4a* + 6* + c* 4 - 4ah - 4ac - 2bc, 

Arrange the terms in descending powers of a, and Uie other ietten 
alphabetically; then 

the expression - 4(i* - 4<»A -4ac + ~2bc 4 c* 

-- 4«* + 4<j (6 - c) f (ii - <■)• 

--(2a}* r2 . 2af6 -f) 4 (6 -c)> 

whence the requinxl square root is ii r 6 - c. 

On we might pnx'eed as follows : 
the exprpasion::=(2a)*4-6* 4-c* t 2 . {2a)h - 2 . (2a)c - 2 . & . c. 
which is eviilently the square root of 2rt * 6 - c. (Art. 1 14 . j 

119. U'h«*n tlip square root cannot be easily deternnnwl by 
inspection mc nuist have recourse to the rule we aru about to 
explain, which is quite genera!, and applicable to alt eases. Itut 
thf student is ndnsed to me metho^U of in^pccticrn u-Acrrccr po«jnW^, 
ta preference to ruUi. 

Since the square of a ^ 6 is a* 2ab 6*, we have to discover a 
pnxt^ by which a ami b, the terms of the root, can 1)0 found 
when (I* ^ 2a6 * 6* U given. 

Now a* - iVi/j ^ h' u’ > 6(2a f 6), 

80 that lh4‘ expression is made up of 

(1) the s 7 «/irc of the first term of the root, together with 

(2) the prcsiuct of the ucond t4?rm of the nK)t into an ex- 
pression consisting of Mm second term added (o twice the first term 
of the root. 

By reversing the process we arrive at the following n»elhtMl 
of working ; 

a* + 2aA -r 6* ( a ^ 6 

0 * 

3a + 6 I 2oh 4 ^ 6* 

|^2fjh - 6* 

Kxpianaiion. (1) The terms arc firit arranged accordu^ to the 
iJOwcrs of one letter a, 

(2) The square irxit of a* ii* written down as the first term of the 
rod, and its square subtracted from the given exprewiion. 

(3) The first term of the remainder is divided 6y tr»>/ the fird 
term of the. root to obtain the second term of the root* that U, h. 

(4) The second term of the root is added to itcice the term atret^ 
fostnd to form the comph^ divisor 2a 6. 
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Example I. Find the square root of 9^ - 42iy + 49y*. 

0.r2-42xy + 49y*(3jr-7y 

9^ 

6j~7y -42xy + 49r/* 

-42jy-)-49y« 

Explafuifioii. The fiquaro root of is 3/, and thia is the first 
term of the root. 

By doubling this wo obtain 6x, which is the first term of the 
divi}M>r, dividing -42jry, tho first term of the remainder, bv we 
cot ~ 7y. the new U-rin in the root, which has to be annexed both to 
tile root and divisor. We next multiply the complete divisor by 

7y II ltd hiibtract tho rt^ult from the first remainder. There is now 
!'g remainder, and the root has been found. 

Tho rule ^an l)e e,\U*nded s<j as to find the square root of any 
nudtinomial. The first two terms of the rooi will be obtained ^ 
iK-fnre. Wlien we have bnmght down the second remainder, the 
first jiart of tlie new divisor Is obtained by doubling the terms of 
tlie rmit already found. Wo then divide the first term of the 
n niainder by the fir.'t term of the new divisor, and set down tho 
M^ult as the next Utiu in tho root and in the divisor. We next 
multiply the (omjilete divisor by the last term of the root and 
aubtrart the jiroilui t from tho last remainder. If there is now no 
rtunaimier the nxit lias Uvn found : if tiiere is a remainder wo 
continre the |)roc<‘,>vi, 

2. Kind the square root of 

2r)x*fi* - 1 2r«* r 1 fijT^ r 4fl * ~ 24x*a. - 

Hearrange in dost •ending powers of t. 

I ftr* - f - 1 2xfi* -j 4a V 4x* - 3 jxi -i-2a* 

Itlr* 

Rr* - .3 r I \ 2 ; 2.')j'*a* 

■ ~ 24J’*rt r 9z*a* 

RH - dra ; 2a* Itlr*a* - I2j!a* i4a^ 

l(lr» a*- 12ja*4 4a * 

Kxjilnnatwn. ^^'hen we have obtaine<l two terms in the root, 
4 j:^ - .3/11, wc have a remainder 

Itlr*a* - 12-m* f 4a*. 

Doubling the terms of the rtxn al really found, wo place the result, 
M 0«i, aa the first part of the divisor. Dividing 16j:*a*, the first 
term of tho remainder, by the first term of the divisor, wc get 
4 2a*, which we annex both to tho root and divisor. We now 
multiply the eomploto liivisor by 2a* and subtract. There is no 
remaineW, and the root is found. 
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EXAMPLES XVI. b 

Find the square root of each of the following expressions : 

1. 2. OaU I'lab 1 4bK , 

3. - lftry-35y*. 4. - 12jy f 

5. Sir* f iSry f y*. 6. 23/* - 3(Xry •> 

7. r‘ 2r*y*»y*. 8. l-2ft*+£i'. 

9. <1^ '2a* - 3«j^ - 2<i - 1 . 10. -Ijt* - I ir* r 2tJx* -- 30 j • 2.). 

11. 'Jr* - 12r*-2jr* • 4x t 1 . 12. /* - 4r* f 6r* - 4r ^ 1 , 

13. 4'»*i.4/i*-T(i* 4'»-4. 14, 1 - lOr + 27r* - lOr* -r*. 

15. 4r*rBy* ^ iV-;* ^ I2xy 3\>yz ~ 20x2. 

16. pjr» 4x* ■ 4r* - r‘®. 

17. r* -22r* 34 j* ^ I21r* ~ 374r - 2S9. 

18. 2*u'» 30tir* f 49 <jV 24<i*r r Itij*. 

19. 4r« ^4r*y* 12r*:* - y' U:'. 

20 iitifAc - 4a*bc f aVA . 4<i*c* - I2f7/>f*. 

21. 64*r»r9c*^A* I2c*a* r W ■ UV>'. 

^ 22. 4r* 4- 9y‘ r 13r*y* - tlry’ 4 A- 
*'23. * 49 !>r* “ 70r ~ SOr*. 

.24. I- 4r * lOr* 2Ur» • 2,">j« 24r^ * Idc*. 

^ 25. JwrjT* * 4h*x* • ti*r^* *■ 9r* - 12^>rjr* - 4 <jAx’. 

f// pr»ffrrfd, th^, Tftnaindfr of this rhajAfr may bf post pour d and 

bii-*n ajUr Cbap, XXIV. ] 

*120. W hen the expn*s»ion whose nx)t is n'liuin-d WfH tains 
fractional temi.H, we may procet-d as U-fore, the tract itm.al |>art 
of the work Ix'ing performed hy the ruliri expUimxl in Chap. Xll. 
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KxampU, Find the square root of 24 + ~ ~ 

^ y f X 

Arrange the expression in deseending powers of y. 


16y* :V2y 


y y^\x y 


H* n* the «f‘conJ term in tlie root, -4, arises from division of 
^ hy \ fitul the til ini tejin, - , arises from {li vision of 8 bv 


♦EXAMPLES XVL c 

i j:i<l the stjiiiin' ro*)t of each of th(' foilowin;: expressions : 

1. .Ir.l). 2. "I- 

n J* . -1 ^ o- 

3. 4. . t 2a. 

Ja a f/ V 

. r* 2r e ^ 

□. '4. b. 1 .< ■ 

4;/* r/ y '^y 

2a^^ar^- 

9, ^*”-0*1. 10. r* t2j^ - a' + l* 


n. - .V V - +a* -5a -r 


, a-- +j-aj'-2 r ,• 

4 X T* u’ 

X* . aj^ a* . . 4(13' 

4^'^' 3 3 ■ 


1 2<) 

■<12. a-2r+i+:"aJ-6j^. 

''14 x‘ - • 

■^4. X _r'+2 2^18' 
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Find the square n.>ot of each of the fol lowing expressions : 
9 a* Ja ^ 

i* ^ 2 o hVi ^ 9 w* 

17. 16m^ r “ m’rt +8w* 


18. 4x*r32x*r%r 


U4 12H 


• 1 j 22 , To Jind the cube root of a comi>ounfl exjyrejfsion. 

Since the cube of a^b U a* + 3a’6“!-3fl6* + 6*, we have to 
di.w.'ovcr a process by which a ami b, the tcrtiw of the ro<)t, tan 

found when n* - -f 3a6* - 6* is ^nven. 

The first tenn a is the enix* root of «*. 

Arrange the terms according to powers of one letter a ; then 
the tirst term Is u*, and its falx' root «. Set this down as the 
first term of the required root, Subtnict a* frtjm the given 
expression and the n'lnainder is 

^ or {'Ml* . Mib > fc*) b. 

Thus b, the second tenn of the root, will Ix' the quotient when 
the remainder is dividi-d hv 3a' ♦ ‘lab r 

This divisfjr coiuiista of three terms ; 

(1) Three times the square of a, the term of the root already 
found. 

(2) Three limes the product of the first term a, and the new 
term 6. 

(3) Tlic square of 6. 

'Fhe work nmy be arranged as fallows : 

rt* * 3rt*6 i 3aA* i6*( a f 6 

rt* 


3 (aF - 3 a> . 3 o> 6 +• .W + 6 » 

3 ^ 0 / 6 ,-. Mib 
{b)* =-* +6* 

:w^-:iahi.b* 3(i»6r 

Example I. Find the rul» root nf Rr» - .36r*y ^ .'dry* 27v*, 

Hi* - 3ar*y 4 dry* 27y* t - 3y 


3 (2r)* =: 1 2x* - 3dr‘y + dry* - 27tf* 

3x2xx(-3y)= I8ry 

i- 3 y)* = ^ 

12r*--18jy + {y - 36r*y 4 Mry* ~ 27y» 



EvumjAe 2. Find the tul>o root of 27 + !ORr + 80 j^ OOj^* f -IRx* - Sjt*. 

1*7 - lOHj - ^ 4ar»- 8^(3 + 4x - 


EVOLUTION 





i i 


+ .:. 


1 ^ 

^ ^ 

^ i 

36 S 

i 1 

“* 'T 

S 4 

5 4 

1^ i 

1^ " 

i 

s s 

£ X 

1 .. 




? 3 


+ + ^ 


»- 

® 0 S 2 

5 £ Sf 

« Z TS IJ 

"'15 

i 

p S 

C’J ? 

. o 

+ (M 0 -M 


J I vB = 

X c js =„• 2 

X P,- M k,t5 

T r? ,0 .2 

s 2 £ " ^ -g 

i H I " o ^ 

•I wU 

n >.«3 c'n 

A? « C 

T lUiS 

g| 

gS.“-3 g 


H 

z 


I 


i- E «a < 
•r i; 1 

^ M i 


? ^ “+j 

S B.SS-g 

3 J 5 1_ * 

«5 . °'g 


^‘|l 
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♦EXAMPLES XVI. d 

Find the cube r(X)t of cAch of the folhkwini; expressions : 

1. a^-3<iir3<i fl. 2. i ar* f 12/ ► H. 

3. 0 V ' 3a*j:*y® - Ikwy^ " y*. 4. Hm* 12m* • fifu - 1, 

5. t>4<»’-I44a*6^10vW^27/)». 

6. *1-3/ -6/* • 7/* - (>/' ' ■ /*. 

7. I -(>/ -21/* -44/^ - iWij* -:>l/'* . 27/^ 

8 . < 1 * ■ tvi*A - - 12 .;^/* 12 «iV ■ ■ sJr* - ]‘ 2 ^rr « r*. 

9. S.i< 3au* - rMVt* - bIFi* • ’XU^ \ki . 1. 

10. y* !!(/* ' - 7]/* - 3^-1. 

11. Hi* 3:»/* r 4:>/* . 27/ - 27. 

1 2 . 27 /^ - 54 /^u - ! 1 7 /^i* 1 1 iW I ! 7 /*ti* . 27 u*. 

13. 27/* -27/* IS/* f l7/» i ti/* .1/ 1. 

14 . 24 /V ^ - ar*y -^ /* - IKi/y* • hly* - .Vljr*y*. 

15. 210 - 342/* -171/* r27/*-27/* -liK»/*-l(>H/. 


•123. W V> arhl some examples of i uIk' nK)t wlu n' fnu-tiiAwl 
U^nns tx'cur in the jnven expressiuna. 


tixampi^. 


Kind the rulie hhA of .>4 


27/* 


8 30 

j* /* 


AtTAnge the expressjr.n in aAimfUny fxiwers of/. 


8 30 

/♦ /* ‘ *^* 




12 



(- 3 z}* 


M- 3 /). 


i 2 18 

X* ' X 


/• 



17 x* 


< 1 /* 

0 /* 


30 

/> 


♦ M - 27x» 
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♦EXAMPLES XVI, e 


Find the cube root of each of the following expreseions : 


-g ^ h ^ 1. 


2. 


r® 2z* 
27^ 3 


4X-I-8. 


3. 


5. 

7. 

9. 




- Ox + 


27 27 


27* 


4 27x3 2"^ 9^ 

64y3 8t/3 ^ y 

6, ^ - 6x* T 12x3y> - 8y*, « 


x3 6x3 9x 9y (^yt ^ 

y* ^y x ^ x* 


x3 x3 
27 3 


2x ~ 7 f 


18 27 27 

X ' X*'^ x3’ 


x3 1 2x2 r,4^ ^ ^ ^ ^ ^ ^ 

’ fi “ X x3 x3 


10 . 


11 . 


&4fl3 I 1 ) 2 «* 24(V» 60x 12x* x* 

x3 x> X a a* a’ 

G6 6rt fl3 3«3 3/^> 6* 
fl + ti " a* 


6()x« 80 j3 90x> 8x* 108x 48x5 

12. / , ,-+-r+- -27^-^. 

y* r r r y y* 

*124. The ordinary rules for extracting square and cube rooU 
in Arithmetic are based uix)n the algebraical methods explained 
in the pn‘sent chapter. The following example is given to 
illustrate tlie arithmetical process. 

Example. Find the cube rewt of 61412.7. 

Since 61412,') lies between 712000 and 720000, that is, between 
(SU)3 and (00)3, between 80 and 90 and therefore 

consists of two figures. 

a +6 

614125 ( 80 + 5=^85 
512000 


3<i*-3M80)* =19200 I 

102125 

51x0x5-^3 x 80 x 5= 1200 


5*== 5x5= 25 


= 20425 

102125 


In Arithmetic the ciphers are usually omitted, and there are 
oAier modifications of the algebraical rules. 
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ReSOU'TION into pAtTORN 


125. DEn>"rno>’. When an algebraical expreaslon i.s the 
product of two or more expreesioiis each of these latter tpian* 
litics is called a factor of it. and the detonuination of these' 
quantities is called the resolution of the expit'sslon into jU 
factors. 

In this chapter we shall explain the prinei|)al niles by which 
the resfdution of expressions into their component factors may 
be effected. 

128. When mch of the terms which cowpas' on exprfSAiitn it 
dit'isihie by a common factor, the expression niav !;«• si m pi i lied 
by dividing each term separately by this factor, and enclosing 
the quotient within brackets ; the common factor brung plactsl 
outside as a coeflicient. 

EzampU 1. Thoteniis of the cxprr-jeuon .'Jo* fiab have a mnirnou 
factor 3(1 : 

3(i*-6a^r -3«(a-2ft). 

ExampU 2. - h-xiAj:* - *><Vy*x* ^5ix*(a»x - 3(i -4A*}. 


CXAMFLESXVn, a 


Resolve into factors : 


1 , 0 * - dx. 

4. a*>oh». 

7, 5(jx - IVo*jr*. 

10 , 

23. 10x-r64x»y. 
16. 


2 . I* - 2 *. 

5 . 7 p*-t"p, 

8 . 3 z» + r*. 

11, r«-25x*y. 
14. irxi*-22i5a‘, 
17. 


3. 2(1 - 2a*. 

6. &r-2x». 

9 . x* ^ry. 

12 . ! 5 + 2 nx». 

15. 54-8IJ-, 

^18. 6j* + 2x* •- 4jr*. 


19. x*-*x*y + Ty*. 20. 3<i*-3(i*6e6o*M. 21. 23r*y* 6jrV 
22. «r* -9*V + *2ry«. 23. - 10ti‘x* - 

24. 7i-7«* + I4fl*. / 25. Ste*/* Hi7o‘x*. 
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127. An expression may be resolved into factors if th^ term 
cnn be arranged in groups which have a compound factor common. 

Example 1 . Resolve into factors 3^ -ax+bx-td). 

Noticing that the first two terms contain a common factor x, and 
the last two terms a common factor b, wo enclose the first two terms 
in one bracket, and the last two in another. Thus 
- ox+tx -oA -(i* - ox) +(6x -oA) 

=x{r -a) +A(x -a) 

= (x - a) taken x times plus (x - a) taken A tinfts 

= (x-a) taken (x + A) times 

^(x-a){x-hA). 

Eramjde 2. Resolve into factors 6x® - 9ax 4^ 4Ax - 6aA. 
fix* - Dox 4 4Ax - 6aA = (fix* * 9ax) + (4Ax - fioA) 

= 3x(2x-3a) + 2A(2x-3a) 
-(2x-3a)(3x + 2A). 

Example 3. Resolve into factor 12a* - 4aA - 3ax* + Ax*. 

1 2a* - 4aA - 3ax* + Ax* ~ ( 12a* - 4aA) - (3ax* - Ax*) 

=4a{3a - A) -x‘(3a - A) 

= (3a -A)(4fl -z*). 

Note. In the first line of work it is sufficient to see that each pair 
contains some common factor. Thus, in the last example, by a 
different arrangement, wc have 

12a* ~ 4aA - 3ax* + Ax* = {12a* - 3ax*) - (4aA - Ax*) 

= 3o(4a-x*)-A{4a-x*) 

= (4a-x*)(3a-A), 

the same result as before, since it is immaterial in what order ^e 
factors of a product are ritten. 


EXAMPLES XVn. b 

Resolve into factors : 

1, a*+oA + oc + Ac. 2. o*-ac+aA-Ac. 

3. o*c* + (i«i + oAc + Ad. 4. a* + 3a+ac+3c. 

5. 2x + cx4-2c+c*. 6. X* -ax + 5x-&i. 

7. 5a +aA + 5A +A*. 8. oA - Ay - ay +y*, 

9 . az-bx-azrbz. 10 , pr+qr-ps’-qs, 

All. mx - my - nx + ny. A 12 . wtx-ma + nx-»wi. 
^1 f . 2ax + ay + 2Ax 4 Ay. A 14. 3ax - Ax - 3ay + Ay. 

r..K. 1 
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Resolve into factors : 

15. 6^flry-2(»-ay. 

17. ojc* - 3Ajry - ary + 3^y*. 
19. <w» + &r*+2a + 26, 

31. Zx*-x‘+4x-2. 

23. Jf*+z*^2xf2. 

25. ary f bcry - oj - bcz. 

^ 27, 2ax> -r 3Aiy - 2bry ~ 3Ay». 
- 29. ax - &x + + fy - f jr - tfy. 


18. mx-2my-»j;+2ny. 

IB. ** + M47 ' iry - 4my*. 

"20. ** - 3x - j:y f 3y. 

-22. 3x*+5x* + 3xt5. 

24. y*-y*+y“ I. 

26. /*/* + ^r* - oy* - ap, 

" 28. amr* + btnry - d/ixy - 6rty*. 

> 30. o*x+a6j: f oc + a^y + ^y f 6c. 


Trinomial Expressions 

128. Before proceodinjf to the next case of rejwlufion i^to 
factors the student is adviset! to n*fer to Chap. V. 44. 
Attentiwi has there bcH’n drawn to the way in which, in fonnin^ 
the product of two binomials, the o<X'llici<*nts of life diffen‘nt 
terms combine so as to give a trinomial n^sult. 1’hus, by Art. 44, 


{x . 5)(j-3)-x»^Sxrlo {!), 

(x-5){x~3}r-:j:> Hx¥ I.> {2). 

(x^ 5)(x -3) ':x* ^ 2x - 13 {3), 

(X' o)(x - 3) - X* 2x 13 (4). 


Wc now propose to ronsider the converse problem : namely 
the resolution of a trinomial ex[>re«iion. similar to ihosc which 
occur on the right-hand side of the above identitiw, into it<i 
com|)onent binomial factors. 

By examining the above results, we notice that ; 

1. The hrst term of both the factors is x, 

2. The pTotiud of the sewnd terms of tho two factors is 

equal to the third Urm of tho trinomial ; e.g. in (2) above we wv 
that 1.3 is the product of - 5 and -* .3 ; while in (3) 1.1 is th<* 

product of -f-5and 3. 

3. The algebraic ium of the second terms of the two facters is 
equal to the coefficient of x in the trinomial ; e.g. in (4) the sum 
of - 5 and ^ .3 gives ~ 2, the eoeflicicnt of x in tho trinomial. 

In applying these laws wo will first consider a case where the 
third term of the trinomwi is positive. 

Example 1 . Resolve into factors x* + J lx f 24. 

The second terms of tho factors must be such that their product 
is 4-24, and their sum 4-11. It is dear that th^ must be 4-8 
wd 4-3. 

x»4-nx-4 24:^(x + 8)(x + 3). 
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Example 2. Resolve into factors - 10^+24, 

Tho second terms of the factors must be such that their product 
is + 24, and their sum - 10. Hence they must both be negative, and 
it is easy to see that they must be ~ 6 and - 4. 

z*-I0^ + 24 = (x-6)(x-4). 

Example Z. x* - ISx + 81 -{x-9)tx-9) 

==(x-9)*. 

Example 4. x* + lOx* + 25 = (x* + 5) (x* + 5) 

~(x* + 5)*. 

Example 5. Resolve into factors x* - llox + 10a*. 

The second terms of the factors must be such that their product 
is t iOa*, and their sum - 11a. Hence they must be - lOo and -a. 

* x*~llax + 10o*^{x-10a)(x^a). 

Note. In examples of this kiml the student should always verify 
his results, by forniin;; the product (menW/y, as explained in Chap, v.) 
of the factors he ha-s chosen. 

EXAMPLES XVn. c 


Resolve into factors : 


1. 

a* + 30 + 2. 2. 

h* + 2« + 1. 


3. a* + 7a + 12. 

4. 

a*-7fl + 12. 5. 

x*-llx+30. 

6. x*“15x + 56. 

7. 

X*- 19X + 90. 8. 

x* + 13x+42. 

9. x»-21x + U0. 

10. 

x»-21x + 108. 11. 

x*-21x + 80. 

12. x*+21x + 90. 

13. 

x*-I9x + 84. 14. 

x*-19x + 78. 

15. x*-I8x + 45. 

16. 

x* + 20x + 96. 17. 

x*-26x + 165. 

18. x*-2Ix + ia4. 

19. 

x« + 2:tx + 102. 20. 

a* -24a +95. 

21. a* -32a + 256. 

22. 

a* + 30a + 225. 2^ 

a* + 54a + 729. 

24. a*-38a+361. 

25. 

fl*-14<iA+496*. 

A 26. 

0* 

+ 5a5 + 66*. 

27. 

m* ~ 13mn + 40n*. 

^28. 

tn» 

- 22mtt + I05n*, 

29. 

X*- 2,3x1/ + 132y*. 

A 30. 

X* 

-26xy + 169i/*. 

31 . 

x« + 8x* + 7. 

32. 

X* 

+ 9x*y* + 14y^. 

33 . 

x*y*- 16xy + 39. 

34. 

x* + 49xy + 600y». 

35. 

x*y*+34xy+289. 

36, 

o*6* + 37a*6* + 300. 

37. 

fl»-20aix+7.W. 

38. 

x*+43xy + 390i/*. 

t«9. 

o*-29o6 + 54A*. 

40. 

X* 

+ 162x* + 6561. 


12-7X + X*. 

42. 

20+9x + x*. 

^ 3 . 

132-23X + X*. 

44 . 

88 + 19x+x*. 

^ 45 . 

130 + 3Jxy+aV. 

>^ 46 . 

143 -24x0 + aA>*. 


204**29x*+x*. 

-' 48 . 

2I0 + 35X+X*. 
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129. Next coiiakler a caae where iht (Aini term of the tri^ 
nomiat » negative. 

Example 1, Reaolve into faotoni z* +ic - 35. 

The second terms of the factors must be such that their product 
is ~ 35, and their algebraieai eum 1 2. Hence they must have opponie 
si^^ and the greater of them must be positi i«f in order to give its 
sign to their sum. 

The required terms are therefore 7 and - 5, 
z3,.2jr-35-(rr7)(z-5). 

EMfHpU 2. Reeiolve into factors - 3jr - 54. 

The second terms of the factors must be such that their product 
U - 54, and their algehraieal turn - 3. Hence they must have opjmUe 
signs, and the greater of tlicni must be negalivt in order to give it^ 
sign to their sum. 

The required terms are therefore - 9 and - (5. 

z>-3/-54::^(z-9)(zr6}. 

Kemembering that in the«e eaaca the tujiiiencai quantities 
mu^ have oppo-fite eigne, if pnTerad, the following method tmiy 
be adopted. 

Example 3. Keswlve into factors x*y* - 23ry 41!0. 

h'ind two numbers whose product is 42<>. and whose differmre U 23, 
These are 35 and 12 ; hence inserting the signs so tiutt the positive 
may predominate, we haNe 

r23zy -420 “(xy 4^35)(xy - 12). 

EXAMPLES XVII. d 

Resolve into factors : 

1 . x*~z-2. 2 , x*^z 2 . 3 . x*-x-6. 

4. z* + x~6. 5 . X* -2r • 3. 6 . x* + 2x-3. 

7. x*-x-66. 8, x*f3x-40. 9, x»'-4j:-12. 

10 . a»-a-20. 11 , a*-4rt 21. 12 . a«+a-20. 

13 . a*-4a-ll7. 14 . f*4^0x'3fi. 15 . j*+j-lfi6. 

16 . x*+x- 110. 17 . A* - 9x 90. 18 . **-a-240. 

19. a*~12a-86. 20. a* - lla - 152. 21. J^-5xy-24. 

22. i< + 7xy-0Oy*. 23. Jt* + ar-42a*. 24. z*-322y-l05y». 

25. a»-ay-2IOy*. 26. x* + 18x-n6. 27. x*-20*y-96y* 

28. z* + lftz^260. 29. a*-IIfl-28. 30. aV + 14ay-240. 
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31. 32. 33. +6a%> - 27;c*. 

34. a*6*-3ak-10c>. 35. a^^\2abx~2^xK 

36. a* -ISaxy -2iZx^y*. 37. +13a*a:* -300a*. 

38. 3:*-a>x*-132o*. 39. a:‘-fl*2>-462a*. 

40. z«+a^-87C. 41. 42. 

43. 110-z-i*. 44. 380-z-a:*. 45. 120-7oz-o*i«, 

46. 65 + 8a:y-j:y. 47. 98 - Ix-x^. 48, 204 -5z-x*. 

[For cost/ Misc^ntous Examples see page 133.] ^ 

130. We pioceed now to the resolution into factors of tri- 
nomial expressions when the coe^^cierU of the highest power is not 
\piity. 

Again, referring to Chap. v. Art. 44, we may write do^ni the 
foUow^ing results : 


(3a;T2)(z-^4) = 3zH14a:-^8 (1), 

(3a;-2)(x-4} = 3^:*-14i-»-8 (2), 

(3x-f2){x-4)=:3x*-10x-8 (3). 

(3x-2)(x4-4) = 3x>-H0x-8 (4). 


The converse problem prraents more difficulty than tlie cases 
we have yet considered. 

Before endeavouring to give a general method of procedure, it 
will be w'orth while to examine in detail two of the identities 
given above. 

Consider the result 3x*-14a:+8 = {3x-2)(x-4), 

The lirst term 3x* is the product of 3x and z. 

The third terra +8 -2 and -4. 

The middle term - 14x is the result of adding together the 
two products 3x X - 4 and x x - 2. 

Again, consider the result 3x* - lOx - 8 = (3x 4- 2) {x - 4). 

The first tenn 3x* is the product of 3x and x. 

Tlie third term - 8 + 2 and - 4. 

The middle term - lOx is the result of adding together the 
two products 3x y - 4 and x x 2 ; and its sign is negative because 
the greater of these tw'o products is negative. 

131. The beginner will frequently find that it is not easy to 
select the proper factors at the first trial. Practice alone will 
enable him to detect at a glance whether any pair he has chosen 
^ill combine so as to give the correct coefficients of the expres- 
sion to be resolved. 
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KiampU. Resolvt into factors 7jr* - 19x - 6. 

\\ rite down (7j 3)(/ 2 ) for a first trial, noticing Uwt 3 and 2 
must have opposite signs. These factors give 7x* and -0 for tho 
first and thiM terms. But since 7x23x111, iiie conibiiiation 
faiU to give the correct coefficient of the middle term. 

\ext try (7z 2}(z 3). 

Sine© 7 X 3 - 2 X 1 ~ 19, these factors will be correct jf vre in»iert 
the signs so that the negative shall predominate. 

Thu.s 7z^ Iftz 6 ■ (7 j^2)(x ~ 3). 

(Wrtfy by mental multiplication,] 

132. Id actual work it will not be nect'ssary to put down all 
thfso 8tej)e at length. The student will soon find that the 
different cases may be rapidly mvieweti, and the unsuibibh^ 
wrnbinations rejectrtl at once. 

It i.s t‘SjXH‘ially imiMirtant to pjiy attention to the two following 
hints ; 

1. If the third tertn of the trinomial is [Kwitive, tiu-n the 
reeond terras of its faeti>rs have l)oth the same sign, and this sign 
is the same as that of the middle term of the tritiomial. 

2. If the third term of the trinomial is negative, then the 
sewnd U‘rms of its factors have opijowite sigiuj. 

Kxamplf I. Resolve into factors l4z* r 29x - 15 (I), 

14/* 29/ ~ 15 (2). 

In enrh ease we may write down (7/ 3) (2/ 5) as a first trial, 
rotj' t;ig that 3 and 5 mu.Ht have up(x»ite sigas. 

.And since 7 x 5 - 3 x 2 ■- 29, we have only rmw insert the proper 


atifns m each factor. 

In {!) the positive sign mu.st predominate, 

in (2; the negative 

ThercfVjrc 1 4/* - 29/ 15 (7/ - 3) (2/ t 5), 

14/*^ 29/ 15 (7x *3)(2/-r)J. 

Kxtmpl*. 2. Rearjlve into factors 5/* * 17/ 1 6 (I). 

5/* -17/ 4 6 (2). 

In [ I) wo notice that the farU>rs which give 6 arc both positive. 

In (2) negalivu. 

•And therefore {nr ( 1) we may write {'*i }(/ * ), 

1-0 ' - ). 

And, trace 5 / 3 f 1 c 2 17, wo tec that 

flx* r 17/ 4 6 -{5/ +2)(/ 4-3), 

&H-I7/48 {’wr- 2)(/-3). 
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Note. In each expression the third term 6 also admha of factors 
6 and 1 ; but this is one of the cases referred to above which the 
St utleut would reject at once as unsuitable. 

Kxfimpk 3. 9z* -48xy -1-641/* -(3x -8y)(3x-8y) 

={^-8y)y 

Example 4. 6 -f7x ~ 5jr* =(3 t5j:)( 2 -r). 


EXAMPLES XVn. e 


I’csolve into factors 






1. 

24r*+ar-^l. 

2. 

32* 

-1-02 + 2. 

3. 

22* + 52 + 2- 

4. 

3j:* + lOx + 3. 

5. 

22* 

+ 92-^4. 

6. 

32* +82 -4. 

ft 

L>ir*-h72r+6. ^ 

, 8- 

22* 

■f II2 -i-5. 

9. 

32*^112.6. 

10. 

r)x*-hllx+2. 

11. 

22* 

+ 32-2. 

12. 

32* -12 2. 

13, 

4j* + 11x-3. 

14. 

32* 

+ 142 - .5. 

15. 

22* -h 152 

16. 

2x*-r-l. 

17. 

32* 

+ 72-6. 

18. 

22* +2 -28, 

19. 

:1j^ i 132 - 30. 

20. 

62* 

+ 72-3. 

21. 

62* -72 -3. 

22. 

',U- f 72 f 4. 

23. 

32* 

+ 232 + 14. 

24. 

22* -2 -15. 

25. 

3.rHiy2-!4. 

26. 

32* 

- 192 - 14. 

27. 

62* -312+35. 

28. 

47* f2-I4. 

29. 

32* 

-132 + 14. 

30. 

32* +412 +26. 

31. 

42* f 23/ i M. 

32. 

22* 

oxy - 3y*. 

33. 

82* -382 +3.5. 

34. 

122* - 232y + 10y*, 

35. 

ir>2*i 2242-15, 

36. 

152* -772 + 10. 

37. 

122*-31x-15. 

33. 

242*+222 - 21. 

39. 

722* -1452 + 72. 

40. 

242* - 202y - 4y*. 

41. 

2 _ 

32 - 22*. 

42. 

3 + 112-42*. 

43, 

6 t ;l2 - 62*. 

44. 

4- 

02 - 62*. 

45. 

5+322-212*. 

y46. 

7jl0.rr32*. 

V47. 

IS- 

-332 + 52*. 

v48. 

8 + 6j - 52*, 

. 49. 

20-92-202*. 

\50. 

24 

f 372 -722*. 




The Difference of Two Squares 

133. By multiplying a -f 6 by a - 6 we obtain the identity 

(flx6)(a-b) = fi»-6S 

a result which may be verbally expressed as follows : 

The produet of the sum and Oie difference of any two qtiantiiies 
is rqunl to the. difference of their squares. 

(bnverscly, the difference of the squares of any two quantities 
is equal to the product of the sum and the difference of the firo 
qaartb'ficj. 

Thus any exprosslou which is the difference of two squares 
in^y at once be resolved into factors. 
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Resolve into fscton - lOy*. 

:>ar*-16y* = (5j)«-(4y)>. 

Tlierefore the first fai lur is the gum of 5i ami 4y, 

ami the eoconil factor is the differcpee of 5x and 4y. 

/. 25j^-W-<to + 4i^){r>x-4y). 

The intennediat^ stops may usually be omitted. 

Kxamplt. I -49c* -(1 •f7c*)(1 - 7<^). 

The difference of the squares of two numerical quantities may 
be fbund by the fonnula «* -6*-(u T6)(rt -6]. 

ExatnpU, (329/ - (171)* -(329 + 171)(:i29 171) 

- 509 X 15tt 
790tXl. 


EXAMPLES XVH. f 

ReeolTC into factors : 


1. 

r*-4. 

2. 

a* 81. 

3. 

y*-100. 

4. 

r*-l44. 

5. 

9 - (1*. 

6. 

49 - c*. 

7. 

121 -r*. 

8. 

40<) 

9. 

X* 9a*. 

10. 

y* - 2 juc*. 

11. 

3flj* - 2.55*. 

12. 

9r*-l. 

13. 

36ja>-497». 

14. 

4k* L 

15. 

49 - loot*. 

16. 

1 - 2.7x*. 

17. 

a* - 45*. 

18. 

9x* - y*. 

19. 

p*/-36. 

20. 

a*5* - 4c*(f*. 

21. 

j*-9. 

22. 

9rj*-121. 

23. 

25x* - M. 

24. 

8Ia» 49x‘ 

25. 

r* - 25. 

26. 

I -36fl*. 

27. 

9r* a*. 

28. 

8M-25a*. 

29. 

z*(i* 49. 

30. 

a* ♦»4x*. 

31. 

a*5* - 9x*. 

32. 

x*y* -4. 

33. 

I - 0*5*. 

34. 

4 T*. 

35. 

9-4o*. 

36. 

Uo* 255*. 

37. 

X* - 165*. 

38. 

x»-2V- 

39. 

1 1006*. 

40. 

25-64i*. 

41. 

12Ia*-81x*. 

42. 

p*/ ~ 04a*. 

43. 

Wx*-2.V. 

44. 

4ftr*-l6y*. 

45. 

81p*i*-2fl6*. 

46. 16x1* -Oy*. 47, 36x"--4»a‘*. 48. 

49. 26x“-16(i*. 50. 0*5*0*- x^*. 

Find by reaoi^io^ into factom the value of 

1 - 100a*i*c». 

61. 

{676)*-(425>». 

52. 

(121)* -(120)*. 

^53. 

(750)* -(250)*. 

64. 

(339)* - (319)*. 

55. 

(7ri3)*-(253)*. 

56. 

(101)* -(90)*. 

67. 

(1723)* -(277)*. 

58. 

(1839)* -(739)*. 

69. 

(i811)*-(a89)*. 

60. 

(2731)* -(289)*. 

61. 

(8133)* -(8131)*, 

, ^62. 

(1000l)*-l.‘ 
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134, When one or both of the squares is a compound quaa* 
tity the same method is employed. 

Example 1. R<‘Ht)|vo into factors {a + 26)* - 16r*. 

The sura of a +2b and iz is a +26 +4jr, 
and their difference U a + 26 - 4i. 

(a + 26)* - 162* = (a + 26 + 4^) (a + 26 - 42). 

Example 2. Resolve into factors x* - (26 - 3c)*. 

The sum of x and 26 - 3c is i +26 - 3c, 

and their difference is 2 ~ (26 -3c} =2-26+30. 

2* - (26 -3 c)* = (2 + 26 -3c) (2-26 +3c). 

If the factors contain like terms they'lhould be collected so as 
to^give the result in its simplest form. 

Example. 3. (32 + 7y)* - (22 - 3y)* 

= {{32 + 7y)+(22-3y)){(32 + 7y)-(22-3y)} 

= (32 + 7y + 22 - 3y)(32 + 7y - 22 + 3y) 

= (52+4y)(2+10yj. 

EXAMPLES xvn. g 
Resolve into factors ; 

1. (a+6)*-c*. 2. {«-6)*-c*. 3. (2 + y)*-4»*. 

4. (2 f2y)*-a*. 5. (a +36)* - I62*. 6. (2 +5a)* -!)y*. 

7. ( 2 r 5c)*-l. 8 . (a -22)* -6*. 9. (22 - 3«)* - 9c*. 

10. a*' (6-c)*. 11. 2*-(y+z)*. 12. 4rt*-(y-2)* 

13. 92* -(2a -36)*. 14. l-(a-6)*. 15. c*-(5a 

16. (a + 6)>-(c+d)*. 17. (a-6)*-{2 + y)*. 18. (72+y)»-l. 

19. {o+6)»-(m-n)*. 20. (o-fl)*-{6+m)*. 21, (6 - c)* - (a - x)*. 
22. (4a + 2)*-(6+y)». '23. (o+26)*-(32 + 4y)*, 

24. l-(7a-36)*. '25, (a-6)»-(x-y)*. 

26. (o-32)*-16y>. 27. (2a -62)*-!. 

28, (a + 6-c)*~(2-y + 2 )*. 29. (3a + 26)*-(c+2-2y)*. 

Resolve into factors and simplify : 

30. ( 2 +y)*- 2 *. 31. 2 *'-(y- 2 )*. 32. ( 2 + 3 y)*- 4 y*. 

33, ( 242 +y)*-( 232 -y)*. .'34. (52 + 2y)»-(32 -y)*. 

35. 92*-(3x-6y)*. " 36. (72 + 3)* -(52 - 4)*. 

37. (3a + l)*-(2o-I)». '38. 16o*-(3o + l)*. 

39. ( 2 o+ 6 -c)*-(a- 6 +c)*. .40. (ar- 7 y+s)*-( 7 y- 3 )* 

41* ( 2 +y- 8 )*-(x- 8 )». /42. ( 22 +a- 3 )*-( 3 - 22 )*. 
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135. By suitably grouping tq^ther the teruis, compound 
expressions can oflen be expresswi as the difference of two 
squares, and so be resolved into factors. 

Exampk I . Resolve into factors a* - 2ar -fi* - 4ft*, 
a* - 2ttx r jr* - 4ft* - (a* - 201 + JT*) ~ 4ft* 

=-(a-r)»-(2A)» 

^{a ~ ir2b){a - j--2ft), 

BmmpU 2. Resolve into faotora Ite* - c* ^ 4<-j' - 4x*. 

Ofl* - f* + 4rx - 4x* 9tt* - {f* - 4<‘x * 4x*) 

'13a)* • {f -2x)* 

(3d • f 2x)(3d r » 2xj. 

Emmplf 3. Rt'solve int<i fscU^rM -bd a* r* - ft* - ?/* . 2d<‘. 

Here tlie terms 2ft<f aiul sug^jest the proper prelim iimrv 
arrangement of the expression. Thus 

'2Ul ft* ^2A<f -rf* d* . ^r* 

T-*^2W.(/* (d* L»d--.r*) 

(ft -<f)* (d r)* 

(ft . t/ ► d r|(ft ^ d ' rt f f). 

EzampU 4. Resolve factors i* f x*y* -y*. 

r* . y* (x« * irV » y*) “ -^V 

(JT* ^y*)* - (xy)* 

:(r* ry»4 xy){r* - y» - /y| 

^(j*4zy 4V)(** -ry vy*). 

This niiult is very important and will be rpfeiTt*d to again in 
C hapter xxvni. 


EXAMPLES XVn. h 


Resolve into factors : 
1. x*^2jry4.y> -a*, 

3. X* - 6ox 9a* ~ I8ft*. 
5. z* 4-a* » 2ax - y*. 

7. z* o* 2a6 "ft*. 

9. 1-j* 2zy y*. 


2. a*-2a64ft*-z», 

4- 4«* 4 4aft • ft* 9^’. 

6. 2oy40**y* z*. 
8. y» f*42rx X*. 


10. c* X* y* ♦ Iry. 

12. a* 4064 4^-90*^. 

13. z*42xy4y* a*-2oft-ft*. 14. a* - 2oft 4 ft* - r* 2ft< - rf*. 
15. x*~4axHa* ft** 2fty-y*. 16. y» 4 2fty * ft* - a* «ax - 9^^ 
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17. 18. 9a* -6o + l -ic3-8rfjc- 16i=. 

19. X’-a*+y^~b-~2iy + 'iab. 20. a* + 6*-3ai-c*-(f*-2crf. 

21 . 4.c*-12ax-c*-;-*-2ct + 9 a*. 

22 . a» + 6ir~9i*x*-10ai-l-r2.%*. 

23. a*-25jc«+8a*x*-9 4.30x* + iar*. 

24 . x*-z*- 9 - 2 a*x^+a*+Qx. 

25 . a*+a* 6 *+t*. 26 . x* + 4 x*y* + 16 y*. 27 . + 

28. f* + 3c*rf*+4<i*. 29. xny«-lliy. 30. 

The Sum or DifEerence of Two Cubes 

13^. If we divide by a + 6 the quotient is a" ; 

and if we di\ide a* - 6’ by a - 6 the quotient is a- -^ob-^rtK 
We have therefore the follow'ing identities : 

(a + 6) (a* -ai-f 6*) ; 
a* ~ 6* ~ (a - b) (a* + 06 + b-}. 

These reaulta enable us to resolve into factors any expression 
w hich can be written as tho sum or the difference of tw o cubes. 

Ar’xnmple 1 . 8 j* - 27y* - (2x)* - (3y)* 

-(2x-3y)(4x*+(lry-9^2) 

Note. The middle terju 6ry is the product of 2x and 3y. 

Kramplc 2. - I (4n)* f (1)* 

- (4/i + l)(16a*-4a-I). 

may usually omit the intermediate steps and write down 
the factors at once. 

tjXnmpks. .34.3a* - 27x* — (7a* - 3x) (49n* + 21o*x -r 9 j:*). 

8x*-i-729 7(2r*^9)(4j«-18x*T8I). 


EXAMPLES XVn. k 

Resolve into factors : 

1. 2. x» + y>, 3. x«-L 4. Ua*. 

6. 8x*-y». 6. x*i8y*. 7. 27x» + l. 8. l-8y*. 

9. rt»6*-c*, 10, + 11. l-343x^. 12. 644y*. 

13. •l25 + a*. 14. 2l6-a*. 15. a*6H5l2. 16. 1000y*-l. 
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132 

Resolve into factors ; 


17. 

x" + My3. 

16. 

27 - 100Gr>. 

19. 

a»6* + 2I6ch 

20. 

343 -8x^. 

21. 

o’t276». 

22. 

27x*-%’. 

23. 

I25x»-1. 

24. 

216p>-34X 

25. 

xV +r^. 

26. 

oW-1. 

27. 

343jr* ^ I000y>. 

28. 

729a» 04hh 

29. 

Sa*h* r 12rjx^. 

30. 

j^ir*-2l6:». 

31. 

x«-27y=. 

32. 


33. 

- :V 

34. 

2\hx* i?. 

35 ! 

* 343Ah 

36. 

ft* f :2tM>h 

37. 

^ - 7211/. 

2ft. 

pV-25x^. 

29. 

e -Wy*. 

40. 

- 542. 


136 In Art«. 128 to 132 wr have iIUcumwhI the faoloriAw’ inn 
of trinoiniala by trial. And in Arts. 1X3 to 1X5 we have shewn 
how' any exprt^sion which is the difference of two w\uar(*j^ eiu\ 
be written down aa the product of two factors. We shall now 
explain a ircnenil method by w hich any expre«wu)Ji of the fonn 
T^^pz-^q or az^ ^ bz -r r I'iui Ix' cxpn-jweti iw the difference of 
two squares. 

By Art. U2 we have the follow Im; identitiee : 

X* - 2njr i a* - ( 4 : • 0 1*. z' '2az • a* - (x a)*. 


So that if a trinomial U a yx^rfe* t S4^\ure, and ih hujhfd pnurvr 
A/?4 unittj for rof^i/irnt, wr mnst always have tin* term 
without X eqiwl to (hi ^juan nf half tAe coi^rimi of x. If llK-re 
fore the tir^t two terms o ^mtainin^ x* arvt x| of such • txiiwmual 
are ihven, the wpiare may be ct^mpleted bv addtuu the ix^uare of 
half the eoefftcient of x. 


Thus X* ^ 6ar » rnadf h perfM square if we luld lo it 

or 1} ; and it then berome* x’ ftx • Ih fjr (x • 3)*. 



Simikrlv to mAkc x* - 7x 
\ ‘>j • 4 ^ 


% prrfrcl square we must sdd 



Hot*. The ayMm! term is shrays p^>«itre*. 

KxampU I, UncJ the krtors of 
The exprrmkfrt m»y he written • Or 4 9) 4 ^ 0 • 

tfiAtW, fx*.1)<. 4 

(x4,1*2)(x>3~2) 

U^r,}ix4 j). 



XVUj UESOLUTION INTO FACTOBS 

Example 2. Kind the factcnv oiz*-lx- 228. 


I* - 7jr - 228 ^ - 7r 4- - 228 - j 

■(■-S'- 


m 

4 


/ 7 3l\/ 7 3l\ 

~V 2^2)v"2"2) 

U4^12)(x-i9). 


Kzamjile 3. Fincl tHi‘ fa^'tors of 3r* - I3i + 14. 

= 3(x-^),.^2) 


m 


Ab the proeess of o-)mpteting the square is quite general and 
applinable to nil (asi'ts, it may eonveniontiy bo ur^ when factorisa-' 
tion by trial would prove uncertain and tedious. For example^ if 
the fartnrs of 247* * 1187 - 247 wei\' required, it would probably be 
beat U) apply the pctieral method at once. 

136b. Tlie following exercise contains easy miscellaneous 
examples of the differs t cases explained in this chapter. 


EXAMPLES JL vu. 1 (Misc^laaeous} 
{On Arts, 128, 129) 


RcsoKt into factors : 

/I, 7*-.37 + 2. 2. a*+7a + 10, 

/4, yi-4y-21. 5. c> + 12c + ll,' 

-7. n‘ + 12n + 2f)." 8. y»4-0y-10. 

10.*y*+y-ll0. 11. **-92-90. 


1/3. 6* + 6-12. 

^6, 7* -4* -6. 

•^9. p*-2p?-2455. 
A2, i*-14ii+48. 
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Resolve into factors ; 


^ 13. 

fl* + i8a + 81. 

U. 

6»-346-8l. 

15. 

c*+30c+81. 

, 16. 

j*'Iir + 49. 

17. 

y* + f2l«*. 

18. 

2* 22-63. 

^ 19. 


20. 

/>* « 5;? - 24. 

21. 

f* + W-36, 

-22. 

- \tU> + 4. 

23. 

a*6> + 10o6 + 16. 

24. 

6*-46 - 45. 

/25. 

m* + 3m - 88. 

26. 

n* - 12n -45. 

27. 

;)*fl0;)-39. 

28, 

jy-iy-72. 

29. 

i*-r-20. 

30. 


31. 

£i*-Ila6-266>. 

32. 

a*6*-o6-56. 

33, 

y‘ + y*-I56. - 

.34. 


35. 

y* 2y*-35. 

36. 

i*rftry-9ly*. 



(On 

; Arts. 125-132) 



Resolve into two or more fac^>ra : 



57. 

mW - 3m‘R>. 

38. 

W 4 2rwV 

39. 

y* 2y 15. 

40. 

{arb)i*ia 

41. i*- 

u^ry 

' yz. 

42. 


43. 

26* f 1 16 - .1. 

44. 

r» O/y t Oy*. 

45. 

ar« lOr ^ 3. 

46. 

f*tf* - (d - 2. 

47. 

ftr- . It - 3. 

48. 

4(a -h) - f{a - &). 

49. a*^ 

fl* • 2<] 

1 ^ o 

30. 

2c^<i~Wr2rM\ 

51. 

^ 2j'*y 

63jy. 

52. 

6y> - 7y - 3. 

53. 

4x* - llr i 9. 

54. 

3 5/) 12;»*. 

.55. 


56, 

4:* ^ :>;» - 6;. 

57. 

n* * a* - 42a. 

58. 

2m* - m* f 4m - 

2. 

59. a*- 

3a> - a»6 . 3«*6. 

^0. 

14~.5^-^*. 

61. 

17-181-1-2*. 

62. 

2pft*-l)ra* 21, 

>63. 

i>jF* - 7jry ~ 6y*. 

64. 

Gm*^ 17m* - 4.5, 

, 65. 

9m* - 24m t 16. 



(On 

Ari^. 12,5-136,) 


56. 

25 81a*. 67. 

a«6* 

*9. 68. 27 +P, 

69. 1 -64m*. 

70. 

71. 


<1. 72. 82 * i 

1. 

73. 1 612*. 

74. 

250p»^l 

75. 

100tt*6* - 4, 

76. 

729 +f*rf>. 

77. 

(a +x)* - 1, 

78. 

16-(6-c)*. 

79. 

9j 4 4jy*. 

80. 

/>*~W-2(VA 

81. 

P-P-42/, 

82. 

<t*6^* -8lrf*. 

53. 

642* -27y*. 

84. 

z*f 2.1-323. 

85. 

A* 289. 

56. 

/» + N272. 

87. 

I000z*-27. 

88. 

a*tl0tt-m 

59. 

a* - fr* 26c - c*. 


90. 1 -a* + ajf -9y*. 

91. 


92. 

a* + 3a* + 4. 

93. 

6*-26 -783.’ 
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137. lliscellaneouB cases of resolution into factors. 

Example 1. Resolve into factors I6a* -816*. 

16a* - 816* =:(4a* + 96*){4o» -96*) 

=:(4<i* + 96*)(2a + 36){2a-36). 

Example 2. Resolve into factors x*-^. 

(i + y){x* - zy + y*)(jr - y)(i* + zy + y*). 

Note. WTien an expression ran be arranged either as the dif- 
ference of two s<]uares, or as the difference of two cubes, it will be 
found simplest to first use the rule for the difference of two squares. 

3. Resolve inUj factors 28^*5^ 4 64j:*y - 60x*y. 

28j*y - e^jJy - 60x*y -4x*y(7x» i Iftx - 15) 
-4j:^y(7z-5)(x + 3). 

Example 4. Resolve into factors z^/>* - 8y*p* - 4Jt*y* + 32y*y*. 

The c X pression ' p* (x* - 8y*) - 4y* (x* - 8y*) 

- (X* -8y*)(p*-4^) 

- (x - 2y) (x* - 2xy + 4y*) {p^2q){p- 2y). 

Example. 5. Resolve into factors 4x* - 2.5y* -r 2x + 5y. 

4x*-25y*-i-2:x + 5y--(2x-^.5y)(2x -5y) -4 2x4-5y 
-f2x4 5y)(2x-5y + l). 

EXAMP LES XVn, 1 (Continued) 

Resolve into two or more factors : 

94. I* -64, 95. 729y*-e4x«. 96. x*-l. 

97. 729rt*6-o6\ 98. fl»x* - 64fi*y*. 99. a»-6” 

100. X* 4 4x*y*i* +4y‘z*. 101. a*6*4512. 102. 2x* + 17x+35. 

103. 500x*y-20y*. 104. (rt + 5)‘-l. 105. (c+d)*-l. 

106. l-(i-y)*. 107. x*-6x-247. 108. o*~22a-279. 

109. 2.50 (a - 6)» + 2. 110. (c + d)* + (c - d)*. 

Ill, 8(x + y)*-(2x-y)*. 112. x*-4y» + x-2y. 

113. a*-5* + a-6. 114. (n+6)*+a+6. 

115. o* + 5* + a4-6. 116. o*- 96*+ a + 36. 

117. 4(x-y)*-{x-y). 118. x‘y-xy-xV+*y^ 

fMisooUanooas Examples IV.. p. 184, ond Chapter xivm lei/l 
fumieh further practice in Reeoluiion into Fadora.] 
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M1SC£LLAKE0US EXAMPLES III 


1. Subtract 3Lr*-7jf fl from 2r*-&t-3, then subtract the 
difference from lero, and add this last result to - 2r* - 4, 

2. Simplify 

2(3<j - |4A - 5r)} +4{4a - (56 - 2c)} f 4(5o - 3(6 -ej). 

3. Find the product of 

“ 2a*c + 2cic* - f* 
and 


4. 


Solve the equations ; 


(2) ar-»-5y^75. 
7r - 4y ” 1 1. 


5. Kind the square root of Rr* - IRr* 1 ~ Rr - * j*. 

6. Find a numljer whoae third, fourth, aiith, and eighth part* 
together make up 63. 


7. Ifa =4,6 3, c 


tind the value of 


- 6^ 6* r* - 


8. 

9. 

10 . 

11 . 


Divide X* 


21 , 33 5 , , Ic I 

Add .'jur^ - fix to the ejet-ss of 1 over 3x* - 5x - 1. 

Find the factor** of (1) a*x* - 2nx - 15 ; (2) 4m* - 81/?y, 

Solve the equatiorw ; 

(!) I3x r My = IR (2) 57x^52y IHl, 

Mx-^13y 30. 76x % 458, 


12. A train which travels a miles in 6 houni ii p times as fast M 
a coach. If the coach tahra m hours to cover tlao distance brtwem 
two place*, bow many miles an^ they apart* 


13. Find the continu«i produrt f>f 3jr* - £r *■ 3, 4x + ,5, 7x - 2. 

14. Solve the efpiatiorm ; 


15. 


(2) 



l.'Vi 


Is 

'•.n' 

1 . 

33/ 


2x + 7 
‘ 5' ~ "■ 


Write down the square of x* + 7x - M. 
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16 . KcsoIyo into factora : 

(I) x* + 2ax-bx-2ab; (2) z‘ + I(ht*y-66y*. 

17. Find tho H.C.F. and L.C.M. uf 496c*, 2lo*6>, 56ca*, 63a6c». 

18. A Iian £50, and B haa £6 ; after B ha« won from A a c<ertaiii 
sum he then ha« five-nintlw of what A has : how much did B win? 


19. 


20 . 

21 . 


Simplify 


1 5a«p» 49aifc* . 7tt»Jb» 
^ 40^)*m* ■ 64 to* 


Shew that a {» - 1 ) (a - 2) (a - 3) = (a* - 3a + 1 )* - 1 . 

Expreaa by means of aymbola : 

(1) The excess of m over n is greater than a by c ; 
f2) Three timea the square of a6 together with the cobe 
c is equal to p times the sum of m and n. 


and shew that i' - 2 docs not satisfy the ecpiation. 


23. Divide the product of 3j* -2xy -y* and 2jr - y b_v jc -y. 

24. What is tho price of apples per dozen, and of eggs per score, 
when 60 apples and 100 eggs together cost 8 j. 4d., and 72 applet 
coat a« inucli aa 30 eggs? 


25. Express the product {2j;* - 13r + 15 )(j:* - 4r - 5)(2x* -i - 3) 
In aimple factora, and thence write down its square root as the 
product of three binomial factors. 

26. If r -6, y 7. z 8. find the value of 

x.-(y .■)-2ix.:-3(-2(y-l))1.4[^-(3-"y)]. 

27. Divide 6xi r .77r*y + 1 28x*y* - 60/*y* - 1 30.ry* i 63y* 

by 3z* + 15jr*y ^ Try* - 9y*. 

28. fSolvo the equations : 

4xf2yfZ-.U, 3r y + 2j=:=3, rf7y-r^23. 

29. Iteaolve into two or more factors : 

(1) jr*y-4ry»; (2) 2m* + m»n>-3»‘. 

30. In how many days will n men do - th of a piece of w ork, the 
whole of which can bo done by 6 men in c days? 

m -4, a " 24, 6 ss 14, c “ 18, what is the numerical value of tiio 
answer? 



CHAPTER XVni 

Highkst Common Factor 

138. DEnsmoN. The highest common ihctor of two or 
more algebraical expression is the (xpremon oj h\gh(M dtme..* 
nons which divides each of them without remainder. 

Hole. The term grtaUM common \» s(nmetimcs uwvi instead 

of hiijhtM common factor ; but, atrictly epeaking, the term grtoicM 
common mcafurt ought to be cimfinwi to arithmetua! (piantitiea ; 
for the highest common factor is not neceMsarily the greatest common 
measure in all cases, as will apfKar later. {Art. Nt'i.j 

In Chap. XI we have explaim'd how to write down by inaprc- 
tion the highest common factor of two or more simple ex pres- 
liona. An analogous method will enable us n adily to find the 
highest common factor of compouM e.tprt^iorw wfiich are given 
as the pnxluct of factors, or w hich can be easily rewdved into 
factr>rs. 

Exam pi* 1. Kind the highest common factor of 
■tcjc* and 2cj^ - 

It will he easy to pick out the common factors if the expreasions 
are arranged as follows ; 

4^^* ■ 4cj*, 

2cjJ+4c*j* r2fx»(x + 3c); 
therefore the H.C.F. is Stj*. 

Example 2. Find the highest common factor of 

3o* + 9oh, a»-9wh*. a* + 6a*6 + »oh*. 

Kesolvmg each expression into its factors, wc have 
3a>+gah:^3a(af3fc), 

0 * - fti6* a (a ^ 3h}(a - 36). 

0* + 6o*6 4- fto6* = a(a + 36) {« + 36) j 
therefore the H.C.F. t» a(a 4 36). 



CHAP, xvm] HIGHEST COMMON FACTOR 139 

139. When there arc two or more expressions containing 
different powers of the same compound factor, the student should 
be careful to notice that the highest common factor must contain 
the highest power of the compound factor which is common to 
all the given expressions. 

EzampU 1. The highest common factor of 

x{a~x)'*, a(a-*)*p and 2<u{a - z)* is (a -x)>. 

Example 2. Find the highest common factor of 

or* + 2a*r + a*, 2ar* - ia^x - 6a*, 3{ax + a*)*. 


Resolving the expressions into factors, we have 
ajT* i 2a*j: a’ ~ a (x* -f 2aj: t a*) 

( 1 ), 

2ax* - 4a*J - 6a*~2a(x* - 2ajr - 3a*) 

-2a(x + a)(x ~ 3a) (2), 

3(ajr ro*)* “3a*{x +a)* (3). 


Therefore from (1), (2), (3), by inspection, the highest common 
factor is a(x -^a). 


EXAMPLES IVni, a 

Find the highest common factor of 
1 . o* + a/>, «* - b*. 


3. 2x* - 2xy, X* - x*y. 

5. a:^+x*y, x*-! y*. 

7. a* - a*x, u* - ox*, a* - ax*. 
9. a*^x+a/>*x, a*6 -6*. 

II. o* “ X*, a* - flx, a*x - ax*. 

13. 2ar ~ 4, :)0x* - 2. 

15. X* + X, (x f 1)*, x*+ 1. 

17. x*-2xy+y*, (x-y)*. 

19. x* + 8y*, x*Txy-2y*. 

21. x*43x + 2, x*-4. 

23. 

25. 

27. 

28. 

29. 

30. 

^1, 


2. (x^y)\ x*-y*. 

4. fix*-9xy, 4x*-V- 

6. 0*6 - a6*, 0*6* - a*6*. 

8, a* -4x*, a* 4 2ax, 

10. 2r*y-6xy*, x* - 9y*, 

12. 4x*4 2xy, 12x*y-3y*. 
14, 66x 4 46y, 9cx 4 6ry. 

16, .ry-y, x*y-xy. 

18. X* 4 a*x, X* - a*. 

20. x*-27o*x, (x-3a)‘. 

22. x»-x-20, x*~9x430. 
24. 2x*-7x43, 3jc*-7x- 6. 
26. 2x*-x-l, 3x»-x-2. 


X* - 18x4 45, X* -9. I 
12x*4x-r 15x*48x4l. 
c*x*-d*, axx*-6cx4odx-6d. 

X*4x*y4xy4y*. 
oihe ~ o*6x - 6a6*x, a*6x* - 4fl6*x* 4 36*x*. 
2 x*49x 44, 2x*4llx + 5, 2i*-3x-l 
8**48r»44x», 3x»4llx*+6x», 3x* - 16x* - 12x*. 
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[// prtjerrtd, tkt rtmaindtr c/ this chapUr may he takrji qfter 
Chap. XXV.] 

*140 The highest common factor should always be found by 
inspection if poesible, but it may happen that the expressions 
cannot be readily resolved into factors. In such oases we adopt 
a method analogous to that used in Arithmetic, for finding the 
greatest oororaon nieasure of two or more numbere, 

*141. We shall now illustrate the algebraical process of 
hndiilg the highest common factor by examples, postjaming for 
the present the comjilete proof of the rules wo use. But we 
shall enunciate, two principles, which the student should bear in 
mind in reading the examples which follow'. 

✓ I. If an expreMion coniaihs a certain factor, any multiple of 
tAe expression is dirisible by that factor. 

II. If firo expresswriS Aaiv a common factor, it trill ditvie 
their sum and their difference ; an t also the sum and the Hijlcrenoe 
of any multiples of them. 

Example, Find the highest com mot j fat tor of 



4x5 - 3x* - 24x 9 and Sf* - 2x* 

- .Vlx 

39. 

z 

4/^ - 34'* 24x 9 

Kr*-2x* 

.^:ir 

39 


4jJ - hz* 21 j 

Sx^ (Vr* 

4Xr 

IS 

2x 

te* iz-'j 


.'xx 

J1 


Zz> - 6x 

4z^ 


IH 

3 

9 : 
3x-9 ■ 


X 

3 


Therefore the H.C.F. in / - 3. 

EfjdafMiion. First arrange the given expressions aceortling to 
descending or ascending powers of z TTje ex^iressions so arranged 
having their hrsi terms of the same order, wo lake fur divisor that 
who«e highest power has the smaller roefhrjftnt. Arrange the work 
in parallel columns as above. When the first remainder 4^* - Uz 21 
U made the divisor we put the quotient z to the left of the dividend. 
Agtun, when the second remainder ~ .*lt - 9 is in turn ma<le the 
divisor, the quotient 2 is placed to the riyki ; and so on. As in 
Arithmetic, the last divlvir r 3 ^ the hightst common factor 
required. 

*142. This method is only useful to determitu!! the compound 
factor of the highest common factor. Simple factori of the 
given expressions mast be first nsmoved from them, and the 
behest common factor of these, if any, most be observed er^ 
multiplied into the compound factor given by the rule. 
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K^MmpU. Kind tho highest cotuinon fattor of 

24a:* - - 60x* - 32i: and 1 Bar* - 6x* - 392* - 18x. 


Wo have 24x* - 2^* - OOx* - 32x - 2jr( 122* - x* - 30x - 16), 
and IS/* G/> -39/* - 18/ - 3/(6/* - 2/* - 13/ -6). 

Also 2/ a IK I 3/ have tho common factor /. lie moving the simple 
factors 2/ and 3/, and r(»<scrcin^ their common factor /, we continue 
as in Art. 141. 


6/* - 2/* - 13/ - 6 

12/*- /*-30/-16 

6/* - Hx*- Hr 

12/* -4/* -26/ -12 

6/*~ .0/-6 

3/*- 4/ - 4 

(ir»- R/-8 

3/*+ 2/ 

^~2 

- 6/ - 4 


- 6/ - 4 


Therefore the H.C.F. 13/(3/ + 2). 


* 143 . So far tho process of Arithmetic has been found exactly 
applicable to the algebraical expressions we have considered. 
Hut in many coses oortaiii nio^cations of the arithmetical 
method will be found neevssory. These will be more clearly 
underatotxi if it is remembered that, at every stage of the work, 
the riMnaindcr must contain as a factor of itself the hight-st 
common factor wc are seeking. [See Art. Ul, I & II.] 


Kxumpk 1. Kind the highest coninmn factor of 

3j:* - 13/* +23/ - 21 and 6jr* + r*-44r + 21. 

3/* -13/* + 23/ -21 j6/*+ j*-44/ + 21 
6 j* -26j^+46/-42 


27/* -90/ +68 


Here on making 27/* - 90/ + 63 a divisor, wo find that it is 
not conteinwl in 3/* - ISjc* + 23/ - 21 with an irUf^ quotient. 
But noticing that 27/* -90/ + 63 may bo written in tho form 
9(3^ - 10/ + 7), and also bearing in mind that every remainder in 
the course of the work contains the H.C.F,, we conclude that the 
H.C.F, we are seeking is contained in 9(3ar* - 19/ + 7), But the 
two original oxprossions have no timple factors, therefore their 
H.C.F. can have none. We may therefore r^ect the factor 9 and 
fo on with divisor 3/* - lOi* + 7. 
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Resuming the work, we have 


z 

ar»-I.V^23jr-21 

arS-lOrrT 


an -iar3 4- 7r 

a/* - 7r 

1 

- ar^r!ftx-2l 

ars7 


ar^^ lOr 7 

- ar - 7 


2itlr U 



ac 7 



Therefore the H.l'.K. is 7, 

The uctor 2 ha 3 been removinJ on the same prounHs a.s the fat lor 
9 above. 

Kxnntfit 2. Kind the highest common factor <>f 


- ^-x-2 (I,,- 

aml 2 (2), 


As the expressions stand we t'annot begin to divide one by llic 
other without using a fractional quotient. The difRtntltv may be 
obviated by intrtxlurtntj a suitable factor, ju.Ht h» in the last ra-ne 
found it useful to remove a factor when wr could no longer pnH’«'<l 
with the division in the ordinary way. The given exprcMtions hav<' 
no common funpU factor, litiui' their H.f'.F. cannot be afTecte<l it 
«e multiply either of them by any simple' factor. 

Multiply (2) by 2, and use (1) a.s a divisor ; 



! ‘ / 2 

' 7 ! 

(if* 4/* 2/ 4 

6/* ► .Ij'* a/ « 

-2jr 

Mt* ‘ 7/^ ijr M 

7/* . til ^ 2 


||j* Iftjr 4^ 

17 

I7j j 

17/*' iz 14 

~ i 19/« . Ktz t M 

1 

I7r* 17/ 

M»/*»2I/»»H 

Ml 

I4j M 

64 ) 64/ 64 


14/ ' 14 

/ I 


Therefore the H.C.K. U z - 1. 

After the first division the factf»r 7 in introduced because the first 
remainder - 7z* * 2 will not divide lir* t jr* jr 2. At the next 

stage the factor 17 is in tmy lured for a nimilar reacwm, and finally the 
factor 64 U removed as explained in Kxampie I. 

Hote. Here the highest cvimmnn factor might have been more 
eaidly obtained by arranging the exprewsiona in aareWiiig powers of /. 
In this cane it will be found that there Is no need to mtmdiier a 
numerical factor in the c^mrse of the work, Detached coeffirients, 
as expUinad in Art, 46, mav also lie used with advantage here, and 
will often effect a considerable saving of labour. 
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n44. From the last two exam plea it appears that we may 
multiply or divide either of the given expressions^ or any of the 
ix'mainders which occur in the course of the work, by any factor 
which does not divide both of the given expressions. 

*145, Let the two expressions in Example 2, Art. 143, be 
w ritten in the fonn 

22’-fr=-x-2 = (j-l)(2x*-r3x + 2), 
3z»-2x*-i-x-2^{x-I)(3x* + x-f2). 

'riicn their highest common factor is x-1, and therffore 
2x^f3x + 2 and 3x* + x + 2 hace no algebraical common divUor. 
If. however, we put x = 6, then 

2x’-^x‘-z-2z=4()0, 
nmi .Ir^- 2x*^x-2 = 580; 

and thf’ greaU'st common Jiioasure of 460 and 580 is 20 ; whereas 
.■) is tlie numerical value of x - i, the algebraical highest common 
I'iK lor. Thus the numerical values of the algebraical highest 
common factor and of the arithntetical greatest common measure 
do not in this case agree. 

'I’hc reason may lx? explained as follows; when x=-6, the 
expn^sions 2x* + 3r+2 and 3x*'fx+2 become equal to 92 and 
116 n.'spectively, and have a common arithmetical factor 4; 
w hercas the expressions have no algebraical common factor. 

It will thus ofUit happen that the highest common factor of 
two expressions, and their numerical great^t common measure, 
when the letters have particular values, are not the same ; for 
this reason the term greatest common measure is inappropriate 
when applied to algebraical quantities. 

♦EXAMPLES XVm. b 

Find the highest common factor of the following expreanont: 

1. x3+2x*-13x + 10, x» + x»-10x + 8. 

2. /=-5x=-99x + 40, x*-6x*-86x + 35. 

3. i3+2x»-8x-16. i* + 3x»-8j-24. 

4. j^ + 4jr*-5x-20, x* + 6x«-6x-30. ‘ 

5. .t^-x*-5x- 3, x^-4x»-Ilx-6. 

6. j^ + 3z*-8x-24, x»+3x*-'3x-9. 

7. a* “ 5a*x + 7ox* - Sx*. a* - 3ax* +2x*. 

8. x*-2x»-4x-7, x* + x*-3i*~x + 2. 

I. 2x»-6x* + lIx + 7, 4x>-lIx« + 26x+7. 
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Find the highest common factor of the following erprvsaicms : 

10. 6x*-jar*-2U^3a. 

11. 3r< ' I- 

12. ir* - ir* t f 3r - 1>, 4/* + Ir *». 

13. 3 *^ - Sot* 4 ii’x 2<i*, - 1 2nj^ i V r 8^i’. 

14. 2x^ - 4 9(1*2- - 7(^^ - Ifio*. 

15. 10/^ - 4j^ r il\ 

16. (W* - ~ ^ J 

17. w:^4j-V + Vlx^f - - iHXry'. ' 1^^^- 

18. 4j:*a* -4 10r*fi* - (JOx^fl* - r>4x^j\ 2 Ij^h^ • - 1 

19. 4r* - I4.r* ^ ^ ^ 

20. Tir* - liar* * 7i-j*r - 4iOa*. ISr^ ^ liur* - iSij*r 

21. 9r*- 22^y* ri/V ax‘-&jr^4r^y^ 

22. r*-r*-z 1, rNr«>x*-l. 

23. Ur4r*-r*. 1 

24. 6-8(1 3in* - I Jio’, 2*) - 35a - 95a* - 49rt*. 

25. ftr* - I .'xr* - 452-* - I ir*. 42/ - 49i^ ittir* - Ux\ 

26. 3z^ - .>r* . 2. 2r* - 5x* - .1. 

27. 4x* - 6r* - 2Hr. 6r* . hir* - I7 j* 35f - 14. 


*146. 'fhc statrrncntfl of Art. 141 may be proved aa follows. 

I. If / divides .1 it will also divide «i/l. 

For suppoee .4 aF, then m,( - mth\ 

Thus /’ is a factor of m,4. 

H. If F dividea A and /I, then it will divide mA • nB. 

For supjxAie .4 af, R - hK. 
then m.l ^ nii - maf : *»5F 

' F(ww f nb). 

That y divider mA r n B. 

n47. Wc may now enunciate and prove the rule fr»r finding 
the highest common factor of any two comp*nind algi'bmii'nl 
raprewiona. 

We suppose that any simple factoni are first removed. ;See 
Kxomple. Art, 142.] 

trt A dhd ^ be the Uo cxpreawons after the ample factor* 
have been removed. IajI them be arranged in deo^ding or 
oaoendiiig powors of some common letter : also let the highest 
power of that letter in B be not leM than the higheot power in il. 



XVIII] 


HKiJIKST COMMON FACTOR 


145 


Diviile ly A ; let p Lc the quotient, and C the remainder. 
8upiJ<fcx‘ (' to liave a simple factor m. Remove this factor, and 
Ko obtain a new divisor D. Further, supper that in order to 
make .1 dii isiblc by Ij it is necessary to multiply ^1 by a simple 
factor n. l^^et q be the next quotient and E the remainder. 
Filially, divide by ; let r l)e the quotient, and suppose that 
then^ is no remainder. Then E will be the H.C.F. required. 

The work will stand thus : 

A) B{p 

m )<: 

I))nA{q 

qj) 

E)D{r 

First, to shew that £ is a common factor of A and J5. 

By examining the step of the work, it is clear that E divides 
/>, thcriTorc also qD ; therefore qD^Ef therefore 71.4 ; therefore 
.4, sintv u is a simple factor. 

Again, E dividea D, therefore mJ&, that is, C. And since E 
divifies .4 and it also divides p.4 + C, that is, B. Henw E 
divides both A and Jl. 

Secondly, to shew that E is the highest common factor. 

If not, let then? be a factor X of higher dimensions than E. 

Then .Y divides A and thenTore B-pA, that is, C ; there- 
fore 1) (since m la a simple factor) ; therefore nA - ?i), that is, E. 

'rhus .Y dividi'S E ; whicli is impossible since by hypothesis, 
X is of higher dimensions tlian E. 

Therefore E is the highest common factor. 

•148, The highest common factor of three expressions 
.4 , y/. C may be obtained as follows. 

First determine F the highest common factor of A and B ; 
next find G the highest common factor of F and C ; then f? will 
be the required highest common factor of ^4, C. 

For F contains every factor which is common to A and R, 
an4 G is the liigheat common factor of F and C. Therefore 0 
is the highest common factor of A, R, C. 
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FbA("TIONS 


JirM reading Me M« Mudrnl tnay owii the grntrtil 

prolfit of the ruifjf girtn in this chaptfr. 

The artirkjt and ejminple.^ marled iriM an ajtteriA' tnn^t If 
omitted by those trho adopt the suggestion printed at Uie inp of 
page 


149 . In ChapiJT xn we tlu- sinipler kinils of’ 

fractions, using the urdin&r>' arithinctiMl nili s. \\V here prY)jK>s<' 
to give pnxjfs of thewe rules, and shew (hat they are applieahl* 
to aigebraii-al fractions. 


DEFtvmON. If a quantity x be divided into b equal j«rts. 
and a of these |)flrt« lx? taken, the n^ult is called the fraciioti 

of If X be the unit, the fraction I <if x is called 8imi'l\ 

” rt n ^ 

' the fraction r ’ ; so that the fraction , rfprwntN a equal jwrte, 
b b 


1> of uhirh male up Me uniV. 


Note. This ddUnition irquirca that a atid b hhuiild b(' {XMitive 
whole numbers. In Art. loj we shall adopt a definitinw which w ill 
enable ua to removr this rcwtrictiun. 


« mgy m . a nia ^ , ... 

iW. fo prmr that ■ , , irhere a. b. m are wisUier inUgen. 

^ b mb 

By I w'e mean a equal {larts, b of whieh make up the unit (1 1 ; 


, ma 

But 


that is. 


ma mA 

b parts in (l)-i7i6 ports in (2): 

1 port “V m 

a parts t ma 

a ma 
h mb’ 


ma a 
mi) b‘ 


Converaely, 
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Hence, ihi valw, of a fradion ii not altered if we mvUiply or 
dii'ide the numerator ajid denominator by the same quantity. 


Seduction to Lowest Terms 


151r An al^ebraicai fraction may be changed into an 
equivalent fraction • by dinding numerator and denominator 
by any common factor ; if this factor be the highest common 
factor the resulting fraction is said to be reduced to its lowest 
tjrms. • 


KratnpU I. 


Kfiimple 2. 


Itoduce to lowest terms 


24fl*c*r* 


The expres-sion 


Wx* - I2ci*x’ 
24rt®c*r* 4ae- 


- 2j-) 2a- 

Keduce to lowest UTms , - - , /,■ 
yry - 12y* 

2j-(3^-4y) 2x 
Ttie expression - — ^ 

3y;k-4y 3y 


Note. The beginner should be careful not to begin cancelling 
uat:l lie has expri^w-d both numerator and denominator in the most 
(utivcnient ftirm, by n-solution into factors where necessary. 


EXAMPLES XIX, a 
Ib'diico to loweat terms : 


1. 


10 . 


13 . 


15 . 


'la% Uf/ 
lodpi’ aV7}' 

/(2'j* IJaJ") 
u(4fi*r - 

J-’ - .LT 

■r* 4/ - 5 

4- 4xy 

14^ r»i 
X* ~2j* Ji) 


2 . 


11 . 


16 , 


18 . . 19 , 

ar*4.9oj.2t)a 


oAj 

ficjr r ror* 

4J-* - V 
4j* r'«j-y' 

/J- 2jy® 
j* 4rV f4y*‘ 

Si:* 4 6/ 
i* ^ 4 j' r 4 

14 . 

a 

i^+i-y- 2jf* 

^ .V’ 

.27*4-23x4 14 
3>*4 4ijr”^26’ 


12 


a*x* - ox 
20(r»-.V^) 
5 x* 4 5 xy 4 5 f/* 
(ry 3v*)* 

7V-2V' 

.vi*6 -r 10a*&* 


.W4 6aA* 
<Vi*6 4 6fi*A* 


' i a»6-2rt»6* 

2 x* 4 17 X 421 


17 . 


20 . 


3x* +26x435 
27fl 4rt< 


18a -fia»4.2rt* 



148 


ALGEBRA 


[chap. 


*152, When the factors of the numerator and denominator 
cannot be determined by inspection, the fraction may U; reduced 
to its lowest tenns by dividing both numerator and denominator 
by the highest commOTi factor, which may bo found by the nile^s 
given in Chap. xvin. 


Kmmpif. 


Hedui'e to lowwt terms 


ax*-lXr»r2ax *21 
K^-3Kj*-2r^2l' 


FirH Mtthod. The HX*.F. of immrrator and denonunator is 
34*-:. 


Divitling numerator and denominator by 34* -7, wo obtain as 
respective quotients ~ ir r 3 and 5jr* - 2 ~ 3. 

ar^-13x»>23r-2l_(3jr-7)(J* 2r+3) 

I.7x^ 3Sj^-2jr+2l (3 j:-7)(’>z^-x- 31 r>x*-x *3' * 


This U the simpleet solution for the beginner; but in this 
and similar cases we may often effect the reduction without 
actuaJiy going through the prrxxjas of tinrling the highest mmmon 
factor. 


•SVoFid .l/rtAod. IJy .\rt. J4l, the lI.t'.K. of numerator and 
dcDominator must be a factor of their sum ISjc^ f 21jr, that is. 
of 3r{3T 7)(ir - 1). If there be a wmmon divisor it must dearly 
bo 3jr~7; hcncc arranging nummtnr and denoininaUir ho as to 
show 3/^ - 7 as a fartor, 


tho fraction 


z»(3j- - 7) ^ 2T{3r 7) . 3(3 j* 7) 
^ ( 3i” 7r' J* 7 j"“ 3 ) 

2x j3) 

ru*'Tx-3’ 


*153. If cither numerates or denominator can roadiiy be 
resolved into factom we may u« the following method. 


7* + 34* 4x 


KxampU. Rerlnro to lowest terms . , „ , ^ 

74* IflE* f flj f 5 

The nuraaator :=4(z*i3x -4) “ 4(44 4){4 -- 1). 

Of these factors tho only (me which can bo a common divisor fa 
r* 1. Hom^ arranging tho denominator, 

4 ( 4 + 4)^4 -1) 


the fra(;tion- 


7z*( 4 - 1) - llx(4 
4(*+4)(*- I) 


1) 

(4 - 1 )(7x* - J |4 - 5) ■' 74* -lu - J 
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♦EXAMPLES XIX. b 

Reduce to lowest terms ; 

2*-t 

^ 0* 

3 'f! + 10 2r* + 

o’ -r a’ - lOo -r 8 '4 

_ 4fl* + 12a*& -ah^ - 156’ * 1+2 

‘ r+i 

7 ft 3o’- 

3>r7i-l0' “* ■ 4<. 

Q 4.H + 3ax’ 4fl» 4 j|_ 

* X* r (11* + o’j: r o’ * 3x‘- 

. 16x‘ -jSx’fi* + 8Io’ - ax’ 

ix* + i2^iX - Oo* ' 6x* -r 

5x* ^ :»X* - 15x - 0 ir 

■ ■ 7x» 4x’-i!uVii‘ ^ 

5 ^ 78<i’ x ~ 72o’ ex’ - 

Ui’ i lOflx’ - 4o*x - 4ik^ ' X* - ( 


x*-5x* + 7x-3 
x*-3x + 2 

2x* + 5x»y-30xy*+27y* 
4x*+5xy»-21y» 

1 +2x* + i’ + 2x’ 
l+3x’r2x’ + 3x’' 
3a’-3q’6+a6’-6’ 

4a’ ~ 5 q6 +6’ 

4z*-lftr’ + 4x+2 
3x‘-2x’-3x+2 ‘ 
ax’ + x* - 5x - 2 
^r5j^3x-2’ 

4x* + llx* + 25 

ex’ - 5a*r’ - 99a*x + 40o* 
x*'^j»r8^*j:» + 35a^ “ 


Multiplication and Division of Practions 

154. Rule I. To multiply a fraction by an integer : multiply 
the numenitor by that iTikyer : or, if the detiominator be divisible 
by the integer, divide the denomincUor by il. 

'I’he rul«' may be proved as follows : 

(1) ^ represents a equal parts, 6 of which make up the unit ; 

represents ac equal parts, 6 of which make up the unit; 

and the nundxr of parts taken in the second fraction is c times 
the number taken in the lirat ; 


“ , by the preceding case, 


[Art. 161.) 
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156. By the preceding article 
a . ab 

that u, the fraction ^ ia that which miut be multiplied bv 6 in 
ft 

order to obtain a. But, by Art. 46, the quantity which must 
lie multiplied by 6 in order to obtain o U the quotient reiullin : 
from the division of a by 6 ; w may therefore define a fraction 
thU : . a . 

th' frttction ^ w the quotient of a ditHiled btf b. 


156. Rule n, To divide a fraction by an integer : dit'idr 
the numerator, if it be dii'i^ible, by the integer : or if the numerator 
be not dieUibb', multiply the denominator by that integer. 

The rule may be proved aa follows : 

(1) I reprt'Senta ac equal j>art‘}, 6 of which make up the unit ; 


^ represents u equal [larts, A of wiiirh make up the unit. 

The number of parts taken in the lirst fnietion is c tim(*fi the 
number taken in the second. Therefore the second fraction is 
the quotient of the first fraction dianded by c ; 


that U 


ac 

6 


a 



(2) But if the numerator be not divisible by f, have 


a ac 

a" 6c' 


‘ b be 


a 

"bef 


by the preceding oaac. 


157. Bole m. To multiply together two or more fractions : 
multiply tngdher all the numerators to form a ncuj numeratorf and 
all the denomimtors to form a new denominator. 


To find the value of 

Let 


Vi- 
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Multiplying eaclvside by 6 xrf, we have 


^ ^ k j 

r-X-XOXd 

0 a 

^ k ^ j 

=-XOX-Xtf 

a 


-a xc; 
/. z X W = fkc. 

Dividing each side by bd, we have 


[Art. 154.} 


a c rtc 
“ b'^d^bd 


b d f yf 

and so for any number of fractions. 

158. Rule IV, To divide one fraction by another : invert 
the rftVfsor, and proceed as in muUi plication. 

Since division is the inverse of multiplication, we may dehne 

the quotient z, when - is divided by to be sucii that 


, c d a d 

Multiplvmg by - we have zx-x-=;^x-; 

‘ * c d c b c 

ad 

•• ^~Fc' 

Hence [Art 157.] 

6 d 6c 6 c 

which proves the rule. 

V lie- vf 2a* + 3o 4o*-6o 

EiampkV 5>implify-^,-x,^jg. 

2a* + lla 4a* -6o _a{2o + 3) 2a(2a-3) 

12iTl8'^ 4a* '^2^+^ 

2a -3 
■“ 12o ' 

by cancelling those factors which are common to both numerator 
and denominator. 
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ftr»-ax-2a* x~a , 2ar + o 
Szamrki. Simplify 9^r4<,i^3axTa,i ’ 

ftr* - or ~ ii* X - a 3«j + 2o* 

The eipmaion = - 

(3x -3Q)(2f -hq) x-g o( 3j + 3 a) 

~ q(x-a) (34: +2a)(3x - 2a) ^ + 0 

= 1 . 

■ince Ail the fActore cancel each other. 


EXAMPLES HZ. c 


SmiplitV 

1 . 


UjJ - 7x 

2x 1 

2, 

0*6* i-3a/f 

oA +3 


lit* f 21x* 

Hr2x 


4a‘ - 1 

2a > 1 


x^~4a* 

2a 

4. 

a* -121 a 

fll 


ox T 2o* X 

2a 


0* 4 <j 

1 - 2 



x-2 


2.Vi* 6* 

x{3a +2} 



4x - 3a 

0. 

9o*x* ~ 4x* 

5g >6 


x*^i>x^6 

x*-2r-3 


X* ♦ .V - 2 

X* » 7x f 

12 

H I 

H-9 


H 4 9x 4 20 

* X* 45x < 

6 

2H > .-ix « 2 

H * 4x 

1 fl 

2H . I3x- 

15 2x*U|x. 

" H 4 

2H f 9x ■t 4 

i u. 

“ y 

4H 

! 

H - 14x - 1, 

5 H ~ 12x - 45 





X* 4x - -i.' 

» • H-6X-27 





2x* -X - 1 

4H^x 14 





2H >5x^2 

49 





h* 276 46»-2.'i 

-15 

14. 

X* ftr* 4 3ftx , H f 2Jtftx 
~xi^^49 x*-z-«’ 


(Up>r;*- 2 * (r- 2 )* i^-i 
X* 4 U+2)*' 

^-£-20 j + I 

x*-25 ^ 4^21 H 3* ^5jc 

x<-l& r ^80 X* flrj _7 z +J 
z*-5z-^fi0^z*‘iflz*ai(5^Z‘l 
x*-8z-9 ji«-25 .z* + 4z-5 

z«-l7z + 72''>~ i ^x* »z + 8* 
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4x^ fx -14 4 j:= a: - 2 . 

iixy - 14y ^ z* - 4 4r - 7 ' ^ -z- 14 ’ 
il ■ 2 ^ z* 4- 5r +4 / X* 4.3 z 4- 2 x -i- 3\ 

X* - X - 20 X* - X • \ j* _ 2x - 15 z* )' 

4x* - 16x + 15 X* - 6x - 7 4x* - I 

2x: + 3x + 1 ^- I7x 4-Ii "" 4x* - 20x + 25 ' 

X* - 8x X* f 2x + 1 X* + 2x - 4 
X* - -ix - 5 X* - x^ - 2x ' X - 5 

(ff +/,)« - ft o (« -c* 

T ab -ac (a r c)* - b’ uh - - be ' 

fr t 2rtA T h* - r* a* - 2^/: > r- - b- 
aU-b* ~ ~~2U "" 6*^^ - r= -a* ’ 

x>-04 x» + 12x-64 . X* - IGx^W 
x> - 24x ^ 128 ^ x»-64 “x* 4 4x^16’ 

(fi* • <fx)* {n - x)* a* - ox 4 - X* 
fj- X* + a*x^ a* - 2«*x t ax* ' 

»}* r 4m*« 4 m n.* m* - 4n* , ( w + 

- 5mh* - 2n.* it»t* - ♦ «- ' 27 m* x «*' 

1 X Hx* 4x-x* (I -2 j)*+2x 
( 2 X)* "" I - 4x*“ 2 - 5^^^ ■ 
x*(x-4)* 64-x* , (x*^)» 

{x r 4)* - 4x 16 - X* ' (x T 4)* 

(;i 4 7)* -r* p' -i^pg rpr -pq +pr 
(p f q f r)* ^ - r)* - q* ' (p -g)* - r^' 

a* - X* /o*x + X* 0 * X a*x* 4 x*\ 

(I* - 2(ix f X* \ a* - X* a*x - ox* + x*/ 
fi» + 8fl*6 + 15a6* 16a<~17a*6» + 6Vn* + 2rtA-36* 

(64a> - 6>) (a* + «►»)'' 4<i* + 2Io6 + 55* ' o» - a^6~+^* '* 


a*-24u: fx* ■ \a>- 



CHAPTEFi XX 


Lowest Common Multiple 

[Thf iirtidfs nfxd fxamidiii marhrd in’/A on aMcrisk muM hf omltUd 
by thvue irho adopt the fugyedion printed at the top of ptuje 140. j 

159. DEnMTioN. 'IV lowest common multiple of two or 

more aL'ebraical w tlie ex|)n'K>iii)ii of loueet dimen* 

sioiw N'hicii is divisible by each of them without rt‘nminder. 

In C'liaptcr XI we have explained ht»« to write do^vrj by 
insi)ertit)n the bjwest common multiple of two or mono simple 
expressions; the lowest common multiple of coin|KJund exjnx's- 
sions which an? uiven as the product of factors, or which can l)e 
easily resolved into factors, can be n*adily found b\' a similar 
Riethixi 

Kxnmple 1. The lowe^i^l eonjmon multiple of 6x*(<i - /)*. 
and I ts i)^. 

h’or it consists of the profiu( t of 
(Ij the rtf the nuHHTit'al eoeffirieiiU ; 

(2j the It>»est f>ower of each factor which is divisihlr hv every 
{wiwer of that fact<ir occurring in the given expre^t-i'tnM. 

Example 2. Find the lowest common multiple of 
3a» * ikih, o» . fin** • W. 

.'to* -9«A ^3a(a • 34). 
ii* iHaJd 2a{a ♦ 36)(^ - 3A). 

(T* * Ati*A -r ft/iA* - 3A)((i • 36) 
o(a f36)». 

Therefore the LX'.M. is Ao(a^36)»(a - .^d- 

mHFLES ZZ. a 

Find thf? low e«t common multiple of 

L 2 ,x*^x. 2. z*.x*-Zx. 3. .Tf», 44;» ^ fk. 

4. 2lr>, Tx*ljr f 1). 5. 6. f oA, o6 i 6*. 

7. 4x»v ?/, 2z* > 7. 8. Re* - 2/, 9jf* - 37. 

9. x*^ ‘lz, X* f 37 > 2. !0. 7» - 37 ^ 2, 7* 1. 

11. 7« + 47 + 4, 7* + 67+e. 12. + 2<>ftzt8. 



CHAP. XX] LOWEST COMMON MULTIPLE 155 

13. J^-ar-6, j^+x-2, x*~4x-h3, 

14. x*+x-20, z»-10r + 24, :r»-a:-30. 

15. x»+x-42. x»-Ilr + 30, x*+2i:*-35. 

16. 2x> + 3x + l, 2ir* + 5x+2, x*+3xf2. 

17. 3x* + Ilz + 6, 3x* + 8x + 4, x* fr)/ + 0. 

18. 5x»h-IIx + 2. 5x*+l6x r3, x*+5x-6. 

19. 2x*t3x- 2, 2x* + 15x-8, z* + 10x-16. 

20. 3x*-x-14, 3x*-13x + I4, x*-4. 

21. l2x*+3x-42, 12x* + 30x* f 12x, 32x*-40x-28, 

22. 3x‘t20x» f3r)x*. Ox* f38x-28, 27x* + 27x* - .30x. 

23. 60x* + .")X* ■ .7x*, 60x*y T 32xy -i- 4y, 40x^y - 2 x’y - 2 xy. 

24. 8x5 _ 3 Sj.y , 4x» - xy - 5y>, 2x* - 5xy - 7t/. 

25. 12 x* - 23xy -i- lOy*, 4x* - 9xy r 5y*, 3 x* - . 5 xy -f 2y». 

26. Oflx® + 7a*x5 “ ,3a*x, 3«*x* + 14<i5j - 5a*, 6x5 _ ^ 45 ^* 

27 . 4ax*y* 4 1 Itjxy* - 3ay5, 3x*y* + 7x5y5 - Gxy*, 24 /jx 5 - 22ax + 4a. 

28. (3x - .’Sx*)*, 6 - 7x - ox*, 4x + 4x* 4 x*. 

29. 14a*{a*-6*}, 21ft*6*(u -/>)*, 6a*6(a - A)(rt* - 1*). 

30. m* T m*ft* t- ?t*, »i*n. + n*, (r/j* - 

31. (2r*-3^(;)*, (4c-6rf)», 8c*-27tf’. 

•160. When the given expressions are such that their factors 
cannot be determined by inspection, they must be resolved by 
finding the highest common factor. 

Example, Find the lowest common mnUiple of 

2x* •x5-20x*-7x + 24 and 2x* + 3x* - I3x* - 7x ^ 15. 

The highest common factor is x* + 2x - 3. 

By division, wo obtain 

2x* + .r» - 20x» - 7x + 24 =(x* 4 2x - 3) (2x* - 3x - 8). 

2x* 4 3x* ~ 13.C* - 7x 4 15~(x*t2x-3)(2x* - X - 5). 

Therefore the L.C.M. is (x* + 2x -3)(2x* - 3x - 8)(2x* - x - 5). 

*161, We T!wy now give the proof of the rule for finding 
the lowest common multiple of two compound algebraical ex- 
pressions, 

lict .1 and B be the two expressions, and F their highest 
common factor. Also suppose that a and 6 arc the respective 
quotients when A and B are divided by F ; then A~aF, B=zbF. 
Therefore, since a and 6 have no common factor, the lowest 
coitmon multiple of A and 5 is obF, by inspection. 
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*1©. Tliere Ls an itnportarit relation l>otw’oen the 
common factor ami the lowest common multiple of two exprt's- 
sions which it Ls dt'Mirahle to notice. 

Let F bo the highest common factor, and A' the Iow’«*»t connnori 
nuiltiplc of .-1 and U, Then, a« in the prectHlinit articlo, 

,4 rtF. fl = 6F. 

and X-(ibF, 

Therefore the prtKinct AH~aF .hf 

' F.abF 

-FA fl). 

Hencp the jfmlurl oj ttro expressions is etjual U> Oie piolud of 
their highest common factor and loictst common midtipfe. 

.Aeain, from ( 1 ) A - ^ ~ ^ ^ - I ; 

ft t 

hence the Icncfst common multiple of tiro expressions map he 
found by dividing their produrt by their highest common factor ; 
or by dividing either of ihnn hy their highest common factor, and 
multiplying the quotient by the other. 

•163. 'fhe lowest common multiple of three expresHitiiH 
.4, /A C may be obtainwi as follows. 

Hrst, tind A' the L.C.M. f>f .4 and H. Next find 1* the 
L.C.M. of A and (* \ then }’ will be the nM}ijire<l LC.M. of 
.!. /L r. 

For 1’ w the exprt'.ssion of lowest dimenaions w hit li is djvinbl ■ 
by A and (\ and A is the expresaion of lowest dimensions 
divisible by .4 and li. There Oire J‘ is the (-x press ion of lowest 
dimensions divisible by all thr»s'. 


EXAMPLES XX. b 

1. Finrl the hujhesl rommon faetor and the lowrst romnion 

multiple fit X*- tix 6, - 4. jr* - Xr A 

2. Find the lowest common multiple nf 

flA(jr* * 1) - j(<i* + fd) and ah{x* - 1 ) - /(o* - ft*). 

3. Find the lowest fsmjmon multiple of 

jy - ftj, ry -ay, / - 3fty 4 2i^, xy~ ‘2bi^ay - 2tfA, 

ry -hr ays- nh. 
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4 . Find the highest common factor and the lowest common 
multiple of X* + - 3x, 2x* + - 3i. 

5. , Find the lowest common multiple of 
1-z, (l-x*)», (l+x)*. 

6. Find the lowest common multiple of 

x*-10zr24, x*-8x+12, r*-6xT8. 

7. lynd the highest common factor and the lowest common 

multiple of + X* " ox - 2, 5x* ” 3x - 2. 

8. Find the lowest common multiple of 

(6c* ' a6c)*, 6*{ac*-a’), fi*c*-r2ac*-i-c*. 

9. Find the lowest common multiple of 

Also find the highest common factor of the first three expressions. 

10. Find the highest common fac tor of 

6x*-1.3x+6, 2x*-fr>x-12, 6x*-x-12. 

Also shew that the lowest common jmiltiple is the product of the 
thrttMjuuntities divided bv the acjuarp of the highest common factor. 

11. Kind the lowest common multiple of 

X* 4- ax* T o*x T a‘, x^ ■* n*x* - a*. 

*12. Find the highest common factor and the lowest common 
multiple of 3x* - 7x*y i 5xy* - y*, x*y f 3xy* - 3x* - y*, 

3x* +r)x*y-fxy*-y*. 

*13, Find the highest common factor of 

4r>-10x* + 4x+2, 3x* 2x*-3xr2, 

14. Find the lowest common midtiple of 

ci*~6*, a*-6», a*-fl*6-a6*-26*. 

15. Find the highest common factor and the lowest common 
multiple of (2x* - 3a*)y + (2a* -3y*)x, (2a* +3y*)x.+ (2x* + 3a*)y. 

*16. Find the highest common factor and the lowest common 
multiple of X* - 9x* + 26x - 24f x* - 12x* 47x - 60. 

*17. Find the highest common factor of 

x*-l5ax* + 48tt*x+d4a*, x* - lOax + 16a*. 

18. Find the lowest common multiple of 

2ix(xy-y*)», 35(xy - jr*y*), 15y(x*+xy)*. 



CHAPTER XXI 


Addition and SrBTRAmoN of Fractions 


164. Having explained the niN for finding the lowest 
common multiple of any given exjjressiona, we now proceed to 
shew how the addition and subtraction of fractions may be 
effected i. 


165. To provf 


a c 
b*d 


ad ^ be 
' W ' 


W'e have 


a ad c 6c 
b"ki’ 


;Arl, 150.1 


Thus in each case we divide the unit into W equal parts, and 
wc take tir^rt nd of thtse |>arls, and then be of them ; that is, we 
take adrtr of the W parts of the unit ; and this is expressed 

, , . . ad-f6r 

bv the fraction , - - 
W 


a e od + 6c 


Similarly, 


a c od *-6c 

br~ 


166. Here the fractions have been both expressed with a 
common denominator 6d. But if 6 and d have a common factor, 
the product bd is not the lowest common denominator, and the 

fraction will not be in its lowest terms. To avoid work- 

oa 


ing with fractiems which are not in their lowest terms, some 
modiheation of the abme will bo noreseary, In practice it will 
be found ad^dsable to take the lomM common denominator, 
which is the lowest common multiple of the denominators of the 
given fractions. ' 
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Rule L To reduce fractions to their lowest common 
denominator : find the L.C.M. of the given denomiTiaiors, and 
take a for the common denominator : divide Uhy the denominator 
of the first fractiony and multiply the numerator of this fradion by 
th^ quotient so obtained ; and do the same unth all the other given 
f'liriions. 

hUampk. Express with lowest common denominator 
ftr 4a 

2a(z-a) 3r(z*-o*)' 

The lowest common denominator U 6ar(x -o){ar +o). 

We must therefore multiply the numerators by 3r(x+a) and 2a 
respectively . 

Hence the equivalent fractions are 

li3a:»(x+rt) , 8a* 

r. — : r; : 

6ajr(jc - a){x +a) 6ax(z - a]{x -i-a) 

167. We may now enunciate the rule for the addition or 
subtraction of fractions. 

Rule n. To add or subtract fractions : reduce them to the 
lowest common denominator; find the algebraical of the 
vumeratorSy and retain the common denominator. 

Example. 1. Find the value of ° f — . — . 

3a 9a 

The lowest common denominator is 9a. 

ry.! f .1 . 3 {2jr + a) + bx ~ 4a 

I here fore the expression = ^ 

_6j; + 3a + 5x-4a Hz -a 
9a “~9a 

Example 2. Find the value of - — ^ -f — — ^ 

zy ay ax 

The low&st common denominator ia axy. 

Thus the expression -y(3z -2a) 

azy 

ax-2ay + 3xy-az-^^2ay 

axy 

= 0 , 

since the terms in the numerator destroy each other. 

Note. To ensure accuracy the b^nnw is recommended to use 
brackets as in the first lino of work above. 
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EXAMPLES XXI. ft 


Find the value of 


3. 

5. 

t 

7. 

9. 

11 . 

13. 

15. 


x-1 

x^3 

j^7 

2. 

ir- I , r-5 , 

x-4 

2 

5 ■ 

10 ‘ 

3 6 ^ 


5/ - 1 

t 3x- 

2 x-5 

4 . 

2x-3 X4 2 

5r f S 

S 

7 

. 

9 6 

^ 12 

T 7 

x-9 

xv3 

6. 

2x < 5 X 4 3 

27 

15~ 

2o 

45 

X 2x 

Kx- 

a ~b 

b~c 

f - a 

8. 

a ' 26 « 56 

a * 76 

nb 

be 

fd 

2d 4a 

8a 

b vf 

r 

d -6 

10. 

a -z a * z 

d* X* 

2d 

u' 

3c 

X a 

2dr 

z - 2 

X .5 

x-i-2 

12. 

lV^ 6* 6* - 

f* e* i 

ITr 

34x 

■ Sir ■ 

a* 6* 

r* 

X - 3 

.3x 

x*~9 
^ Ifir* 

8-x* 

_ . 

14. 

2 3y*-r* 

xy ry* 

rv ’ .V* 


'li-3y If 2z 5 
ry ^ iz ' z’ 


16. 


- he. Of - fc* nh 
hr ac ah 


,, , ^ 2jr - 3n Zz a 

r.jumwf 3. Simphry . - 

’ ^ ^ z Zn z • n 

Th^ low est common donominutor in {z 2o)(j- - a). 

Hcncts inultiplyinK the numerators by jr d »nd r - 3<i roopectively. 
wp have 

. . (ir - 3<i)(x c) (If • o){jr - 2fl) 

the expression : — 

{z~Za){x a) 

2jr* - hax i 3d* (ir* - .'ioj SJd*) 

If* - .W r ,3d* 2r* - .W ^ 2d* 


(/ ~2a)(/ d) 


(I- 2dJ(x -d) 


Hote. In bndirt^ the value of Rurh an cxpreMOon aa 

iZi-aUx 2d), 

the beginner should brat expreea the product in braclceta, and then 
remove the brarketii, aa we have done. After a little practi<e he 
will be able to take h^tb atqM tc^ether. 

The work will aometimea be sbortetied by fint reducing the 
fractions to tlieir lowest terms. * 
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Example 4. Simplify 
The expression = 


ADDITION AND SUBTRACTION OK FRACTIONS 

x^ + ozy-iy* 2xy 

2a:* + 8xy* 
y 

* + 4y 
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a^-!6y» 
x^+5ry-iy*-y{z -Ay) 
= z* - 16y* 

z* + C)zy -4y* -xy + 4y* 
r* - 16 y* 
i* + 4jy X 

i* - 1 6y* ~ 4y 


EXABIPLES XXI. b 


Find the value of 


1. 

2. 

J^2 .r + 3 

2 

x + 3 

1 

X -f 4 

3. 

1 1 

X -5 X - 4 

4. 

^ ^ 5 

x-6 xi2' 

a 

x-i a 

6 

X r6 

6. 

X - a ‘ X - 6 

7. 

rf3 x + \ 
x^4'x + 2 

o + x 

a -X 

9. 

x^2 x-2 

a -X 

n rX 

x-2 x^2’ 

10, 

n. 

j- " 2 X 

a 

X -a 

rt* 

X* -rt 

i 12. 

3 ^ 2x 
x-3'^x>‘-9’ 

13. 

1 x-fy 

2x-3y 4x*-9j^’ 


14. 

X + a X* + 2a* 
x^ 

15. 

2a~6 


16. 

2x» 

2x* 

4tt* -t* 2(1 + 6* 


x‘-y* x*+jy 

17. 

X* X 


18. 

1 

1 

7^~T+?‘ 



y{^+y)' 

19. 

zy 2x*y 


20. 

y 

X 

2,'5x*-y* 10x*y + 2xy* 

x(x»-y*) 


21. 

X* - 4a* X* + 2ax - 8a* 

22. 

x*+xy + y* x*-xy+y* 

X* - 2ax X* - 4a* 


x+y 

x-y 

23. 

1 (a + 2x)* 


24. 

a* +6* 

a* -6* 



rt*-a6 + 6* a* + a6+6* 

25. 

3 1 


26. 

1 

1 

x*-4’^(x-2)*’ 


a(x* - a*) 

x(x + o)* 
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168. Somo moditicfttion of the foregoing gonerai niethocb 
may sometimes be used with advantage. The most useful 
artitices are explained in tlie examples which follow, but no 
general rules can be given which will apply to all oases. 

. a +3 a +4 8 

Ixntniilt 1. SunpUfv 7 — r;- 

‘ * • d-4 0-3 a* -10 

Taking the tirst two fractions together, we have 
, a*-9-(o>-l6) 8 

' {a-4)(a-3) o* - 16 

7 8 

■ (o-4)(a '3) (a+-4)(a-4) 

^ 7 (^^4)-8(a-3) 

(a+4}(a 4)(o-3) 

hi a 

(a ' Ijfti -4) jo -3) 

Exam^ 2. Simplify ^ ^ 

The expr«.ion 

3j - 1 + ‘Ir - 1 
"Viz I){z-f OOirTT) 

.Vr 

r. , « i r 1 I 2r -Lr* 

Axo«n</ 3, Sjmphfy ~ - - - ■ 

' ^ a ~ X a * Z a* « a* r x* 

Here it shotihl be evirlent that the 6nst two denominators give 
a*-x*, which readily wmbinea with a*^x* to give L.C.M. 
o»-x’, which again combinea with + to giro a^-z*. 

Hence it will be f'onrenient to proceed aa foUnwa : 

a *-x- (rt x) 

The expressions ; — - - - - 

a* - X* 

2x 2i 
0 * - X* a* ^ X* 

4x* Ji" 
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EXAMPLES XXI. c 


Find the value of 

1 _L 1 ^ 

x + y z-y 


3. 

5 . 

7 . 

9. 

11 . 

13. 

15. 

17 . 

18. 

19. 

20 . 
21 . 
22 . 
23. 


_5 4-J3x 

U^“r-2x“l -4x*’ 
10 2 1 
9 - a* S-fa 3-a 

1 

2(« -ij) 2 (a f 6) a* -t* 
3 2 .'ix 


1 


1 


x*-9xt20 x»-1Ix4-30 
1 1 


1 1 3a: 

2x + y'*’2x-y 4x*-y* 
2a 36 86* 


2a + 36 2a -36 4a*-96* 
5z 1 1 


6(x*-l) 2(x-l) 3(x + l) 
2a 5 4{3a + 2) 

^3"6a+9''3(4a*-9y 
I y a:*y +xy* 

I I 

x*-7x + 12 x*-5x + 6’ 

1 3 



x-l (xfl)(x + 2) (jt1}(x+2)(x + 3) 
r,x l,")(x-l) 9{x+3) 


2(x + l)(x-3)”l6(x-3}(x-2) 16 (xt1){x-2) 

a 4 36 ^ a 4 26 <14 6 

i('aT 6) (f7+^) ^ (a+6)(a+^) 4 (o + 26) (a + 36) 

2 2 

x*-3xT2'^^*~- x'- 2“x*- r 
X 15 12 

x*T.5x + 6 X* + 9x + 14 “ X* + lOx + 21“ 

3 4 4x + 2 

i*n^^Tl^2x* + 3x4r 

r»{2x - 3) ^ 7x 12(3x + l) 

ll(0x* + x-l)'^6x* + 7x-3 ll(4x* + 8x + 3)“ 
x-3 x-2 1 oc S 
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find the value of 


l+2a 1 

-2a 8rt 

27 . 

24x 3 4 2x 3 -2x 

l-2a 1 

^2a (I -2a)* 

9-I2X.4X* 3-ie^3*2x’ 

1 

1 2x 

29 . 

11 4a 

3 X 3 

tx 9-x* 

2rt.3 ' 2tt-3'4a*^9' 

1 

1 i 

31 . 

3 1 a-x 

4(1 7x)' 

'4(1 -X) ^2(17 x*)‘ 

8(fi - x) ^ 8(a -fx) 4(a* +x*) 

2x 

47x^’2 

1 1 
-X“2 rx' 

33 . 

5 5 X 

3 6x“3 f6x“2 + 8x** 


34 . 


35 . 


36 . 


37 . 


38 . 

39. 


40 . 


41. 

42 . 

43 . 


I n I 

'2a -Sjc 3(J* - -IHH ^ 

I I a 

y 3a* 2l‘ 

\ \ I X 

S - Hi ” 8 r 8x ^ 4"'f 4x* ” 2 * 2x*’ 

II 1 18_ 

6a - 18 6o 18 a* -9 a'-Kl 

x^\ xl 1 
ir* - 4.r* ^ ir* ' 4jr^ x* - 4 

_ 1 1 3 

3/^ - 4xy ♦ y* x^ ~ 4xy ^ 3y* 3jr* - I < iry - 3y* 

1 2 .^E - 2 1 

X ~ 1 X K 1 j» - 1 (X f I )* 

108 -.52x 4 12 /1 - xV 
x(3 x|* 3 “X X \3 X/ 

(a - 6)^ 0 f 2A X (u - h)x 1 . 

(x-a){x*a»fc) 2(x-o) x* * fcx - a* - ^2 

3(x».x 2) .1(x*-x-2) Kx 
"x*^ x~2“ x**x -2 “ X* 4 ■ 


IW. Wc have thud far aMtumrd lx»th numerator and deno- 
minator to be poHitive integers, and have shewn in Art. 15.1 
that a fraction itself ia the quotient resulting from the diviaion 
of the numerator by denominator. Hut in algebra di>daion is a 
pfoceM not restricted U) positive integers, and we shall extend 
this definition as follows : 

The aJye6raic/rod«m g is lAr qwAi^i reguUing from the dimion 
o/ a hjf b, uhert a oad b may have any mluee whatever. 
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170 . By the prectHJiiij^ article is the quotient resulting 

fr<un the division of - a by - b ; and this is obtained by dividing 

a by bf and, by tiie rule of signs, prefixing 4 - . 

Again, -- is the quotient resulting from the division of -a 

by b ; and this is obtained by dividing a by 6, and, by the rule 
of signs, prefixing - . 

ThcrcfoR' 4"= -I (2)- 

0 0 

Likewise is the quotient resulting from the division of 

a by - b ; and this is obtained by dividing a by 6, and, by the 
rule of signs, prefixing - . 

Therefore — , - (3). 

- 0 0 


'riiesc results may bo enunciated as follows : 

1. If the sigm of both numerator and deriomhator of a 
f /act ion be changed, (he sign of the uhole. fraciion uill be un- 
changed. 

2. If the sigyi of KiTHKR numerator or dowminator alone be 
changed^ the sign of the whole fraction tcill be changed. 

The principles here involved are so useful in certain cases of 
n'durtion of fractions that we quote them in another form, 
which will sometimes be found more easy of application. 

1 . IIV mag change the sign of etery term in the numerator and 
denominator of a fraciion without altering Us talve. 

2. HVi mag change the ^gn of a fraction by simply changing 
the sigji of every term in eitiier the numerator or denominator. 


Kramjde 1 , 

b a ~b+a a -b 

y-j- “ ‘-y + x~x~tj 

X-X* -X+2* X^-X 


Example 2, 

*2y ~ 2y ' 2y 

ExninpU 3. 

3/ _ 3i- 3ar 

4 -4+ar*~ ac*-4‘ 

tlie intermediato step may usually be omitted. 
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&jtample 4 . iumpUfy — 4 + - , - V * 

^ ^ jr+a jr-o o’-ar 

Here it is evident that the lowwrt common denominator of the 
first two fractions is ar* -o*, therefore it will be convenient to alter 
the sign of the denominator in the third fraction. 

Thus the expression = - — t — ^ - 

z^ a X -a r~a* 

_(i{j:-a)r 2 jr(x+^n) - a( 3 j-o) 

j* - a* 

o-F - n* - ^ ' 2 fiz - Sox ^ o* 


£jnmpU Simplify ^ J ™ . 

_ .1 3x-l ] 

_ld(f * n d(:i/ ' l) ^3(x-l) 
- 1 ) 

' tiix*'-!) 

^ 13 -Tw 
" 6 ( 2 *-!)' 


EXABfPIXS m d 


Simplify 

1 


1 


I 


4z-4 fix + o 1 -2* 
z-2n 2 ( 0 * - 4rtr} 3i!i 
X * a cj* - X* X - a 

I I 4x 
2:x^ r 2x- 1 4x»' 

2-.'ix 3fx 2x(2x-ll) 
z ^2 ■ ' ^ 

5 


n 


i»r 2 ' 4 h- 4 '' 0 - 6 M 


10 . 


3 2 Tirt 

I +« I -n 0 * - 1 

X - rt 0 * 4 3 nx X * 0 
XfO o*-x* x o 
3x 2 2 

I - X* X i X f r 
3-2x 2x 4,1 12 

2 x; 3“3 2 x^ 4 x* p' 
I 1 1 

6 a 40 ^ 6 - 6 tt“ 3 a* 
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u. 


j:V„ 


13. + 

r-r -f+y y-^ 


15. 


i 


3a 


1 


2a +5A 2i>6»-4/i* ' 2a-5i 


12. . ^-y* 

■ ary ary-z* 

, , z* + 2z + 4 z*-2z + 4 

-« 2^-a 3r(a-6) ft -2a 

X -ft ft* -z* ^ ft +z 


flx*-rft 2(ftz’fax*) az*-6 

’ 2z - 1 ^ 1 ' -tr* 2z r 1 

19 

ia-l)}{x~u} {(j-a}{b-x) 

20 ^ ‘y + .. 

ix-a}ia~b} (r'ft)(ft-'a) 


18. 


6 4C 


{a-ft)(z-tt) (6-«)(z»ft)’ 


x~y -a 
{T-ajiz-i)' 


21 . 


1 I n 

(a* - ft*)(z* - ft^) (ft* -f-a*) (j* -t- o-){z* -fft*) 


22 . 

23. 


I 4a 2a 

X r rj (2-Z x*+a* 

.3 1 1 

X 1 fi z + 3a a-zz-3a 


24. 


25 . 


26. 

27 . 


28 . 


I _ 1_ 1 a* 

4a’(aTx) •ia*(X“a} a*-x^ 

^ y ^ j; y* , y .V 

- y* ' z* ^ y* ■' y* - ■* {X ^ y) (x* ^ f) ' 

h a «*./>* a* 

a(fi* ft*) ft(a*4ft*) fift(ft*-a*) ft*-a* 
a* ' 2ax . X* 2ax(a - x) x* - a* 

2{a*-x*j {rt -x)(«* . 2<ix T X*) 2(x-a)* 
2 1 3ft rtft 

a r ft a - ft ft* - 0* 0* 4 ft* 


3 _ 1 3 

8(1-1) '"8(T+r) 'i(l -i'^) '474- I)' 

1 1 I 4 .1 

X^X-l^X4l l-X*^X(X*-lj 

31 a' + iK ^ L. 

- r* aV 4 2ac* 4r* r*-a* fl4c 
4a 48ft 8<i-4ft 4ft»-6a« gOft* 

Tfft a-6 ft»-a* rt>4&‘ '’ft‘-a‘' 
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*171* Cwiaider tbe oxprvssion 


1 I 1 


(rt -6)(a - c) {b-c){b~a) (c -aKr -6) 

Here m finding tlie L.C.if. of the denominatore it must be 
obaen^ed that thea’ are not six dififereiit w)n>[x)und factors to be 
considered ; for three of them differ from the other thte<' only 
in sign. 

Thus {a c)- - (c-fl), 

' -(a-6). 

Hen'V. replacing the second factor in eacli denominator by its 
ef|uivalcnt, we may write the expreawon in the form 


I 


I 


I 


(o-6)(r-a) (t-r)(rt-6j 
Xow the LC.M, is (6 - f)(c ~ <7)(a ~ 6) ; 

-{b~c) -(f -fl) (n 6) 


..( 1 ), 


and the expression = 


b - f)(c '■ a){rt ~ 6) 


fj * r - r ^ a - a ^ b 
(b-c}{c - a) {a b) 


-0, 


*172. There is a |X‘culiarity in the arrangement of this ex- 
ample which it is desirable to notice. In the expre^ion (1) the 
letters occur in what is known lu CTclk Order ; that is, 6 
follows a, a follows c, c follows h. Thus if o, b, r a a* arranged 
round the circumference of a circle, as in the 
annexed diagram, if wo start from any letter 
and move round in tbe direction of the airows, 
the other letU-rs foUow in cyclic order, namely, 
abr, b^n, rah. 

ITie obsenanoe of this principle is «tpe- 
eially impr^rtant in a large class of examples 
in which the difference* of three letters are 
involved. Iliiis we are obsen’ing cvciie order 
when we w rite 6 - r, c o 6 ; whereas w‘e are violating cyclic 
order by the use of arrangements such as h r, o r, o fc, or 
a - c, 6 a, 6 c. It w ill alway* lie found that the work is 
renderwJ shorter and easier by followinji cyclic ortler frwn the 
beginning, and adhering to it throughout the question. 

In the present chapter we ahall oonfine or.r attentkm U a 
few of the simpler cases, resuming the subject in Chapter xxix. 
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♦EXAMPLES XXI. e 


Kind thf value of 


[(i-b]{a-c)^(h -rf{h -a) 

(r-(/){c-ft) 


a 

{a-b)(a-c) (6-c){/i-a) 

(<?-tf)(c-6) 

Z X 

y 

(jr-V)(x -:) (y-z)iy-x] ' 

(z-x){z~y) 

y + = = ‘ 

X4y 

iy-z](y-x)' 

\t~x){z-y) 

b - r c - ft 

0 -ft 

[a-b){(i -(} ib~c}{h-a} 

(c-ollf-ft) 

T^yz ^zx 

z'xy 

{x~y)(x-:) ' iy 

(=-r)( 2 -y) 

1 frt 1 -ft 


(f/ - h}{fi -f) ‘ (ft •r}{h - 11 ) 

(*r-a)(c -ft) 

p - (1 q - a 

r -0 

{p-q){p-r) {q-r){q-p) 

' {r-p){^~9) 

piq-r q^r-p 

np-q 

ip-q)ip r) {q-r)(q-p) 

[r-p){r-q) 

o’ ft* 

f’ 

(a* -6’)(o* -f’) (ft’ -f*}(ft* 

-o*)"(r’-«*)( 

xiy ■ ^ X4y 



{p^q)(p-r) {q--r){q~p) 

(r-/))(r-?) 

q^r r^p 

. P"? . 




12 . 
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Misceluneoi’s Fractions 


\Ezam^» mar kid urith (JH f/iaj/ in- «/ fj j/aye.] 

X?Z. We now projxiee to consider some miiKt'llaneous qut**)* 
tions involving fractions of a moo? coui plicated kind than llioso 
aJp'ady discussed. 

In tile pan'ious chapters on Fraotioiw, the luitneraUir and 
denomiuator liave Ixrn regartUtl as inte^a'W ; hut imjx-s fn*- 
quently (H'ciir in vvlucli the numerator or denominatijr (jf a 
fraction is itstdf fractional. 

174. Definition. A fraction of which the nutiicr.iU>r or 
denominator is itself a fraction is called a Complex rraction. 

(I a 

‘tn a h h 

Thus • are ( oni]>!ex rractions. 

r .1 

In the last of these types, the outside quantities, u and d, are 
sometimes ndenr'd to as the rzirrmrs^ wliile the two middle 
quantities^ 6 and c, art* called the me/oM. 

175. Instead of using the horizontal line to sej^'trfltc 
numenitor and denominator, it is sometimes oinvenierd to 
write complex fractions in the forms 



176. 


a 


By definition (Art. Ifift) 


b 


is the quotient resulting 


from the division of . by y, and this bv Art, ir»S is 

0 ' d 


fid 
6c ’ 


a 

‘ ' c 6c 
d 
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Simplificatton of Complex FractioDS 

17?i Irom the preceding article we deduce an easy method 
of writing down the simplified form of a complex fraction. 

the extremes for a new numemtor^and the means for a 
new <knominaU/r. 

a + x 

, h abla + z) a 

6{a*-jr*) a-x 
(lb 

by cancelling curnniuii factors in numerator and denominator, 

178, Iho student should especially notice the* following 
cases, and should be able to write down the results easily. 


a , 1 . , 

- -a xb-ao, 

1 6 

b 

1 

a_l . 1 I 66 
1 a ' 6 u 1 a' 
h 


179. Tlie following examples illustmte the simplification of 
complex fractions. 


Krampk I, 


a r 

6 d e\ (lA x he ad - he 

“ hd~~~'hdr 

Vi 

(id + 6c 6d ad 4 6c 
6d ad - 6c ad - 6c 


Or more simply thus : 

Afuitiply the fractions a}x>ve and Is'Iow by 6d which is the L.C.M. 
of their denominators. * 

'picn the fraction becomes ^ before. 
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EiampU 2. Simplify 


Here by multiplying above and below by we have 


the frartion 


r* i (i>j* * a*) 


Erample 3. Simplify 


3 <1 
a ' 3 


1 3 


Here the exprestiion 


ExampU 4. Simplify 


ISj 2 / 1 ^ - 12q 
a* ' ~ 18 

2((j* tVi-9) 2(^-3) 
(a - 3) a - b ' 

a* . M h* 
a*-h* 

a - b < 1*6 


The numerator 


Similarly the denominator 
Henee the frartion 


(a* -M)» 

(a* f 6*) (o* 



( 0 * ^ b^iia^ b*, ‘ 

4d^ 

■ 

inb 

(u* ^ - M) {a * A) 1/7 h) 

4in*A* (o i A) (rt - b] 
(a* t A*) (a* *- 4a A 

ah 

a* >A*’ 


H'ote. To enwre arnirary and neatne^w, when the numerator 
and denominator are somewhat mmplirattxl, the beginner is adrijied 
to simplify carh separately a« in the above example. * 
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180. In the caae of fractiona like the following, called 
Continued Fractions, we begin from the lowest fraction and S 
simplify step by step. 


Kiu m pit. Simplify 


1 


The (‘xpreettion = 


9x*-64 9x>-64 


•f-I-.— x-l- -~ 

4-^x-x 4 

4 f X 

9/* ^ f4 - 64 


4x 4 ( 4rx} 3j-8 

4 4 

4(9j*-64) 


3x-8 


-4(3j i 8). 


EXAMPLES XXn. a 


Find the value of 
I 

a r;t 


13. 


rn M 

-n"" 

ih 

T 

a f 


X + 5 + ? 

“TT- 

1 +“ + . 


j’ y 

n* 


•Ifl i 

3r - 


10 . 


b 

3. 4. 

V 


1 + 


11 . 


n p 


1 +- 

X 


1 

T 

n +- 
c 

1 


12 . 


1 + 


15. 


2;c»-jc-6 

A-i ■ 
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16, 

18. 

1?. 

20. 

21 . 

23. 


_r (JL \ 17 + 4af> 

l+j-/ * \a-6 o + 6/ ‘a*-6* 

( a* - <« + jr^ 0 * ■!- ax -r x*\ _ ** 

a-z a +x / 0* -X* 

(nr'r)^{, 


0*6 fi - 6 
0-6 tj - 6 

a* - M 




( 0 * 6 )* 


J 

3X - 2 *' ir > 2 


22 . 


24, l4- 


1 f X 4 


\-X 


25. 


26. 


Ax 


1 


27. 


28. 


•29. 


•31. 


SfY- 

r-2 


X - ■■ 


r-| 


0-6 h-c 
*’(1+o6)(|46c) 


•30. 


•32. 


Z ^ Z4--~- 

Z 4 - X - - 


^6 1 

^0+6 ^0*4 6^ 


'■“046 *^0*46* 
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•33. 


2-Z 


•33. 


z 

2-4z 


4j:-2- 


I 

2z-i 


I 4 


1_ 

^47-1 


*34. 


•36. 


2x* + 2x 


3(x-l) 


-.-I 


3 z 3 

'2 _^_/4 


z^-2 


x> + - 


181. Som('tim(*fl it h convenient to express a single fraction 
as a group of fractions. 


Kxamptf. 


5r»y - lO/y* 4- iry _ lOry* ^ 15^ 


I0x*y» 


“lOxy IOjV l(k»y* 

=:i 

2y z 2z* 


182, Since a fraction repitscnts the quotient of the numerator 
divided by the denominator, we may often express a fraction in 
an equivalent form, partly integral and partly fractional. 


Kzatnplf !, 


z -7 

z ! 2 /+2 


5 

'7r2' 


2. ■'^^2 n^3 _ J7_ 

” r-5 ^■4-5 z + 5 3:4-5 

In some casta actual division may be advisable. 

2x* ' " 1 4 

J?3wmpir 3. Shew that — -2r-l 


z~3 


z-3 


By division, 


7~3>lr^-7x-l(2x-l 

ir»-6x 

- x-1 

- 

Zi 


Thus the quotient is 2/ - 1, and the remainder - 4. 
mi 2jr*“7x-l „ , 4 

TTF"'^ F-3' 
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183. If the numerator be of lower dimensiona than the 
denominator, may still perform the division, and express the 
result in a form which is partly integral and partly fractional. 

±r 54-7 

Smmple. Prov'e that , — ~ iii - fir* + l&c* - z — . 

Bv division l+lr*)ir ( ir-Rr^ + lSo:* 

2x + ar* 

-fir* 

-fir*-lfir* 

IKr* 

1Sj» f54r' 

- 

whence the result follows. 

Here the division may be carried on to any nunibtT of terms in 
the quotiont. ami we can stop at any term we piwij«* by taking for 
our rt'iiutimicr the fraction whose numerator in the rtMu&inder la^t 
found, and whose denominator is the divijw^r. 


Thus, if we carried on the quoticiit to four terms, w'e should 


I 


-31* 


. 2r-6r* r .>4r’ 


Ifiir* 

I 


The terms in the quotient may be fractional ; thus If j* 
is divided by x*-a’. the first four tenns of the qm>tient are 

1 rt* a* a* , . j 

- ■ -- - ... and the remainder is - • 

X X* X* x'* x'* 


184. .Miseellaneous exam])l<^ in multiplication and division 
occur which can be dealt with by the pri'cedinj; niles for the 
reduction of fractions. 

Examptf. .Multiply r- 3a „ h\2x-a-‘^ . 

3r ^ .w ‘ X 1 0 

m product , (tr . 2a - >(u-a- 

2r* > 7flr r 6a* - a* 2x* 4 <ix - a* - 2a* 

2r r 3a * x i a 
2x*4 7ar4Ba* 2x«4flx-3a» 

2x + 3a X ^ M 

(2x45a){r4q) ( 2r4.1a)(x-a) 

2r43a zta 

s^(2r4 5fl){x-o). 
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EXAMPLES xzn. b 


Exprees each of the following fractions as a group of simple 
fractiooB in lowest terms : 


1 

q a* - 3a*6 + + 6* 

^ ' 

- 6c+fa+aA 


3ah ' 4a*a:* + 6aar* 

a +i 
abc 

a^bc - 3ai®<* + 2abc 
6afec 


Perfonn the following divisions, giving the remainder after 
four tc'mis in the quotient : 

7. jr-flKr). 8. a-:-(a-6). 9. (1 + j)*f (1 -j). 

10. l-;(Uxt^^). 11. 12. l-r(l-^)^ 

fi* - fj* 3/i* 

13. Shew that - 4^2*-- . ■ 

(fl-ft)* a-b 


14. Shfw that 


x-ry X - y 


1 5. .Shew that 1-. — r — - — - 1 ir - 2o -r - • 

or* -.1)^-2 X + 2 

16. Shew that 

2(tb Mb 

r. .. !6 j- 27,^ , 13 

17. DivhIo 

18. Multiply u>-2«..4x>-A'^-b,v3 


a* 1 3nx •(• 4 j* 
19 2fc* 

19. Divide by 

20. llivide a* r 06* -f by fl + 36 + -“x* • 

o* - 96* <1-36 

98x-^27, I 3x + 2lr 

2V. MulUpIy 4z> + Hz + by - - 
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185 . The following exercise contains niiscellHiicous cxampU^ 
which illuatrate most of the processes connected with fractions. 

♦EXAMPLES YTTT. c 

Simplify the following fractions : 


1 . 


To* -fij' o* +• 2«dt + 1*1 


3b(. 


0 * - Ta* 


■bx 


r?J' 


rlr - hKj* ~ lti) r(z -M){ 2 j:+a) 




txi 


3 V ' _ ' \ - 

b\a-b af%} a*T<iA-2 


4x 


11 2 X 

X (x • I f* X - 1 I - X 4 - Z* 

ir> Dx* T 27 
ir*- 8 lx-^lt) 2 ' 


10 . 


X-1 X + l X*-X*i 


nx* _ 

i 72xTlr* ‘ x^‘ 

(a* " fr*)x . a(o*'“ &•)/• 


h* 


6 *(A ■^ox) 


f j*~a* I* -ox I x*~a*x* /x u\ 
I X* - iax ^ a* X ~ a ( ^ X* > a* ' \a x/ 


12 . 


13 . :: 


a* ~ X* 
fi?T(jx ‘ X* ■ 

x«- 2 x«^ 


V - 1 * 


:jjr^ pJtr* r- 15x - 8 


14. 


a*fa {l 4 q)y^ y» 

o*-y* 


15. 


a a - 1 a 1 2 


x -3 


1 1 


it* + ftr + 9 2 * 2 x -3 


16 . 
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17 


faJ+ar-f 1 

13 


x*-ftr + 8 


19. 20. 

x*~.i£r2 4x>-2Ixa-M6x + 20 


21 . 


(x - 2rij* X* - rxix + 6a* ^2 - 

99 I orx / a V 

' 2 Va*:x*j‘' 2 -a:xA«.x/ 

23. 

‘- V y j *y/ x*y^ xjr x-y 

24. '-V, ^.--q. 

'*'*y L-V-f ry Jr-y/ x*y + xy*J 


26 


lx a , X a -x| ■ Va -X a-rxj 


27. 


29. 


30. 


1 

J 2x 

2x^1 ~U^' 

28. 



0-6 1 


I 1 t nl> 

"r^ 1 


I (a-W - 

~n(« -Ml 

U v‘ 

1 r+ni 

1 - o6 ' 


X* + y* ^ 




l_l x^.y* 

y ^ 


31. 


-rt x + V 
0 + , . -y 

4»n l4rt& 1 -xy 

32. ,i , / ■ , • 

, tf(ft-rt) . y(x+y} 

• 1 “ ' , - It 

1 + OA I - XV 


33. 


2x + l 2 

a+5 g-fc 
0 -& 0+6 o 6 *-o *6 
a -6 0 + 6 g*+ 6 * 

o + fr a - fc 
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34 . 


36 , 


38 . 


(1-7*)(1-7») 


7(1 * 7)(l-7)* 

^+1-1 


31 ('■, 

1 . 1 1 

m »i 

1 

m 

IK m 

m 1 * 

m 

■i 

0 ^ 7* 

7* * 1 


^ y 




X)* 


■’-1 1+^ 1-^ 
tf Z X r 

^x-y • J* j?' 


y 


y ^ 


39 . 


«* i a> 1 u* ■ i (I* . 


40 . 


6in - 2 ji 3rn > 2 k 6m 2 k 


41 . 


42 , 


I 


x-1 


H\ xf H{\-x\ 8(1*7) 4{I *x») 


4 I 

9(7 2) ^ 9(7 * 1) ' 3(7 r l)» 


I 


43 . 

\y ^/W x*^zy Jif-t/ 

. 7* - (y - ;)* y* - (s “ 7)* - (x 

(7.z)»-y>*(7 *y)«- z»'(y*:)*-7»‘ 

45 X* (y - 27)* y* -(2z ~ z)* 4i* - (x ~ y)* 
(22 tx)* y* ^ (x r y)* ~ 42* ^ (y ^ 2r)* - X* 


4A (^~y)(y "•"Hi-7)*(*(2-7)(x-y) 
x( 2 -x) -y(x-y) + 2 (y - :) 
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xxn) 


47 . ^ b-c~n ^ ( ~a-b 

Ui-I>)(a~c} {b-r}{h-a} {c-a){c-bf 

4R ^ ® ^ 

{(i-b){a-c) {b-r){h~a) 

(:J:i-r)*-4y» (z + 2 y)* I):* "^(2^ +32)* 

flft. V^t-^^-^ j)* ^ I6 j*~ (^j- ^ 4j^ (3y - 42)* 

(2j: i 3y)* - I 62 * ^ (3y - 4:)* - 4x» " (4: - 2i-)^9y*‘ 

I a: TO 1 z -a 

gj Z Z* ^ <1* Z 

I 0 T Z ' I (I -X 

fi tj* * z* a 0* ■ z* 


52 tz-a)( z - ft) -( y TO ^ iz -o)(v ^6) -(z -6)(y-q) 

z-y 0-6 

53 . f."^+- - .VK^^-^’-^Y 

\o* oz -t j4 0 ^ ' ax • i'J \ti* - z* 0 * tx*/ 


54. 


■r 1 X-l Z^[i Z-li 
:{ z 2 7 x l 

. Z. 2' 

4 ‘z-a 3 'z I 


55. 


z-2-A 

z T-a 

z - a 


z+3 r^3 
4 z + 1 
""z-a z-3’ 
7 z - 4 


56. 


' t z* z G ( 1 z* - ;)z * 2 1 


57 . (l■.)■:|l '1 1. 

II J 

( ' 

g. {ax* . |6 f)z /{* - (oz* T (6 * r)z -/)* 
{oz*‘t (6 + r )z -/}* - {oz* + (6 - f)z -/)*' 
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MISCELLANEOUS EXAMPLES IV 

[The following Examples for rri'i.sion are arranged in groupe 
unikr different haidings : each group illu^tes one or more of tAt 
principal rules and processes already discussed, and for the nwsi 
/wrf the Examples present more tariety and difficulty than those 
of me stiftw type which have appeartil in previous exercises,] 

Substitutions and Brackets 

1. Find the value of .-“.'•At when a -t, 6 ' -3. 

2. When '1 = 1,6 - 1, c 2 evaluate the eiprcasjon 

^3<I*(6 r) - 3/A(/’ '«! . 3H(a -6), 

3. Sitnplify 

rt(6 -r)> r}{2h* he > J/-*) - (<|6 . -c*) ; 

ami find iw vain** when u ~ !, 6 ^2^ c -3. 

4. Find the value of 

^ (0(6* ri) a>l ■ N 31<i(u* -e*) - 1} 
when a “4, A 3, c -3. 

5. Find the value of 

\ {? * y» ' :) {X -y Zz) - v’ry*2* 
when x- \, y 3, : I. 

6. When a -0,6 2./ \,y 3,; o. find the numerical value 

•if 

( 1 ) (z - 3a(z - y)* . -y*) ; 

( 2 ) (x~a\* -Mfr y *z) > - ozy + y* 4 :*). 

7. If z -6, y 7 , 2 find the value of 
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8. Evaluate 


2a -h{c~a{b-c)) 


a*(fc -f c) + t»’{c -fa) 
when 0-2, 6 - - I, c = 1. 


Vi 


o+Ac 

A’+4a<;* 


9. Find the value of 

- 0}-V2q»V-A*+c«] 

\ c* -f 0*6* 1 2o*c 
when 0 - - I, 6 -5, c - 3, 

10. When 0 -4, 6 ^ - 2, f - 1, ~ 1, find the value of 

{ 2) N 4e* ^ (0 - V 'b*F7Tmy 

11, Find the value of 

when ^ - - J- 


12. Whena-1,6- c 0, evaluate 

o-f6--r-{2o- 26-l(,V~6)}] 

1 


c - - 
a 


13. Simplify 


42 


I S 




-56-{j(3i:- 


2y) 


16 \ i 

r-Vi 


and find ita value when x - 


14. Tf X -8, y =7, t S. find the value of 



m 


ALGEBRA 


[chap. 

Resolution into Factors 
{On Arts, 128-132) 


into two or more factors : 


15. 

r*r21r + 108. 

16. 

0*T 

6t»-91. 

17. 

/»- 

20/y + 96y*. 

18. 

«*6»-14<i6-51. 

19. 

r*- 

c* - 156f . 

20. 

m*a 

- 6>pin 

*r9N*. 

21 

P*-pV-567V 

22. 

d*- 

4</*c* 

- 4ry*. 

23. 


+ /V- 

•42/y>. 

24. 

wi* + 28m r 19">. 

25. 

210 

-0 -c 

1*. 

26. 

57-* 

16pv 

-P^r. 

27. 

r*+27x* + 176. 

28. 

0* + 

7o»- 

98. 

29. 

f* + 


29. 

30. 

72 f ry - j*y*. 

31. 

0* - 

9o*x* 

r 14/*. 

32. 


3PV - 

10?V. 

33, 

2o* + 2a* - 2t>4. 

34. 

X* - 

2x*- 

6;lr*. 

35. 

6*c* 

r56c - 

■ 84. 

36. 

:* -34^ ^ 289. 

37. 

0* - 

22af 

, 57f*. 

38. 


f 6y*: - 

91y:, 

39. 

2rx*-3i:*. 

40. 

3j*A 

^* + ah 

- 1.7. 

41. 

9p* 

-24p^ 

>16. 

42. 

35 + 12fnn ^ m*n*. 

43. 

119 

- uv 

-f*. 

44. 

0/* 

- .5/* • 


45. 

6m* - Trn - 3. 

46. 

4<i> 

-8a6 

-56*. 

47. 

f>p* 

1.3pfl 

>3/* 

48. 

20tr* - 9x2 - 20:*. 

49. 

Sr* 

^2/* 

-15. 

50, 

12y*-30y 

W2. 

51. 

12(0*6* -l)rTa6. 



52. 

2(0*6* 

.-.7) 

- 9o*6, 


53. 

21x»-2y(5j-8y>. 



54. 

3 (6m* 

- .7n 

*) M 

Tp«n. 



{Ofi ArU, LT1-13T) 

Kcaolvc into two or more factors : 

55. - 0 * ^ 2at. 56. a* -r*. 

57. 58. 0*6* +343. 59. .MC6*-0». 

60. a*-4(x-y)*. 61. 2mn^m*-l-n*. 

62. 8c<-2c*(rf ^ f)*. 63. {o»6*-l)*- z* + 2jry-y» 

64. l-64m*. ' 65. p* - lf)00/»*v*. 66. 6,761 -a<. 

67. ■2y: + l. 68. o* - 16(6 - c)*. 

69. 70. p*-l<Hr*fp-4^, 

71. 2 + 128(0 + 6)*. 72. x + 3y + x* t27y*. 
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XXEtj 


( .y i^cdh neous Factors ) 

l{r«olv<.‘ into two or more factora : 

73, ‘ • jt y* i 74. arx^ ~ hex ~ adx ~ bd . 

75. N - .Vi n*. 76. 7/^ - y*. 77. ol - 14^ - r?*. 

78, 1 i»i‘ * p'} 'Imp. 79. nh{x^ - x{a* 

80. It/,* «/«- 81, > 

82. 2u/i x(/, (Vi), 83, »i’ - - (z‘ - - w). 

84. a{fd c‘ (r):b{(r-r^-f,% 85, x'-x^-Sx^-S. 

86, K-xpr^'^s ii) fiictorw the siiuarc nxit (if 

(x^ vSx : -x-3)(lV' • llx -21). 

87, Kind the cxjireKsioji whose sfpjare is 

(2x* xy ' l.'iy*)(4x* 2.“>y*)(2.r* - llxy - 1.5y*). 

Highest Common Factor and Lowest Common Multiple 

83. Kind the lowest eonumm nmlti|ile of 

irW/;*(x* - 3<i*x - 2(1*), ft.Vj*/j(x* - nx - 2(j*), 2r>/,*(x* - o*)*, 

89. Kiiui the hijih(st HMumon factor of 

2(x* > 0) .V*(x-1), 2x>(2x -t)) - Sl(x - 1). 

90. Kind the rxpre.ssion of lowt^st dimensions which is divisible by 
ea»'h of the follow itijt espression.s ; 

|2x* >4r>)(x*.2x S). f2x> - 4x*)(x» - 2x - 3). 

(x* '■ ‘txifx* - 2x - 8). 

91. Kind the H.t'.K, and the K.r.M. of the three expressions 

n{n * v) - ft(ft * r), h{h • a) ~ c(f : fi), e(r 1 6 ) -a(fl +6). 

92. Kind the diviwr of hyihwt dimensions of the expressiona 

(«+/()((» h)‘! r{c 2o), (fl +f)((j -f) +i{5 + 2a). 

» 

93. Find the expriwlon of lowest dimensiona such that the L.C,M. 
of it and 2(1* ■ 3 <jA < /i* ia 

2o*-«-flV + 3ah»-M. 

K.A a 
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94» Shew that j* -4y* is the II.C.F. of the exprt^sions 
z* - aj“V - 4yS X* - 64^*, 
and + 32y* - !ir*y* i ir*y + ICry^ - l(U:*y*. 

95. Piiiil the lowest wtiimon multiple of 

(a - e)* - (A - <•)*, a* 6* - 2oc - 26c -r 2«6, a* - b*. 

96. Shew that the lowest common multiple of 

a(u-6)*“0c*, fiVi -- 6(6 - c)*. (a + f)*C''6*c 

is a6c(a* -^6* tC* - 26V* '2c*<j* '2a*6*). 

97. Prove that .c* - 15.r* + Tir* - U5r ^ W 

and X* - 17z* -f- lUlj^ - 247x +210 

have the same H.C.F. and L.C.M. aa 

x"-I3x*Tj3x^-83x + 42 
and r*-iaH + 131x*-380xf420. 


Simplification of Fractaons 

Simplify 


98. 

I+x^x* x-x* 

“ 1 - x*"* '^(l~x)*' 

-iz-l 2(r.2) 

u-lj* e-9^’ 

100. 

1 ] 

101 . 

3x*+x 

102. 

1 2 1 
n -xr*^r-x*"(rtx')*‘ 

(x*-2x)*-(x»-2)* 

*” • (i:-l)(x + f)(jc‘-2)'' 

104. 

1 1 I 

inn ^ 2 4 2 1 

9"3"r-r37T 


-r 3 ; 

X 

106. 

X 1 III 

x*-jr x-y x+y X y 

acy(x -y)‘ ' 

107. 

/ vy 4i*> 
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XXllJ 

108 . 

109 . 

no. 

111 . 

112 . 

113 . 

114 . 


+ 4- />*) a^+b*-ab (a* + b*) 

(a +6)* 


12 a^ 6 » 


(a +6)(c + rf) 

a*+ 6 V 


-xyi . r z* a'+b^ f za^ Y~| 
b ) J 'laUb*'^ V ‘a* + 6V J 


(a - 6 )* (a + 6 ) 2 -(a - 6 )* 

jac ^bd}*-{nd + bc y _ + bd)* -i-(ad+ be)* 

{a-b){c-d) 

b 

x»-{x*-l)* z*(x-l}*-l 

(x* + 1)* -z* ^z*(z+ 1)* - 1 x*-(ar + 1)* ' 

I +r 4x Sx I -X 

iTx 

\+ 3 ^ i? ‘ 

iTa^ 




9 f 


' 2 + - 2 x-^ 

1 z x + l 


115 . 


116 . 


l+x + x* 

"l+3x + 3z* + 2x’‘ 


I -^ + 


\+x 




V. 


fa +A)* +(ff - A)* 


117 . 


118 . 


b-a 


{a ^b) 


6 - a 
r -ft 


1 

a + 6 


(a + 6)* + {6 - a)* 
'“(o + ft)*-(a-ft)*‘ 

i b~a \ 


l(a-6)(a-^^) fft-c)(6-a) (c-(i)(c-6)/ 
^ 2 (a* + ft* + (^-ftc-ca*'a 6 ) 
(o-ft)(&-c)(c”-^ 



CHAPTER XXHI 


Hardkr Equatioxs 


186. In this chapter we projX)«t* to ^ive a iniscelU neons col- 
Icvlion (if equations. Some of these will sem* as a Uix-fiil exereiso 
for revision of the nielhotis already explaintsl in previous chap- 
ters : but we also add others f)resi'ntinj' more ditliculty, the 
solution of Nvhich will often lx* fadlilat<’<l by some sjx'cia! arlilic'c. 

TIu' follow itii; examples w^^rktxl in full will sufhciently illua- 
trate the intwt ustdul nicth<xis. 


Kxamf)i* 1 . 


Solve 


ftj 3 .V~2 
■ 7 J - 5 


Multiplying up. we have 

{dj ~3)(rt5) {3j'-2)(2rr7). 
-27i'-15 f>x» * 17/ - U ; 
10 / 1 : 

1 

lo' 


Kote. By a nimple rtslurtion many e<|natians ran bo brought to 
the form in whi* h the above wjuatlm ta given. When this is the 
ease, the neressary simplification is nudily (X)mpleted by multiplying 
up. or *' multiplying across as it is sometirnm ralie<l. 


Kzamplf 2. 


Solve 


Sjt ^23 

_ . 


fix . 2 2/ - .3 
3x r4^ fi 


Multiply hy 2<), and wr have 


8x + 23 


2ft (.3/ + 2) 

■ 3jr'+4' ' 


Hi - 12 20 . 


20 4 2j 

By transposition, 31 • 

Multiplying acroM, 93/ 4 124 20(d/ ^ 2), 
84-7/; 

/r 12. 




Thia efjutttion might bo aolvod by clearing of fractions, but the 
work would be very laborious. The solution will be much simplified 
by proceeding as follows : 

x-i 

rr»n,s,«„np. 

Simplifying each side separaUly, we have 

(j-8}(.r-7}-(j;-r))(r-10)_(z-7)(z-6)-(.r-4)(z-9). 
~(x-10)(j:-7) " {j:-9)(.c-6) 

- lij.£ + 56 - ix* - ISi ^50) x* - 13J f 42 - - lOx +36}^ 

' ~~ix - 1 0) (X - 7) *" (X - 9) (X - 6) 

6 _ 6 
•** (x^li))(x-7)"(x-9){x-6)‘ 

Hence, since the numerators are equal, the denominators must be 
equal i 

that is, (X * 10) (X - 7) = (X - 9)(x - 6), 

x*-17x+70=x»-l5x + 54; 

16=:2x; 

X:=8. 
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The above e<juation*may abw stilvwl verj’ neatly by the follow- 
ing 

The ct^uation may bo written in the form 

(r-I0)t 2 (j;-6) + 2 {jr-7)+2 . U-9) + 2. 

X - JU ' ~'7- tf “ X -7 ■ x-'9 ’ 

whence we have 


2 2 2 2 
X - 10 ' ^ ^ X - 6 ^ x -1 ^ ^ ^ X - 9' 

I 1 _J_ J_ 

x-lb x-6 x-7^x-9 
1 _ I I . 

x-io x-7“x-9"x-«’ 

3 3 

{X- 10)(x ~7} '“(x -9){x-9)' 
ami the solution may \)c n)ni|i|pt<xl aa befon*. 


which gives 
Transpoaing, 


Kxamplt' .*>. S<)lvo 


4x “ .V) X - fi 


X - 13 x-6 X - n X “ 7 


«>h.ve5- V 

x-13 V /-I4 \ x-7/ 

* _ 1 - 1 J. ’ 

■’ x-13 x-6 x-r4’’x-7‘ 

The «)lutitin mav now' be rompIete<l as Ijpfore, anil we obtain 

X ^ 10. 


EXAMPLES XXm. a 


X - 4 X . r> 
ir-8“3x-7’ 
7-.Sx 11 -Ifix 
. 1 ^ X 1 - 3x 

ftx4l3 ^-5 
15 "Sx 25* 
3x1 4x-2 1 
ir . I “ax - T “e 

* ^ , 

x + 2 ^x -6 " 


2x 


3x.l x-2 
3(x'-2)'xir 
. 3(7j6x) 35 44 x 

2 > 9x fi , 2x ■ 
g fix >8 2 x + 38 

g X4.25 2x475 
j-5"2x-I5‘ 

ID ' 7 1 5r > 5 

»x 9 12*12x48' 
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,, 2r-5 a:-3 4x^3 , 

13. 

6 r{ZT 4 ) 

15 , ^ ^ -iK. 

^ + 3 /fl 2 x hG 2 x + 2 

16 -L-- ^ - A 

■ x~4 5/-30 3^-12 

17 3 ^ 30 L J_ 

4~2j 8(1 -t) -2-x’^2-2i’ 


14 . 

5 j: + 3 01 ~ 2 


'‘3 lOj ; 4 ^ 


^_xrl r -8 j :-0 
X - 2 X - I j-t> X -1 


SO^Cx 60 rar 4 S 
a:tI^ 3 ;-T 3 ~ x~V 

Xt5 sc-6 r-4 x-15 
'a:-T-4 a:-/ -r-5 a‘-16 


X + 3 X rO + 2 / r") 2 ^ ^ 

XrO XtI) Z+5 X-r-8 

4 xj^l 7 lOr -13 8 x ~_30 5:^-4 
x-4~'^ 2x-3 '' 2x-f*'i-r' 

5j-H flr-44_10r-8_x-8 
x-2 ‘ x~7“" 6' 


x ^2 x-7 xt 3 XjG 
X x -5 XtI x -4 


2x-3 -4x^6 g ^-2 X-. 

-3x-4 06x~0f -Oo '062 

29. '083(x - >825) ^ -(Wtx - 'SOSTri). 

30. (2x + l-5)(3x - 2-25) = (2x - M25)(3x + 1'25). 


■ 3 x-l '5 I l- 2 x 

: 5 ;r 4 '^ 2 x - :i“' 


l-l-4x_ 7(x-l) 

• 2 +x ~ -1 - ’OX 


I±_|^').>,.3.-2)..4..2. 
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[CHAF. 


Literal Equations 

187. In the equations wo have discuaaed hitherto the co- 
efficiente have Bben nuinericai quantities, but equations often 
invdve literal coefficients. [Art. 6.] These are supposed to bo 
known, and will appear in the solution. 

ExampU 1 . Solve {j: o) (x t 6) - r (o c) -- (x - c) (x i- r ) + ab. 
Multiplying out.'wo hav<i * 

jr*rax-6x-ai-af-H x* ab ; 
w hence ox r6x nc, 

{a t ilX-flC ; 

or 

’*■ "" 'fl - A' 

I > o t ** b a ~b 

txumpte 2. oolvo 

X ■ a x ■ h X f 
Simplif>ing the left aide, we have 

n(x - A) - A(x - u) a - 6 
fx-a}(x-//i x-r' 

It ~ b 

(x-(»){x-6i x-f’ 

_ x__ I 
(x - a}{x /ij X <*' 

Multiplying aciw, x* ex x* <ix -6x ^ ab, 

ux - Ax - rx ah, 

(a ‘ b - r\x ah ; 

ah 

" ^ a *b - c’ 


EXAMPLES XXm. b 


Solve the efpiaticffUi : 

1. ox '2f/ .Vat - 3a. 

3. x* to* {h ~x)*. 

5. a(x-2) >2x 6 + 0 , 

7 . {a rl){f> rX} x{x-c). 
g 2x + 3a 2(3x + 2a) 
z ix + a 


2. rt*(x - o) 4 6*(x -6) abi. 

4. |x-a)(j4A) (x~oW>)>. 

6. m*(ni -^x) - mnx «*{« ♦ x), 
8. (/i-A)(x a) (a r)(x-A). 
2(x-6)^ 2xa 
.tx -c 3(x ' c) 
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Kjrnmplf X Solve az + by~c |1), 

az-hb’y=c’ (2)^ 


T1k‘ notation hero first uewl is one that the student will frequently 
meet with in the rourae of his reading. In the first equation we 
ehoow ('ertain letters as the coeffieienta of x and y, and we choose 
rotTfxpoudiny kUers with acc^'nis to denote corresponding quantities 
in the wTond equation. There U no necessary connection between 
the value of a and a', and they are as different aa a and b ; but it is 
often convenient to use the same letter thtis slightly varied to mark 
some common meaning of such letters, and thereby assist the 
memory. Thus a, a' have a common property as being coefficients 
of r ; 6, fi' as being coefficients of y. 

Stimctimes instead of accents letters are used with a euffix, such as 
Oj ; A,, bf ^8, etc. 
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Tt> n>t»n» to tho oquatioiw (U ^hy~c (1), 

(ix -f' {‘J), 

Multiply (1) l>y b' and (:') Ky 6. Thus 
ah'x fW/y h\\ 
a’bjr ’ W/y -(m: : 

by subtraction, {ub' ~a'b}x b\- ~ be ' ; 

Le-U'' 

^ .a 13)- 


As pr»>vii»>isly explaiiR'd in Art. 101, wo niij»lit obtain y by Hulwli- 
tilting this value ot' i in t it^yr <T tho f^piations |1) or (2) ; but y w 
more a)iivt’iiiontly hiuiul i>y olitniiuUinj; i, ns follows : 

Multii>lyi!ig (I) liy and (2) by u, wt- have 
m i • u7»y ■ nV, 


by sul;trattion. 


m'l - (ih'y -nc' ; 

{n'h - uA')y (i‘c - 0 '-' ; 


or, .■<i:;ns itj the Irrrns of llu' dr nominator .so an to have tlso 

same drnorniiiator a.s in (3), 


'it- -Of* 

V , . and . 


ETnmpt^ 4. Sohr 


I <i If h 

r tl ’ r- h 

I - n tf - a a 

r a -h c 


From (1) by clt^rini; of fravthm*, we iinvo 

x{e - 6} - u|»' h) • y{e - a) - h{r - a) -=lr -fi)(f -h), 

- h) yie - a) ae ~ ah ifx ~ afi ♦ r* - or - /jr ♦ «/», 

x(f 6} s y(r -d) ;c* -ui (3). 

Again, from (2), wn have 

z{a - h) ^ a{a b) * ry ~ ra n{a - b) 

x{a h)^cy at. ( 4 ), 

Multiply (3) by t and (4) by r - a and aiibirart, 

zlr{r J/) -(/■ -6)1 rr< -ahr -(it{r -n), 

jr{/4 - or t a« -(*6) -r(c* -a6 -rK -fa*) ; 


*nd Uttreforc* from (4) 



x.viu] 
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examples Irani, c 


Solve the equations ; 


1. axrby-^l, 2. 

Iz + my-n, 

3. ax^by, 

bx T fly “ wi. 

px^qy-r. 

6z +fly=c. 

■<* 

II 

z+ay~a\ 

6. px~qy = r,* 

tx + ay ~ 6*. 

ax-ra'y = l. 

rx-py=g. 

7 8, 

‘ a h ah 

a b 

9. ?f4*'=3, 
a b 

X fj _ \ 

a' h' ah'" 

bx + ay~ 4ab. 

9z 6y 
a 6 

10. (i£~rb-p{a~y). 

11. 

12. px + yy = 0, 


=1- 

ni w 

lx Tiny — n. 

13. (fl + 

14. {a- 

b)x + {a Tb)y = 2a^ - 2h\ 

X T- y - c. 

(a-l-ftlx -{o -b)y^iab. 

15. " 

(I h 

16. ^1=2, 
a 6 

17. 

a 6 

X y _2 

3a ' ^ 3 

y 

a'^b’ 

b a b 


18, = (»•■ + !■). 

I VI •' \l m/ 

+ =2(#»*+P)+m?(x + t/). 

19. bx -i-ey^a ■\ b, 


^ 1 M / 

j 


b-a b^a) 


20. (o-i)x + (a + 6)y-2(a*~fc*), ax-6y=o*+6*. 

*1. x(a-6+J^j) = y(«+6-~), 
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EZAUPLES XVn, 


1. If find (i) a in terms of 6 and jr, (ii) 6 in term# 

of a and X. 

he 

2. If a ~ ' , , find h in terms of <i and c. 

brC 

3. Make r the subjfH t of the foliuwiu^ formulae ; 


6 - -■ 


6 \ ar, t 


A 

f*-2i 

5, 

.■I 


The area and ciroumfcrenc'e of a eirele are given by .d jrr^,. 
Find r in terms of .-I and r in terms of <\ 

The volume and siirfato of a sphere are given by F - ^ jrr^, 
4nT*. Find r (i) in terms of F, <ii) in terms of .T 

6. The volume and surface of a ryliuder an' given by F Trr’A, 

- 'Inrh. Find A (i) in terms of J', tt, r, (ii) in terms of A. rr. r, 

7. A methoil for determining the value of tt eonsisU of finding 
the surfai-e an'a, nulius and height of a ey Under and using the 
formula .4 --2rrT* ^ 2nrh. Arrange this formula so that the value of 
n ran he easily ('alculate<l. 

8. The volume and surface of a rom- are given by F-^Trr'A, 
•■I irr* - rrs. Find r in terms of F, tt, h and s in terras of .4, n, r. 

9. In Xo. fi. find F in terms of r, rr, .1, 

10. The area of a trapezium Is .-I s<|. In. when the parallel sidi's are 

n in. and b in. in k^ngth and the distance between those sidt^ ls A jo., 
where A - lA(*i * h). Find (I) A in terms of .1. 6, (ii) u in terms of 

A, K &. 

11. Invent numerical pn>blems in which your aiuiwcni to Kx, 10 
i'oukl be u.sed. 

1 2. The number of degroe# in the angle of a regular n-sidiil figure 
M given by 


*v m 


(= .') 


Find a in terms of .V. Hetiee find the numU>r of sides of a rt^ular 
pfdygon if iu interior angle i# U4''. 

1 3. The period of cjMcillaiicm of a magnet is given by I 2ff .j .. . 
Find f, if» // rrapeetivcly in terms of the other letter#. 

76 F 

14. T and F are rormw-twl by the formula T~-^n — rrr^~‘ 

Make F the subjeet of th# formula. ^ KFfiw 

Jia* 


rp a i * 
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16. If i; = i express a, A in terms of the other letters. 

17. The amount at compound interest for n years on £P at 

jx’r annum is given by ,4 . Slake P, r respectiveiy 

the Mubjtrt of this formula. ' 

18. Given that ; make a, b respcctivelv the flubieet 

of the formula. 3ay.r>h: 

1 n Tr " I 4/7 - . 

13. If t, express in terms of k, 

20. If A -Trr*, C - ^Trr, expreas (i) .4 in terms of C, (ii) C in 
t('rm« of -4. 

21. If r -jTrr®, .4=47Tr^ express (i) I’ in terms of A (ii) ,<4 in 
ter!n.s of r. 

22. 11^ y ^ " ~v-s, express s in terms of u and / only, 

ami give the express ion for ^ in terms of r and / only. Shew that 


/■ 

23. If n - A exjircss (/r - 4 ) (n 3) in terms of b. 

I 2 

24. If a -1 - ^ and h I - ”, express c in terms of A, and pro\e 


that (7 * A + c ^ 


A(A-l) 


(Oxf. Sch. Certif.} 


1 * 4 </ 


25. Given that p * ^ , expro.'W p^g ks a fraction (i) in terms 
of /) only, (ii) in terms of g only, 

26. The two expres,sions 


J ttA * A* - (f7 * A)*} ami ^ n-(A*(A r j*) -u'x) 
are found by different methods for the volume of a certain solid. 
I’rm e that they are equivalent provided that 

(Lqnd. Matric.) 

27, The floor of a room is in the form of a rectangle, a feet long 
and A fret broad, but with one comer rounded off by a quadrant of 
a cirri e of radius r feet, r being less than both u and A. Show that 
th(* area A square feet is given hy 

.4^'fjA (UA7r)f». 

Cnangt the subject of this formula so as to have an expression for r. 
tAlso find an expression for A. (Cent. Welsh Bd.) 
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28. In a form consisting of m boys tbo arerago mark waa a, and 
in another form of n boys the average mark was b. What was the 
average mark for the a hole number of boys? 

What should have been the average mark in the first form in 
order to make the average mark for the whole equal to c, the average 
mark in the second form being unaltered? 

(Oxft and Camb, Srh. Certif.) 

29. When an article ('osting C shillings is sold for S shiUingH, a 
profit of is made. Express each letter in terms of the other two. 

30. A man can row upstn^am at u miles an hour and downstream 
at h miles an hour. He rows up to a certain point and then returns 
to his starting jKunt, and finds that bis average siNX'tl is s mik^ an 
hour for the double journey. Express earh of the letters in terms of 
the other two. Find the value of b if o -2 and * =3. 

31. Given that *S’- ^(n - I)d), find a formula fur d in 
terms of the other letters. 

If .V - 1 4 ki and a = 12, find the value of d in terras of a. 

32. A man has at present a salary of tS. He meivee an 
increase of £/ every 2 years. What will be his salary in '2k years’ 
time? 

How long wnll he have to wait in onJer to receive a salary of £r? 

33. Plain envelopes cost r pence a dozen. Find a formula giving 
the cost, V pence, of a packet containing 11 envelopes each t)eari:ig 
a I stamp. 

In a poet office a packet of 1 1 stamped envelopes can be purchased 
for U. fW. Using the above formula, find the cost of a dozem plain 
envelopes. 

34. The main petrol tank of a tar holds m gallons and the reserve 
tank holds r gallons. The car will do z miles to the gallon. P'ind 
the longest journey. J miles, which can bo made by the car without 
refilling with petrol. 

Kind r ifJ - 200, m =6 and z ~ 2.*), 

35. The car mentioned in Ex. 34 starts off with its petrol tanks 
full afid goes at a steady speed of y miles an hour. A hours later it 
ron-s completely out of petrol. Find a formula giving h in term.s of 

Find if it - 200 and y ~ 40. 

36. A jewel box is a inches long, 6 inches wklo and c inches deep, 
Find the cost in shillings of coveruig the outsklc of the sides and top 
with silver at m shillings a square inch. 

Fimi the km^h of the box if the total coat of covering a box 3 inches 
wide and 2 inches deep with ailver at 6d. a square inch is £1. 

37. A room p foot long and q feet wide la carpeted to as to leave 
a bonter r incMes wkle between the edge of the carpet and Uie wrlls, 
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Find a formula for the numlxir of KCjuare foot in this border j and 
verify that in the case where p-;24, 9 = 18, r=4, the formula gives 
the difference between the areas of the flofir and the carjict. 

(Scot. Leaving.} 

38. The Horse Power of a car for taxation purposes is given by 

the formuhi whore n is the numlxT of cylinders and d 

inches is the diameter of each cylinder. Kind the diameter of each 
< ylinder of a 12 H.P. six-cylinder car. 

39. At a football match a charge of 2#. is made for enterinj^ the 
ground, arid a further charge of 2s. th/. is made for a seat. If A' people 
are admitted to the ground and n pt'ople take scats, show that the 
U)tal amount' received, iT, is given by 40r -4A' +5w- 

Write this formula so that n is the subject. Then find the number 
of pe<iple taking Mats if 5000 enter the ground and the total amount 
reec‘ived is £ 0 (W, 

40. If the rijitiietem])erature is expressed either by F® Fahrenheit 
or (■' ( eat ig rude we ane told tliat f’~32 = |r. Verify that this 
formula holds gcKni if 32® ajid 212® Fahrenheit arc tiic same respec- 
tively as 0 and lOO Centigrade, 

41. What Centigrade tempi'rature is the normal temperature of 
the human body, namely 98-4" Fahrenheit? 

42. Find the i)erecntage profit if an article costing iC ia sold for 
LS*. Hence find the cost price if an article is sold for £190 at a gain 
of25"o. 

43. (i) A telephone subscriber has to pay a certain sum iR each 
quarter for rent and also a ptmny for each call. If a subscriber makes 
a calls in a given quarter, show that his total bill is B pence where 
B 

(ii) If the quarterly rent is £6 and his quarterly bill is £ 10 , find 
how many calls he has niii 4 le by transforming the formula of part (i) 
so that n is the subject. 

44. In Ex, 43 (i), what is the average cost to the subscriber of 
each call? 

Show that if instead of keeping to the present arrangement he 
paid no rent, but paid p pence for each call, he would gain 

£ 1 7f - ■ ^24^ [ 

45. Income Tax is at os. in the pound. A man has an income of 
£/. Ho is allowed £100 free of tax, and also doea not pay tax on /***(, 
of his income which ho pays for insurance. Show that he pays iT 
in tex where 400r = /(lo6-/®)-10,000. 

46. In Ex. 45, find (a) the tax paid by a man who has an income 
of £1000 and pays 20% of his income in insurance. 

TTie percentage of his income paid in insurance by a man having 
an income of £1000 who pays £200 in tax. 
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47. If an object is placcxl u ctii. from a spherical mirror of radius 
r cm. and the image is v cm. from the mirror, it is known that 

- - = “ . \ bov ia given a mirror of radims 3 cm, for an exiM'riment, 
t u r ’ * 

and finds that w'hcn m-2, v~i>; when «-tJ, c -2: when u-4, 
r = 2i. Which of the three eels of results ia accuraU'? 

48. From the formula of Kx. 47, find when the image and object 
an* iH>iiuident, that is, .arx* at the same <ii.stance from the mirror. 

4fl. If the pressiire of a given mass of gas is etjui valent t<» that 
of p mm. of niercury when its volume is r c.c. and its tcm|)erature is 
I" t'entigrade. it is known that pc - /?(! r27'l), where li is jsmstant. 
Transform this e(|uati*)n to give t in terms of the other IctU rs, 

50. Using the formula of Kx, 4‘.>, tind the V4)luine occupied by a' 
mass of ga.H at 77" 1'. if it occupies 2UU c.c. at 27 the pressurt; 
remaining constant. 

51. In an elcxtion there are two iajMlidHt4*s. The winner’s 

majority ia of the total p«d], and 01 ,*’,^ of his own p4j]!. Kind 
w hat jHTcentage the loser’s jsjII is of iho winners and prove that 

1 1 fW - m , ) in , ~ 2tXlni j , ( I /iml. Matric. ) 

52. If the diameter of the bolt t irclo in a niupling is 1) in'hrai 

and the diameter of the bolts i.s d inches, we know that /> hd * k, 

and that D - when d ' 2 ; /> 17 J when d 5, Kind the values 

of A and k and the diameter of the bolt circle for 3 -inch bolts. 

53. {i) A man w employed to carry loads a tnile, returning each 
time to liU starting point. On each journey be carrii*s a load of A ib. 
His unhwifsi is a miles an hour and his speed b>adcd is (a - kL) 
miles an hour. Find hU average spewl, s miles an hour, 

(ii) \ow tind L in terms of a, k, a, and k in terms of L, n, 9 . 

(iii) If s ' 4, i: ^ 03, s 3, find L. 

54. The following formula occurs in connection with dynamos ; 
W ah • cA *-dh^, If another value of IK, namely IV'. is given by 
IV' ah' *ch' * dh'^, express d in terms of IV, IV', A, A'. 

55. Two can irave! along a straight rtia^J in tin* same dirretiun. 
The faster car, going at u mih-s per hour, starts c mihis behind the 
slower car which goen at t miles per hour. When t minutes have 
elapsed the can are d miles apart. Find formulae which give d in 
terms of I, c, u, v in the two cases, (i) when the slower car is in front, 
(ii) when the faster car is in front. 

Find, also, cxprcMions for the two times (mea-siinxl in minutes 
from the start) at which their distances a|art will be I) mitex, /) 
being leaa than c, (Oxf. and Camb. 8ch. (Vrlif.) 

56. A bov was employrsl on the understanding that be was to 
receive p ihillingn for every day bo worked and q shillings for every 
day when there was no work for him. After d days his total aarm|igs 
amonnied to £P. How many days had be worked? 
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57. A car did a journey in t hours. If the average speed had 
}xt n I miles an hour greater, the journey would have taken y hours 

How long was the journey? 

58. A man rented x aercs of land for a certain sum. He worked 
y ai res hinistdf and let the remainder at z shillings an acre more than 
he paid for it. He found that he rcndved for this portion an amount 
iMpinl to the rent of the whole. Find the rent of the whole. 

59. The eirciirnfcrence of a l)ogie whwd of a railway engine is 
X fis-t. The driving whetd is larger than a bogie wheel, and the 
numIxT <if revolutions each mile is N less for the larger wheel than 
lor the Hinaller. Find by how much the circumference of the larger 
u lux'l exceeds that of the gmallcr, 

60. A man bought an artit le for iC and sold it to a second man 
at .'t gJiin of F’i',, The piirchasc'r sold it to a third man for iS. Find 
the K><‘ond man’s percentage profit. 

Also fitid the value of r if the second man’s profit was 9 %. 

61. An Education Committee spent £P in one year awarding n 
w Ijolarj^liiiw at wTOtidary schools. The school fees of the scholars, 
amoutiting to ih\ were jvaid in each case ; and in addition some of 
the scholars receivcfl a grant of in and the rE-mainder a grant of ib. 
How manv reteived the grant of £«? 

62. A fraction is such that if r is addwi to the numerator and d 
to the denominatiir, the value of the fraction beconu^ -. If the 

X 

numerator of the original fraction is doubled and the denominator 
im reaseil bv c, the fraction bccomea Find the original fraction. 

y 

Confirm your r(«ult bv putting c “1, d = s, x- 3, c~13, y = 

63. A ftist train travelling at x miles an hour takes t hours less 
to travel y miles tluui a .slower one takes to travel : miles. Find the 
difference betwe<*n their sjxxxls, 

64. \ boy sixuit ili on rowing, always hiring a l>oat at b shillings 
sn hour or a better one at c shillings an hour. Had he spent on the 
first what he actually spent on the second and on the second what ho 
actually spent on the first he would have had o more hours* roaung. 
For how many hours di<l he hire the better boat? 

Chock your result by puttiiig 7? ^ IF, 6 = 1|, c -2, o = 2. 
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188. Ix pTPTioui! c haptens we have given oollectiona of 
problem* which lead to simple equAtioim. We add hen‘ a few 
examples of somewhat jETP^ter difticiilty. 

iiznmple 1 . A grocer buys 15 lbs. of fig* and 28 llw. of currants 
for £1. Ij. 8</. ; by .•wdliiig the fig* at a loss of 10 jkt cent, and tho 
currant* at a gain of per cent., he dear* 2*. 4d. on hU outlay ; 
bow much per pound did he pay for each? 

I>et I, y denote the number of ponce in the price of a pouml i f 
fig* and currant* resptH tivdy ; then tbo outlay i* 

I.’Jjr - 28 y j>ence. 

Therefore |.5r-28y 260 (I). 

The iocs upon the figa i* 15ir pence, and the gain rpon U>e 
enrranta » ^ 2% penre ; therefore the total gain U 


42y 

5 


ax 

^ pence ; 


From (1) and (2) we find that x-H, and y 5; that ii the figa 
coat 8d. a pound, and the eurraota coat Hd, a pound. 

ExampU 2. At what time between 4 and ft o’clock will the 
Rimate-hand of a watch he 13 minutes in a^lvance of the hour-luind? 


Let z denote the required number of minutes after 4 o’clock ; 
then, aa the minute-hand travel* twelve time* a* font a* the hour* 

band, the hour-hand will more over minute divi-iion* in x minute*. 

At 4 oVIoek the minute-hand ia 20 diviaion* behind the hour-hand. 


and finally the minute-hand ia 13 dirinona in advance; therofora 
the minute-hand movea over 20 13, or 33 divUiona more than .the 
hour-hand. 



CHAP. XXiV] 


HARDER PROBLEMS 


203 


Hence 


- + 33 , 


1 = 36 . 

Thus the time is 36 minutes past 4, 

If the question be aakwl as follows : “ At what times between 4 
anfl 6 o’clock will there be 13 minutes between the two hands? ” we 
must also take into consideration the case w'hcn the minute-hand is 
13 divisions behind the hour-hand. In this case the minute-hand 
gains 20 - 13, or 7 divisions. 


Hence 




which 


gjvef 


Therefore the times are 7 — past 4, and 36' past 4. 


Kxample 3. Two jx^rsons A and B start simultaneously from 
two pla^x^, c miles apart, and walk in the same direction. A travels 
at the rate of p miles an hour, and 5 at the rate of g miles ; how far 
will A have walked before ho overtakes /i? 

Suppose A has walked x miles, then B has walkeil x-c miles. 

A w'alking at the rate of p miles an hour will travel x miles in 

^ hours; and B will travel x-c miles in hours: these two 

p ? 

times bfdng equal, w'e hare 

z x~c 

P~ 9 
qx-px-pc ; 
pc 

whence ’ x = 

p-q 

Therefore A has travelled uiilos. 

p-q 

Erampk 4. A train travelled a certain distance at a uniform rate. 
Had the sp^ been 6 miles an hour more, the journey would have 
occupied 4 hours less ; and had the speed been 6 miles an hour less, 
the journey would have occupied 6 hours more. Find the distance. 

Let the speed of the train be z miles per hour, and let tbs time 
occupied be y hours ; then the distance tnveraed will be represented 
hy^xy miles. 
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0» tine first supjKViitiun the speed per hour w r ir fi miles, ami the 
time taken is j/ -4 hours. In this ease the dUtanrt> trttvers<Hi will 
be repri'senUnl by (j +6)(y - 4) miles. 

t>n the soi-othl siipfKwitioii the clistanee traverscii will be repit*- 
sontixl by {i t))(v ’ 6) milt’?*. 

.Ml thi'se exjfris.si(tr}s for tlie distanw must lx? e<pml ; 


Kr*>in these' etjuations we have 

xy xy . By 4x 24, 

or* By 4x 24 ( I ) ; 

ami ry ry By » fix 3B, 

or Ox By .'W (2). 

Kri»m (l| ami (2i «e obtain x Ihh y 24. 

Heni'tj the distatut' is 72G rniU-s. 


h^ntrnplr o. A }n*rson t;}770, jiartly in 3 jx-r (fnt. .St<H'k 

at ilB2, ami |tartly in Ilaihtay Stock at £H4 whic'h |iays a liivuleml 
ot 4o per o'nt. ; if his imnine I’riim tht’?te invjwtments is £13B. os. 
|)cr unnuni, »hat .sum tiix's he invi^st in eaf-li? 

bt X (lenute the mimU-r of jsiiimU invest***! m 3 fxT cent., y the 


numb'riif [sunuis invi^st/si in llaibay St»K’k ; then 

X • y 37rii 1 1). 

3x X 

The imome from 3 |«t (rnt. St^s k is £ or £ aivl 

that from Itaihvav Sttx k is £ or £ 

M 

Theref.^re m{ (2b 

.M <K} 

Knmi (2) ^ 4ti32| ; 

then*forr l>y stibtra* tine 1 1 > 



wlM-me y 2H • 37j 

anti frgm i i if x 272*1. 

Therefore he invents £2720 in 3 per trnt. Stork, ami £IO.iO in 
Railway SUx k. 


EXAMPLES XHV 

1. A sum of £10 » (livklffi among a number of pCTwiqa ; if the 
number had been inefraaetl b)‘ one. fourth oaeh would haw teewived 
* shilling lead : find the numl^r of {leraona. 
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* O^in number of eggs at four a penny ; I kept 
onc-nftb of them, and sold the rest at three a penny, and gained a 
penny : how many did I buy? 

3. 1 bought a certain number of articles at five for sixpence ; if 
they had been eleven for one shilling, I should have spent sixr^ence 
less : how many did I buy? 

4 . A man at whist wins twice as much as he had to begin w ith 
and then lo«t« 16<. ; he then loses four-fifths of what remained, and 
afUTwards wins as much as ho had at first : how much had he 
originally, if he leaves off with £4? 

5. I spend £14. Tm. in buying 20 yards of calico and 30 vards of 
silk ; the silk costa an many ahillings jkt yard as the calico costs 
jiencc |XT yard : find the price of each. 

6. A nurnbtT of two digits C-viecds five times the sum of its 
digits by 9, and its U*n-digit cxccwls its unit-digit by 1 : find the 
numl)er, 

7 . 1’he sum of the digits of a number less than 100 is 6 ; if the 
iligits be reversed the rc.sulting number will be less by 18 than the 
original numlxT ; find it, 

8. A man In'ingaskwl his age replied, ' Jf you take 2 years from 
my present age the result will be double my wife's age, and 3 years 
ago her age was one- third of what mine will' be in 12 years.” V.'hat 
were their ages? 

9. At what time bt-tween one and two o'clock are the homds of a 
wat<-h first at right angles? 

10 . At what time between 3 and 4 o'clock is the Diinute-hand 
one minute aheatl of tlie bour-hand? 

11 . When are the hands of a clock together betw’een the hours 
of 6 and 7? 


12. It is hetwcim 2 and 3 o’clock, and in 10 minutes the minute- 
hand will be as much before the hour-hand as it is now* behind it : 
what is the time? 


13. At an election the majority was 102, which was thret*- 
eleventha of the whole numbiT of voters : what was the niimlwr of 
the votes on each side? 


14. A certain numbtr of pi^rsons paid a bill ; if there had been 
ten more each would have paid 2a. less ; if there had been o less 
each would have paid 2 j!. fid. more : find the number pf persons, and 
what eaeli hB<l to pay. 


15. A man spends £5 in buying two kinds of silk at i$. fid. and 
4a, layard ; by aelling it all at 4s. 3d. per yard he gains 2 per tent. : 
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1 6. Ten years ago the sum of the agea of two sons was one-third 
of their lather’s age ; one is two years older than the other, and the 
present sum of thidr ages is fourU't^n years loss than their father's 
age: how old are they? 

17. -'I and B start from the name plaw walking at different 

rates ; when has walkiii lo miles li double.s hU and 6 hours 

later psses .1 : if A walks at the rate of 5 milt's an hour, what is 
H'i rate at first? 

^ 18. A basket of oranges is emptioii by one jierson Uking half of 
tiie:n ami one more, a strond jn^rson taking half of the rcmaiiider 
and one more, and a third jx'rson taking half of the remainder and 
six more. How many did the basket contain at first? 

19. A person swimming in a sln'am which runs miles jxt 
hour, finds that it takeis him four tinu's as long to swim a mile up 
the stnwin as it doca to swim the same distanev down ; at what ratt! 
diHrs he sw tm ? 

20. At what innt’i between 7 and 8 o’clock will the hamis of a 
watch be at right angles to each other? When will they (a* in the 
same straight line? 

21. The den' uninator of a fraction exresxls the numerator by I ; 
<and if 5 is taken from each, the sum of the rrvjpr<K'nl of the new 
fraction and four times the original frat tion is .’i : (imi the original 
fraction. 

22. Two jxrsons start at mum from towns flO milt's apart. Une 
walks a.t the rate of four miles an hour, but hto|>s ijl hours on the 
war : the othor walks at the rate of :i mil(«» an hour without stop- 
ping ; when and where will they mwt? 

23. A. li, and I' travel from the same place at the rates of 4, 
and ti niih-s an hour resp)cctively ; and li starts 2 hours after .-1. 
How lt>ng after B must C start in order that they may overuke .4 
at the same instant? 

24. A dt*alcr bought a horw^ cxpx'rting to jwll it again at a prifx» 
that would Iiave given him 10 w-r cent, profit on his purcha*' ; hut 
he had to sc'll it for £.VJ less than he exjXH twl, and W then found 
that he had hwt lo per cent, on what it cost him : what did he j>ay 
for the horse? 

25. A man walking from a town, .4, to another, H, at the rate i\{ 
4 miles an hour, startH one hruir before a roach travelling 12 miles an 
hour, and is picked up by th« ooach. On arriving at //, he finds 
that his coach journey has lasUd 2 hours : find the dwtanoo between 
.4 afid£. 

26. W'hat is the property of a person whfwie income ii £1140, 
when one-twelfth of it is invested at 2 per oemt., one-half at 3 po* 
cent., one-third at 4| per cent., and the remaiador {lays hi/n no 
divkleod? 
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27. A pcr«jn 8f)cncU one-tbirci of hw mcome, savee one-fourth, 
ami jMiyB away Ti jkt (rnt. on the whole as intereat at 7| percent 
on tlebU previously inourreii, and then has £110 remaining : what 
vsaM tfie aniouiit of liij debts? 

28. Two vessels itintain mixtures of wine and water; in one 
tin re Is thr(s> tiinc-Ji as much wine as water, in the other, five time* 
a'> much water aa wine. Kind how much must be drawn off from 
each to fill a third vessel which holds seven gallons, in order that Its 
tsmU nts may lx* half wine and half water. 

29. Tiiere are two mixture.^ of wine and water, one of which rpn- 
tains twit'C as mm h waU r a.s wine, and the other three times as much 
wine as waU-r. How iimcli must there lx? tak(‘n from each to fill a 
pint cui>, in wliidi the water and the wine shall be equally mixed? 

30. Two men set otit at the same time to walk, one from A to 
li, arel t[>c utljrT from il to .*1, a distance of a miles. The fornKT 
walks at tlu* niU* of p miles, and the latter at tlie rate of q miles an 
hour : at what distance from A will they meet? 

31. A train on the North Western line pa.ssoa from London to 
Hirniinghani in 3 1) ours ; a traiti on tlie Great Western line which ia 
l.i miles Ictnizer, travelling at a .«jKX‘d which is lc.S3 by 1 mile j)er 
hour, [>a.s 3 <‘x fn»m one pLue to the other in 'Sh hours ; find the length 
of each line. 

32. ('ijffw is Ixuight at L'. and chicory at 3d. per lb. ; in what 
pr(p|Kjrtion must they Ix' mixed that 10 per tent, may be gaineti by 
celling the mixture at ltd. jicr lb.? 

33. man has one kind of coffee at a ponce per pound, and 
a tu alter at i [xuuv ^K*r pound. How much of each must he take to 
fiinn a till \ tore of u - ft lbs,, whiclt ho tan sell at c pence a pound 
withtput Ipp.ss? 

34. A mati spends r half-crowns in buying two kinds of silk at a 
.slpilhngs and ft shillings a yard res|)Cotivcly ; he could have bought 
d titiu-s as much of the first and half as much of tlie second for the 
.oaine money : how matiy yards of each did he buy? 

36. \ man ridra one* third of the di,stance from d to ^ at the rate 
of a miles an hour, and the rtuiminder at tlie rate of 26 miles an hour. 
If he hml travellrsl at a unift)rm rate of 3r miles an hour, he could 
have ridden from A to Zl and back again in the same time. Pto^t) 
that 2 1 1 

- ~ + 1 ‘ 
c a 0 

36. A, r are three towns forming a triangle. A man baa to 
walk from one to the next, ride thence to the next, and driw thence 
to his starting point. Ho can walk, ride, and drive a mile in o, ft, r 
miiiutofl respectively. If he starts B ho takes a -fc - 6 hours, if 
lie starts from ( ' ho takes ft + a - c hours, and if he starts from A he 
takes c + 6 - 0 hours. Find the length of the circuit. 



CHAPTER XXV 


Quadratic Eqi ations 

189. Si'PiHWE the following pn>blem were propoeod for solu 
lion; 

A dealer bought a number of horee* for £281). If he had 
bought four ieee each would have erJHt £H inon* ; how many did 
he buy? 

We should proceed thus : 

280 

Let x=the number of horses; then “ -the number of 
pounds each cost. ^ 

If he had bought 4 he wouki have had Jc-4 horses, and 
280 

each would have cost “ ^ jiounds. 

280 280 
X ”x~4’ 

whence x (x - 4) * 35 (x - 4) 35x ; 

x*-4xr35ir~ 140-35X; 
x> 4x :140. 

Here we havx- an equation which involves the aqxmt of the 
unknown quantity ; and in order to complete the solution 
of the problem we muat discover a method of solving surh 
equations. 

190. Definttion, An equation which contains the wjuare 
of the unknown quantity, but no higher power, is called a quad- 
ratic equation, or an equation of the lecond degree. 

If Uw equation contains both the square and the firet power 
of the unknown it is called an adjrried qua^lmtic ; if it contains 
only the square of the unknown it is said to be a pure quadratic. 

Thaa 2x* - Stx s:3 is an adfected quadratic, 
and 5r'-20 is a pure quadratic. 
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191 . A pure quadratic may be considered as a simple equa- 
tion in which the ayuare of the unknown quantity is to be found. 

Examptf. Solve — - — 

^ r*-27 i*-Jl 

Multiplying up. 9x» - 99 - 25x* - 675 ; 

/. I6x*^r>76; 
r*-36; 

and taking the square root of these equals, we have 
Jr- ±6. 

Note. We prefix the double sign to the number on the right-hand 
side for the reason given in Art. 117. 

192 . In extracting the square root of the two sides of the 
equation j* — ,36, it might seem that we ought to prefix the 
double sign to the quantities on both sides, and w'rite ix— j:6. 
But an examination of the various cases shews this to be un- 
m‘CC88ar>'. For = ±6 gives the four cases : 

and these are all includ(*d in the two already given, namely 
Jr- - 6, X™ 6. Hen«‘, when we extract the square root of 
the two sides of an equation, it is sufficient to put the double 
sign before the square nxit of one side. 

193 . The equation x*-36 is an instance of the simpl<^t 
form of quadratic equations. The equation (x-3)*=25 may be 
solved in a similar way ; for taking the square root of both 
aidi's, we liavT tw'O simple equations, 

X - 3 " -5. 

Taking the upper sign, x - 3 = -r 5, whence x = 8 ; 

taking the lower sign, x - 3 - 5, whence x = - 2. 

the solution is x = 8, or 2. 

Xow the given equation, (x - 3)* =25 
may be written x* - 6x + (3)* =25, 
or x*-6x-16. 

Hence, by retracing our steps, we learn that the equation 
x*-6x = 16 

can be solved by first adding (3)* or 9 to each side, and then 
extracting the square root ; and the reason why we add 9 to 
ea^h aide is that this quantity added to the left aide makes it a 
perjed square. 



210 


iUlKBRA 


[ CIUP , 


Now wh&tever the quantity a way be, 

asul ~2aXr<i^~(x ; 

that if a triiiowia) is a perfect square, and ilt pourr^ 

his unity for lA# cor^cient, vre must always liavo tbe term 
witiiout j equal to the s<jiian* of lialf the eoeftit ient of j-. If. 
then'fore, the terms in and x are pven, the tK|uan' may la? 
completed by addiniL; the si|uare of lialf the uueflicient of x. 

kote. W hen an expression i* a perfi>'t square, tlie situarr Urins 
are always postiut. [Art. 114, Note.} Hciue, if neix^asary, the a>cfti- 
lient ofx^ must (h> made iHjuai to • 1 before i-oinplctini; the square. 

L'lai/ijJt !. St>|ve x* - Ux 3-. 

The square of hah* 14 li (7)*. 

x^-14x*(7)> 32r4tf; 
that is. iz + 7}*-8l: 

z-7- ±il; 

X : ' 7 t 9, or -7-9; 

X 2, or - 16. 


Kxamplt 2. .Solve 7z 


Transptxn' so os to have the t« rm.s inVi)lvinp x on ono side, and 
the ,+(iuarc term pcwitive. 

Thus ^ - 7z 8. 


iV)m plating the 8<iU4iro, x* - 7x 



ill at IS. 



H 


49, 

4 ' 


Hot*. Wo do not work out 


X 8, Of - 1. 

r 


on the lofi^hand tide. 


1. 5(x»s^5)=:6x*. 
4. x* + 34x:-25. 
7. x»+3x = I8. 


EXAMPLES IXV. a 

2. Xc* 4(x<-4}. 

6. X*::ilftt^2l. 

8. X»fr*X:^U. 


3. x<+22x = 7ri. 

6. (9 4 - x )(9 -x) - 17. 
9. x«-5x*36.-^. 
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10. 

x> = z + 72. 

11. 

i*-341=.-20r. 12. 

9a: -a:* -(-220 =0. 

13. 

68-x» = 13r. 

14. 

z T I56~i*. 15. 

187=a:* + 6a;. 

16. 

23jr=:120TX*. 

17. 

42+x*^l,3x. 18. 

22r + 23-a:* = 0. 

19. 

0 

32. 

20. 

^4^4 21. 

^-h-h 

22. 

19 4 . 

23. 

?(x + 6)(x-2)J(62A + ^^). 


194 . We have shewn that the squart' may readily be com- 
pleted when tlie coefticicnt of is unity. All cases may be 
reduml to tliis by dividing the equation throughout by the 
cocfticieiit of z', 


I’latfi/jl. 1. Snjvr 32-3x^-l0z, 

TransfKtrtirig, t IOj; - 3-. 

Divide throughout by 3, so to iiiake the coefficient of ar* unity. 
10 32. 

3' 

2 32 2.0 


Thus 


completing the s<iuare, ^ ^ 


9 


that is, 


r "sj ~ 9“’ 




11 


3 3 

o rl 

r=- 3 ± 3 =2, or -Sj. 


-cy 


but 


Note. We do tiot arid 
Kiamplr 2. .Solve 
Divitiing hy 5, 

, 11 /IIV 

'OfnplolitJg the square, jt + z 1 1 I 


to the left-hand aide. 


ru^ + llx-12. 

12. 

j* 4- V 


12 m. 

ll\* 361. 
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195. We see then that the following are the steps nM|uind 
for solring au adfected quadratic equation : 

(J) If neceasar}-, simplify the equation so that the terms in 
I* and r are on one side of the equation, and the term without 
X on the other. 

(2) Make the coefticleiit of x* unity and positive by dividing 
throughout by the cot^fHcient of x*. 

(3) Add to each side of the equation the square of hail th»^ 
coe^cient of i. 

(4) Take the square root of eaeh side. 

(5) Solve the resulting simple equations. 


196. In the ejEamples which follow some pn^liminary reduc- 
tion and siinplitication may lx* nm'ssary. 

_ , , , , 3x 2 .jjr 

tzampU I, .S<*ive ~ i ' 


Saupldying, 


2x 3 z - A 
Xr 2 3 j 


‘ ^ ^ ir ,1 X - 4 

multiplying acn>w. 3x* * |()Lr - 8 dH 2r»/ ^^24 ; 
that Xr* ‘ X’u - 32. 

w . t . .35 32 


IHviding by 3, 
ci^mplcting the iK|uarf. z* 


/ X5V H41. 
V " 6 j 3« ’ 
3.) 29 


•, / 10|, or 1. 

KzampU ’2, Solve 7(z • 2<i)* 1 3a* ~rw(7x + 23o). 
Simplifying, 7 jc* - 28(ix - 28a* ♦ 3a* ■ XW + 1 ISo*. 
that b. 7/* - "ax 84a*. 

U’hcnt-c jr* ax 12a*; 

0 * o* 

“ 12a* t ^ ; 

, / a\* 490* 

that ts, f X - j ; 


X 4a, or -3a, 
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197. Somclimes thfre is onit/ one edution. Thus if 
z*-2xt 1-0, then (a;-I)*=0, 

vvInMic-e Is the only solution. Nevertheless, in tljis and 
siinilar cases ive tind it convenient to gay that the quadratic hag 
ttn; equal rtxjU, 

EXABCPLES m. b 


1. SrJrl-lj' Tm. 2. .V-^121-44z. 3. 25/- 6x*-,^). 

4. 5, 33^+35-22/. 6. z-22-6a:*-(b 

7. 1 5 1 7/ < 4/*. 8 . 2 1 f r - LV. 9. 9/’ - 1 43 - 6/ - d. 

10. 12/2-29/ -14. 11. 20/2^:12-/. 12. 19/-15-8A 

13. 21/2^22/ ^.5 0. 14. 5ti/*-ir«^27. 

15. IK/* -27/ -20-0. 16. .5r!-S/-2I. 

17. iri/*-2«/-a*. ' 18. 21/--2(j/^3f^*. 

19. 0/* :IU*/ • 71-*. 20. 12j^-f23it-/-I0P-0. 

21. l2/’-r/-2(V*.0. 22. 2(/-3)-3(/-2)(x-3). 

23. (/.I) (2/1 3) -4/* - 22. 24. (3/-5)(2/-5)-/*t2/-3. 


25. 3/t2, 26. 

/ I 


5/ ~l 3/ 
/ : I 2 


27. 


3/ -8 

7^ 


5r-2 
/ + 5 


28. 


29. 

.5/ - 7 X - 5 

3/ I j 6 

4/ ; 7 / 1 7 

7x - 5 2/ ' 13 

30. 

ii-l i - 3 

31. 

1 16 
i X 3 - / 35 

32. 

(tj. 

/ - 4 X - 3 

33. 

1 4 1 

3 - j 5 9-2/ 

34. 

4 5 3 

/-Tj+r x* 

35. 

5 4 3 

x-2 / x-6 

36. 

/-2 3/-1I 4/fI3 
x-3‘ /-4 “ ‘ 

37. 

1 5 

2x-rw 2x-a ( 

38. 

2 3 7 

3x -2c ^2x-3r"2r“ 

39. 

Q^b /, b\ , 


198. From the preoeding examples it appears that after 
suitable reduction and transposition every quadratic equation 
call be written in the form 

ax*+5/+C“0, 

where a, 5, c may have any numerical values whatever. If 
thfrcfore we can solve this quadratic we can solve any. 



^14 


ALGEBRA 


[chip. 


Transpofiing, ox* + &r= - c ; 

dividing bv«, x* + ~x- 

Cl a 

Completing the square by adding to each side , 
\2a/ 4a* a’ 


, b 

X* + - X + I 
a 


tiOit U, 
extracting the square root. 




6V 6*-4ae_ 
4a*”’ 


♦:s/{6’-4ac). 


- 6 ±\'{b* “ 4oc) 


199. Instead of going through the process of completing the 
square in each particular example, we may now make use of this 
general formula, adapting it to the caw in question by sub- 
stituting the values of o, fc, c. 


Exomple. Solve A** I lx - 12 =0. 

Here a ~5, 6-11, c - - 12. 

-lli:v'(Tl]»-’4.6{-12) 

.. x= 

' -I1±V361 -lli:19 4 _ , 

10 " 10 -5' ^ 

which agrees with the solution of Example 2, Art. 104. 


200. In the rosttlt , 

2a 

it must be remembered that the expression ^'(b‘-4ar) is the 
square root of the compound quantity b* - 4ae, taJtm m a wM/, 
We cannot ainmiify the solution unlm we know the numerical 
values of 0, 6/e. It may sometimes happen that these values 
do not moke ^ - 4ac a p^eet square. In such a case the exact 
numerical sohiUon of the equation cannot bo determined. , 
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Exam^ 1 . 
We have 

Now 


Solve 6x* - lox + 11 = 0, 


_15iV{-I5)*^4.5.11 

2.5 ~ 

l^i,y5 

id 

sJ5 = 2-236 approximately. 

15 ±2-236 


10 


= 1-7236, or 1-2764. 


..( 1 ). 


Thftse solutions are corrett only to four places of decimals, and 
neither of them will be found to exactly satisfy the equation. 

Unless the numerical values of the unknown quantity are required 
it is usual to leave the roots in the form (1). 


Example 2, 
We have 


Solve a:*-3i: + 5=0, 

3±V('-3}*-4.1 .6 
2 


3±s^ 9-20 

2 


3±vCn 


Now there is no quantity, positive or negative, whose square is 
negative (Art. 110). Therefore it is impossible to hnd any quantity 
exactly or approximately to represent the square root of - 11. Thus 
there is no real value of x which satishes the equation. In such a 
case the roots are said to be imagimry or impossible. A reference^ to 
the general formula of Art. 108 will shew that the roots of a 
quadratic a4:*+5x+c=0 are always imaginary when b'~4ac is 
negative. 

Note, If the equation x*-3x+6=0 is treated graphically, as 
explained in Art. 427, it will be found that the graph never meets 
the axis of r. In other words there is no numerical value of x which 
makes the expression ** -3^ +6 equal to zero. 

[Chap, XLTv., Arts. 425-427 may be read here.] 

201, Solution by Factors. The following method of solution 
will Bometimoe be found shorter than either of the methods 
given. 

7 

Consider the equation x*+^z-2. 

Clearing of fractions, 3x*+7x-6=0 (1); 

by resolving the Ieft>band side into factors we have 
(3ir-2)(i:±3)=0. 
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Now if (ithft of thf factors 3jr - 2, a: + 3 is zero their product is 
zero. Hence the quadratic equation is satisfied by either of the 
suppiMitions 

- 2 0. or ar r 3 ~ 0. 

2 

Thus the nx)la are 3’ " 


It appears from this that wktn a qmdmtic rqmiion has tken 
simpiiji^ and brought to tht form of equation (1), its solution 
can always bt' readily obtainetl if the expresaion on the left-hand 
side can be resolved into factors. Each of these factors equaU*d 
to zero pives a simple equation, and a a)m‘S|)ondini|t root of the 
quadratic. 

h'lampie I . Sol it 2H - aj - - ah. 

Transposing, so as to hair all the trrms on oio side of thf e/Hu/ion, 
we have 

iH - aj- - 2hx - ab 0, 

Now' !ir^ - oj * 2Ajr ah i{'lr - a) * 6 (ix - d) 

■ {'Sr a)ixrbl 

Therefore (2r d){x ■ A) 0; 
whence li ~a 0, or r^6=0. 

. . X or “6. 


Example 2. Solve 
We have 
that it. 

Transpoaing, 


Thuj* the mota are 


2(xJ 6) 3fx-4). 

2x^ 12 3x - 12; 

2x^ Zx 

2H 3/ 0, 

2(2r 3) 0. 

X 0, or 2x - 3 ^0. 
3 

' 2 ‘ 


(1). 


Vote. In equation (1) above we might have divided both ludm 

3 

by X and obtained the aimple equation 2i 3, whence x which is 

one of the aolotiorw of the given equation. But the itudent must be 
particula/iy careful to notice that whenever an x, or a factor contain- 
ing x, is removed by djvwon from every term of an equation it muxt 
not te neglected, imce the equatkm B aatkdied by x - 0, which is 
therefore one of the roots. 
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202. There are some equations which are not really quad- 
ratics, but which may be solved by the methods explained ia 
thii chapter, 

Example L Solve - JSa:* + 36=0. 

Uy resolution into factors, (a:* - 9) {r* - 4) =0 ; 

I- -9 = 0, or a:® -4=0 ; 
that i-s ;c* = 9, or 4, 

and :r3, or ^2, 

20 

Example '2. Solve + 3 j: - =8. 

Write y for +* - 3 j, then we have 



or y--8y-20=0. 

! rurn this quadrati(‘ y - 10, or - 2 ; 

7*-3j:=: 10, or -2. 

Thus \vc have tico quadra tics to solve, and finally we obtain 
j = - r>, 2 ; or “ I , - 2. 


EXAMPLES XrV. c 


Soh'e by Art. 200, arid verify gniphically by Art. 427 : 


1. 

;}r2-:ir>-4r. 2. 

2r* . 7i:=lo. 

3. 2x^ + 7 -9r=0. 

4. 

. 5. 5. 

.7.r2 ■M+2Ia’: 

= 0. 6. r® + II=7x. 

7. 

8. 

or* -171' -10. 9. 35^9Jt-2r*=0. 

10. 

.3j-^ j -1. 11. 

.3r* + Si = 2. 

12. 2r‘-5j -33=0. 

Solve by resolution into 

factors : 


13. 

fij* - 7 + r. 

14. 

21 + 8 j*= 26 x. 

15. 

26^-21 + Hz’--:: 0. 

16. 

5x* + 261 + 24=0. 

17. 

. 4 

18, 


19. 

7i-’ = 28-96r. 

20. 

962^ = 41 + 10. 

21. 

2.'5j:»=5x+6. 

22. 

35-4i=4j:*. 

23. 

\2x^ - llflj- 

24. 

12i3+ 36a* = 4301. 

25. 

M4-66r. 

26. 

36i*-356* = l26i. 

27. 

j-s _2<jjr + 4(?h-- 2ir. 

28. 

1* - 2ajr + 8i = 16o. 

29* 

' .3x»-2nj"-Aj'=0, 

30. 

flr* + 2r=6r. 


f.A. 

H 
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Solve aa explained in Art. 202 : 


31. 


32. 

jr't36=:llr*. 

33. 

r*r7j^ = 8. 

34. 

r*-19r*-2I6. 

35. 

ia(x>.J)=257. 

36. 

JC* 

37. 

r*|19 ^r^) --216. 

38. 

(r* -2)»-I9S 29(r* 2] 

39. 

r* - r - ^ IS. 

jr - r 

40. 

So* 

Z* - liU 


202*, 'PIm* method of solution by factors is applicable to 
equations of hiirher dt'grvc itian the st'cond. 

For example, if 

{X - 2 HX - DU- 2) 0, 

the equation must be satistiwl by each of the vaiuea which 
satisfy the equations 



x-2-0. X 

•1-0. .1 

•2 0. 

Thus the 

roots an' X 77- 2, - 

I, -2. 


tznmpU. 

S<dve the equation 

:iT ^ y 

lotting the cfjuatjtin in the form 




.Vrf Ir : 

1 0. 

we have 

x^l.lx - . 

'il Cir • 

1 (>.• 

or 

(x^ 

1 i(3x -ri 

( 0; 

that is. 

(Z -1)(/ 

l)(3x . .y 

1-0; 

whente 

X - 1 0, or I 

1 0. or 

,Vr.'>-7 0. 


Thus the roots »re 1.1. 


Hots. At the stJMO' marked with an asterisk we might hare 

vkled thrf>ugh«>ut by Ir ♦ 5, but in fl<>ing the factor miif't l<e 
equated to zito to furnish one fd tlje equation. 

202e. If f>ne rs>t of an equation is know n, or can lie obtainr<l 
hy trial, a cons-«i>oruling factor of the tirwt degn’c can he re- 
moved. When this ia done we have left an t?qtmtjon of htwer 
degree than the original equation. 

Kmmplf. Solve the equation 

j* ar* Rr * JB^O. 

By trial it will be found that the lefl-hand side ranisbea when 

;r=2. 
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Hpnce X =s 2 is one root of the equation and corresponding to this 
root we hLve a factor x-2\ the equation may now be written 

j2{i:-2)-a:(ar^2)-8(^:-2)=0; 
or (j:* -a; -8)(j; -2) =0. 

Removing the factor ar - 2, w'C have 

^-a:-8=:0; 

whence x = — • 


Thus the three roots are 2, 



EXAMPLES XXV. d 

Solve the following equations by the method of factors. 

1. 2. x^-2x^-x-^2^0. 

3. x^-4x^x^~4. 4. x3 + 7x* + 7x-15^0. 

5. a^-3a:~2-0. 6. x*r2r-3;r*. 7. :r3 + 30 = 19r. 

Solve the following equations having given one root in each 

eaae. 

8. i’-SOr + TO^O. [r = 5.] 9. -37 j -84^0. [1= -X] 

10. ~ 12a*4r = 16(i^ [x=4<i.] 11. x*+432a*j:=I08a*x*. 

Solve the following equations by the method of Art. 200, 
giving Uie roots to tw^o places of decimals. 

12. i«+2j:== 3-2. 13. - 3jr -3-51 =0. 

14. a4+r:^100r)6. 15. j3-36j- + 323-7 = 0. 

16. j 4-7^: + 6-035=0. 17. j^-5-5r-f 7-3776=0, 

18. Find two values of x which will mahe j-lSx - 1) equal to -362, 
giving each value to the nearest hundredth. 

19. Find to the nearest tenth the values of x which will make 
2x{2 - a’) equal to 1-73. 

20. Solve the equation a4+a4r~a*=:0. If a = 12, give the 
numerical values of the roots to three decimal places. 

21. Solve the equation a:(a-jr)=c*. Give the numerical values 
of the roots to three decimal places, when a = 16, c =6. 
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803. We shall now oonsKlcr some of the n^wt ust^fuj methods 
of solving siniulunettits e<iuAtioni^ one or morv of which may he 
of a degree higher than the first ; but uo tixi-ii rules can bo laid 


down which are applicable to all cases, 

Kiamfiit 1. Solve (!}, 

■TV - 36 (2). 

From (I) by squaring, i* ^ try - 22o ; 


from (2) 4jy ; 

bv subtra* tion. r* Hry-y* 81 ; 

by taking the square rout, X“y=±fl. 

Cura binttig ihu with (I) wr have to Winaider the two raj«i*}(, 
x*y-M 5 .| x + y= l-^j 

y.l x-y^ -9J 

from which we find x 12, j x — 3, | 

y 3.1 y = I2.f 


Kxantplf 2. Solve x - y -- 1 2 ( 1 ), 

xy-fW ( 2 ), 


From (1) X* - 2>y *^y* - 144 ; 

from f 2 ) 4 xy - 540 ; 

by atlditjon. X* 4 2>y f y* - 48*1 ; 

by taking the square root, x ^ y i22, 

Combining this with ( I ) we have the two caacw. 


xty ^ 22.1 

x + yr= -22,1 

x-y 12.1 

x.y= I2.| 

X 17,1 

y 

y'-Il} 


Wliefire 
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204 . These are the simplest cases that arise, but they are 
specially important since the solution in a lai^e number of 
other cases is dependent upon them. 

As a rule our object is to solve the proposed equations sym- 
melricaUy, by finding; the valuta of z + y and x^y. From the 
foregoing examples it will be seen that we can always do this as 
soon as we have obtained the product of the unknowns, and 


either their sum or their difference. 

Example. I . Solve 

( 2 ). 


Multiply (2) by 2 ; then by addition and subtraction we have 
x'^^lxy fy* = I44, 

Whence x ry- ±V2, 

x-y^- 2. 

We have now four eases to {'onsider ; namely, 
x + y^l2,l x^y^ 12, | a:-f-y^-12,| a--fy^-12,| 


2.1 a:-y--2.| x~y-^ 2. ( x-y^ - 2A 

I'Yom which the values of x are 7, 5, - o, - 7 ; [Compare 
and the corr(*sponding values of y are 5, 7, -7, -o. Ait. 441.] 

Example 2. Solve x^fy* = 18o (1), 

XTy- 17 (2). 

Ily subtracting (1) from the square of (2) we have 
2xy-104; 

J'y- 52 (3), 


Equations (!) and (3) can now be solved by the method of 
Example 1 ; and the solution is 

x = I3, or 4, 1 
y- 4, or 13. 1 

EXAMPLES XXVI. a 

Solve the following equations : 

1. x+y = 28, 2. x + y:^61, 3. x*y=:74, 

xy = 187. xy=:618. xy = 1113. 

4 . z-y = 5, 5 , x-y = 8, 6. xy-1075, 

xy = 126. xy=:513. x--y = 18. 

7. xy = 923, 8. x-y=-8, 9. x-y=-22, 

* x+y = 84. xy=:1353. xy^3848. 
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Solve the foliowing equatioiw : 


10. 

xy== -2193. 

X 1-y =: -8. 

11. 

X - y = - 18, 

xy=13ti3. 

12. xy : -1914, 

x + y= -65. 

13. 

x3ry*=89. 

xy =40. 

u. 

j*ry»^m, 
xy = 13. 

15, X*Ty*=:6.7, 
xy = 2«. 

16. 

x‘^y»-ns. 

X +y = 16. 

17. 

x-y = 1.7, 
x»^y*-12:K 

18. x-y^4. 

x' + y»=:106. 

19. 

x*^y*=18<l. 

20. 

X* = 

21. xry = l.3. 


X -y =6. 


x-y 3. 

x«+y»^97. 

22. 

X *y 9. 

23. 

x-y 3, 

24. X* - xy f y* 76, 

X*T 

xy .y ^61. 

X* - ; 

try ^ tp -19, 

X T y - U. 

25. 


26. 

11 ,, 

X y"*’ 

27. 

X y 12 

r> 

- 4xy + y® “ .72. 


X . y 2/ 

xy 12. 

28. 

ox -f hy 2, 
tibxy 1 . 

29. 

x*-pxy^y*^ 
- xy ^ </y* 

p^2. 

i/-l. 


205. Any fwir of oquatioiL'^ of llu* form 

X* pj-y - -m ( 1 ), 

•r ly- h (li). 

where p w any minirnt’al (juantiiy. van lie nniuotMl to onr of 
the (Tises alnwiy i'niwideri“ti ; for by »^|uarinji {!’) and oornbiniuj^ 
with (I). an equation to find xy i» obiajiwtl ; the ran 


then be completed by the aid of equation (l!). 

KxampL' 1. .Vilvr t/ !>!»'» (J|. 

x-y- 3 d). 

By HivUiofi, jr' * ly • y* -333 (3| ; 

from (;J) 'Iry ->■ y* II ; 

by Auhtrartion, 3j'y 3-4, 

xy lUM (4). 

From (2) and (4) x ,12, or - 9, ( 

y ■ 9, or - 12. ( 

Kmmfift. Solve x* - x^y* ry* 2613 (Ib 

x*+xy^y« 67 (2). 

Th'ridin^ ( 1 ) by { 2) x* - .ly * y* - 39 (3). 

From (2) and (3) by* addition, x* - y* -5 .73 ; 
by imUractioo, xy 14 ; 

whence • * - 1 ", i; 2 ,^ 


[Art. 204 . Kxcl.j 
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Example 3. Solve 


SIMULTANEOUS QUADRATIC EQUATIONS 
111 

X y”3 


From (1) by squaring, 
by subtraction, 
addling to (2), 

Combining with (I), 


2* 


i:* V 


^5 
1 1 


1-1 

ary '9’ 

12 1 , 

X y 

1 2 1 

3' 

11 2 

, or -3, and y=3, or - 
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..di), 

,...( 2 ). 


EXAMPLES XXVI. b 


Solve the equations : 

1. x* + y":=407, 2. 

afTy-ll. 

4. .r^-y*-=218, 5. 

x-y^2. 

7. a:*+J^y*+y* = 2I2S. 

j- + /y + y* = 70, 

a-<^j^y»Ty‘=92U, 

^ -.ry+y*-61. 

I 1 481 
ar*'"y^'576’ 

1 1 29 

24' 


x^ry^ 
x + y 

x-y^ 


^637, 
= 13. 

4, 

988. 


9, 


11 . 


14. 


y 

y ^ 
af-y=4. 


17. 4(x«+y*) = I7jry, 
• x~y*6. 


3. zry = 23. 
i«Ty*-347.3. 

6. ^’-y3-2197. 
T - y- 13. 

xHar*y* + y*-2923, 
x*-i-yfy*=37. 

x* +j“y* + y* -7371, 
^ - ^ + y*-b3. 


12 . 


15. 


1 1 61 

13. 



y X 

a:y = 30. 


x+y=e. 

34 _I5 

16. 

^»-V»=56. 

3^+y^~xy* 
x+y = S. 

«*+ay+y*=28. 


18. ic»+y> = l26. 

a:*-jry+y*=21. 
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19 . 


Solve ihe equatioua : 

l.A. 1,1, 

i 1 ,1 


20 . 


! 1 
1 1 


^01. 

~I. 


■< }f 


206. The ibliowuj;^ method of solution may tiluays be U'^ d 
when the equations are oj tht wuie drgrtt and hofm^gmeou^, 

• See Art. '1\. 


Kxivr.ixf. Solve JT* y jy . iJy’ -74 (P, 

^ ’■y* - "S ..tJ*. 

l\it y -tnx, anti in twth tviiiAtions. Tluis 

j^( 1 * m - 74 ,. 

ami *■ 73 ,1) 


By 

1 ► m t :Jra* 

74. 


niTTm* 

73’ 



73 - 73m ' IltJiM* 

14 S 

■ U8m*74m»; 


7Jf/d - 7.7m - 77 

0. 



- iJim 

-t>: 



'. i S/ri f 7) (3ffi - 7) ■ 

-0; 

•7 



's' 

. or 

(j) Take m 

- , anti ?mlMt{tutc m 
h 

either (3) or (4). 

From f.l) 

\ 8 «/ 

74; 



. W ^74 
/. X* 

74 

U; 



X :.S; 

.■. y mj T5. 

^ H 

(H) Taite m then ^^»In 13) 
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J507, When one of the e(iuationfl is of the first degree and 
the other of a higher degree, we may from the simple equation 
find the value of one of the unknoHiw in ternia of the othe r, and 
substitute in the st'cond equation. 


Example. Solve 3^ - 4y = 5 

Sf=2l 

.*5+4?/ 


From ( I ) wc have 


and h-ubstituting in (2), -3y’=:21 ; 

7.5 4.120v+48w>-l5y-12y»-27y*=^189; 

* ay* + 10oy-114-0, 

3(/*^+35y-3H=0; 

(y-i)(-‘iy-3S)-0; 

1 38, 

. . y~\, or ■ 


ami by substituting in (I), 


x~3, or 


3 

137 


Mh 

•{2h 


208. The examples we have given ivill be sufficient as a 
geneml explanation of the methods to be employed ; but in some 
cas(^ 8|x*citil artifices arc necessary. 


Examplf I . Solve x* - 4xrj -t ir ~ 40 - 6y - 4y* 
3 

From ( 1 ) wc have x* ixy ->■ 4y* + 3r -r 6y = 40 ; 
tlift t in, {x + 2y )* T 3 (,r + 2y) - 40 ~ 0, 


or {z + 2y + 8)(x-! 2y-5) = 0; 

whence z + 2y= -8, or 5. 

fi) Combining x f- - 5 with (2) we obtain 


V hence 


2x*-5xf3=0; 

x=:|, or ‘ 


ami by ku bstituting in x + 2y = 5, y = 2, or - - 

(ii) Combining x + 2y = - 8 with (2) we obtain 
2x» + 8x+3^0; 
-4±^10 ^ -I2?v/I0 


wh^icc 


•fib 


4 
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Eiamfile^. SoWe xy -6x =34 - 3y ... 

3jy + y-2{9 + x) 

From (I) ly -Gx ^ 3y=34 ; 

from (2) 9jy - 6x 1 3y - 54 ; 

by subtraction, j*y* - Oxy r 20 - 0. 

|ry-rj)(i‘y-4)=0; 

^ xy =5, or 4. 

ji) Substituting ry =5 in (2) gives y - ir -3. 

From these e<iuatiotv» we obtain x = 1. or - 
y-T), or -2. 

(ii) Substituting ry - 4 in (2) giv^ y - 2 j ^6. 

-3 ' '17 

From these oquatioos we obtain x - - ' 
and y 

EXAMPLES XXVT. c 

Solve the equation.^ : 

1. 5x-y-17. 2. I.V 3. x-V-IO. 

xy 12. rtxy 10. X* - 2ry - 3y» <il. 

4. 3ar<'2y 15, 5. •‘Lr - y 11, 6. x-3y I, 

xy 10. 3/^ -y '47. X* - 2jri/ • 0/ !7. 

7. x-f 2y = 9, 8, X* y* 9. nx + y 3, 

3y* - Sx* ^43. 2xy y -3. 2x* - 3ry - y* ^ I . 

10. 3x*-5y*:=2jt. 11. 3j:*-y> 23. 12. x*+xy^y«.3i, 

3xy - 4y* ^8. 2x* xy 12. 2x* - 3xy - 2v* - 2 J. 

13. x*-3xy y + lTr0, 14. 7xv-llr* rlO, 

Sx' - xy ^ 3y* - ^ 13. 8y* ^ 9xy 1 H. 

15. x»-2xy~21. 16. x*^,3xy-r)4. 17. x«+y* 152, 

xy+y^=:18. xyt4y^ “115. X*yfy ^l20. 

18. x*-y»=127. 19. *»-y*..208, 20, xy+5xy^84, 

x*y-ay = 42. xy(x-y)^48. x + y-8. 

21. x*+4y» + 80=lBx430jr, 22. 9x* +y* -dSx - 2ly + 128 =0. 

xy = 6, xy=:4. < 


[chap, xxvi 

( 1 ). 

( 2 ). 
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Problems leading to Quadratic Equations 


209. U e shall now' discuss soine problems which give rise 
to quadratic equations. 


EiampU I. A train travels ;i00 niile^ at a uniform rate; if the 
rote hati Uxii 5 miles an hour more, the journey would have taken 
two hoijfH leas : find the rate af the train. 
iSupixise the train travels at the rate of x miles wr hour, then the 
... 300. 

time oeeupieu is - hours. 

X 


On the other supposition the time is 


300 


hours ; 


3(K) 3(K) 


w It'nee x^ t Hx - 7,>0 - 0, 

or (j-^3a)(j--2o)-0, 

or -30. 

Hence the train travels 2“i miles per hour, tlie negative value 
t>cing inadtnissihlo. 

' It will frc*{|ucntly hap|>cti that the algebraical statement of the 
(pleat ion leads to a n‘.sult w hich dtX's not apply to the actual problem 
we are di.scu.ssing. lJut such n'sulta can sometinujs be explained by 
a suitable imxiifieation of the c'ondilions of the question. In the 
pn'sent case we may explain the negative solution as follows. 

SiiK'c the values x and - 30 satisfy the equation ( I ), if w'e 
write - r for / the resulting equation, 


-x + 5 -X “ 

w ill be satisfied by the values j- - - 25 and 30. Now, bv changing 
300 300 

signs throughout, equation (2) becomes - — ~ = — + 2 ; 
and this is the algebraical statement of the following question : 

A train travels 300 miles at a uniform rate ; if the rate bad been 
n miles an hour Iras, the journey would have taken two hours mart : 
find the rate of the train. The rate is 30 miles an hour. 
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ETampif 2. A person selling a horse for 172 finds that his loss 
per «*nl. is one-eighth of the number of iwuruls that he jmid ftr the 
horse : what was the cost price? 

.Snppcwo that the cost price of the horse is x pounds; then the 
loss on £100 is ij- 

Hence the loss on ix is / . ^ , or pounds ; 

t>ou mi ^ * 

t 

the selling prite is i - pounds. 

Hence ^ 

or jr’-SOOr --oTtiOO^O; 

that Is, (^- 80 ){^-i 20 )-' 0 ; 

JT ”80, or 720 ; 

and each of these raiucs will bo found to satisfy the conditions of 
the problem. Thus the cost U either iSCL or £720. 


ExamjiU 3. A cLstcm < an be filltsl by tvs o pi|ies in 3.3 3 ininut<*s ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
tistem, find in what time it wUl ()e fdWi by e»eh pipe singly, 
Suppose that the two pipes running aingly would fill the t ir^tem 
hi X and x-lo minutes. HTH-n running together they will fill 

- of the cistern in one minute. But they fill , , or 
V-c /-1 j/ ^ 33J BW 

*>f the cistern in one minute. 


Hence 


} I 3 

B»0(2jr-15) 3 j:(x-15). 
,3.r>-245jrt 1500^0. 

(jf- 75)(,V- 2^>) 0; 


Thus the Hmaller pipe takes 75 minutes, the larger 60 minutes. 
The other solution 6§ ia inidmiwiblo. 


EmmjiU 4. By rowing half the distance and walking tlie other 
half, a man can travel 24 mika on a river in 5 hoot* with the atrram, 
and in 7 hours against tho stream. If there were no current, the 
journey would take .jf hours : find the rate of hia walking, and 
rowing, and the rate of the stream. ' 
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Supp<JM* that the man walks x miles per hour, rows y miles per 
hour, and that the stream flows at the rate of z miles per hour, 

W ith the current the man rows y + z miles, and against the current 
y • ; miles per hour. 

Houcc we have tlie following equations : 


12 

12 



=5 

ill 

X 


X 

12 ^ 

^2), 

12 

X 

y ^ 

(3). 

From (1) and (3) bv subtraction, - - — 

y y-rz 18 

W 

.Similarly, from (2) and (3) 

1 11 

(5). 

!i-= y 9 

From (4) 

182-y(y-=) 

(6); 

and from (5) 

9:=y{y-2) 

(7). 

From (6) and (7} by division. 



y-2 


whence 

y =3z ; 


from 14) z - 1 i ; and heiK'c y 

-4l r-4. 



Thus the rates of walking and rowing arc 4 miles and 4| miles 
per hcrtir rcs})cctivcly ; and the stream flows at the rate of miles 
per hour. 


EXAMPLES XXVn 

1. Find a number whose scjuare diminished by 119 ia equal to 
ten times the excess of the number over S. 

2. .\ man Is live time^ as old as his son, and the sum of the 
aquartw of their ages is equal to 2106 ; find their ages. 

3. The Bum of the reciprocals of two consecutive numbers is 
And them. 

4 . Find a number which when ineftasod by 17 is equal to 69 
times the reciprocal of the number. 

5. Find two numbers whose sum is 9 times their difference, and 
thtf diirercnce of whose squares is 81. 
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6. The 8uin of a nuujber and its square is nine times the next 
highest number : hnd it. 

7. If a tram travelled 5 miles an hour faster it would take one 
hour less to travel ;J10 miles : what time does it take? 

8. Find tw o nunibt'rs the sum of whose squares is 74, and whoso 
sum is 12. 

9. The perimeter of a rw'tangular field is 500 yards, and its 
area is 14400 square yaitis : fiml the length of the aides. 

10. The {jcriineter of one square exceeds that of another by 100 
feet ; and the area of the larger square oxceciLs thne times the art>A 
of the .smaller by 325 square ftx*t ; fiml the length of their sides. 

11. .A cistern can be filled by two pipes running together in 
22i minuU's; the larger pi|)e would fill the cistern in 24 miimlt^s 
loss than the smaller one : find the time taken by each. 

12. A man travels 108 miles, and finds that he could have made 
the journey in 4i hours li*ss ha^i he travellnl 2 miles an hour fn-ster : 
at what rale did he travel? 

13. I buy a numlier of cricket IjaHs for £5; hail they cost a 
shilling apit't-e Iws, I should have had five more for the money : find 
the cost of c'Ai’h. 

14. .\ Ikov wa.s sent out ff>r a .shilling's worth of He broke 

3 on his way bi>me, and iiis ina.ster therefore had to jwy at the rate 
of a fK’nny more than the market price for 5, How many did the 
master get fur a shilling? 

15. What are eggs a dozen w hen twr» more in a shilling'-s wortli 
lowers the price a penny per rlozen? 

16. A lawn .50 feet lontf and .34 fret hrckad has a path of uniform 
wiflth round it ; if the an>a of the j>ath is 540 square feet, tind its 
width. 

V7. hall can W paved with 200 square tiles of a rerUin size ; 
if each tile were one inch longer each way it would take 128 tiles ; 
find the length of (^arh tile. 

18. In the rfntre f»f a sfiuare ganlen is a square lawm ; oiitsirle 
this is a gravel walk 4 fist wide, and then a flower border fl feet 
wide. If the flower border and lawn tetgether contain 721 square 
feet, And the area of the lawn. 

19. By lowering the fuice of applea and selling them one penny 
a do7.en cheaper, an applewoman finds that iho can sell 60 more 
than she used to do for 5.s, At what pric'o per dozen (lid she sell 
them at first? 

20. Two reftanglea contain the same arc*, 480 square yards. 
The difference of their lengths is 10 yards, and of their breadths 

4 yards : find their sides. * 
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21. Their is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 280 ; if the sum of the digits 
be multiplitni by the same digit the product is 55 : required the 
number. 

22. A farmer having sold at a head, a flock of sheep which 
<«.st him j shillings a heaii, find.s that he has realised x per cent, 
profit on his outlay : find x. 

23. A tradesman bought a number of yanla of cloth for £5 ; he 
kept 5 yanls and »<dd the rest at 2s- per yard more than he gsi’e, 
and got £1 more than he originally spent : how many yards did he 
buy ? 

24. If a (arriage wheel 14| ft. in circumference takes one second 

more to revolve, the rate of the carriage per hour will be 2f miles 
k-ss : how fast is the carriage travelling? 

25. A broker bought as many railway shares as cost him £1875 ; 
lie reservwl I.'). and sold the remainder for £1740, gaining £4 a share 
on their jiriee. I low many shares did he buy? 

26. .4 and l\ are two .stations 300 miles apart. Two trains start 
simnltaneoiiHly from A and /?, each to the opposite station. The 
train fnmi A reaches li nine hours, the train from B reaches .4 four 
hours after they iiux-t : find the rate at which each train travels. 

27. A train A starts to go from P to Q, two stations 240 miles 
a{)art, and travels uniformly. .\n hour later another train B starts 
fnmi P, and after travelling for 2 hours, comes to a point that .4 
had passed 45 minutes previously. The pace of £ is now increased 
by 5 miles an hour, and it overtakes A just on entering Q. Find 
the rates at which they starUnl. 

28. A cask P IK filltsi with r>0 gallons of water, and a cask Q w ith 
40 gallons of brandy ; r gallons are drawm from each cask, mixed 
and replaml ; and the same operation is repeated. Find x when 
thert* are 8g gallons of brandy in P after the second replacement. 

29. Two farmers .4 and B have 30 cows between them ; they sell 
at different priie-s, but each receives tlic same sum. If A had sold 
his at B'h prite, he would have received £.320 ; and if B had sold his 
at .4’8 iirk’e, he would have receivc<i £245. How many had each? 

30. A man arrives at the railway station nearest to his house 
li hours Wfon' the time at which he had ordered his carriage to 
meet him. He sets out at once to w’alk at the rate of 4 miles an 
hour, and, meeting his carriage when it hod travelled 8 miles, 
reaches home exacUy 1 hour earlier than he hod originally expected. 
H<^w far is hiM home from the station, and at what rate was his 
carriage driven ? 
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31. P i» * point in a line /IP of length s. Find AP when 
AB > BP ~AP^. Explain both aolutions. 

32. If a straight line 6 cm. in IcngUi is cliviiiod internally ho Uiat 

the rectangle a'nitaiiuxi bv the whole and one part is equal to tlie 
square mi the other dnd the segnienta of the line to the 

nearest millimetre. 

33. A line AH Ls produced to P so that AB . AP BI*^, If 
AP -S cm., find the lengths of AP and BP to iho nearest inille 
m^trc. 

34. If a line AB of any length ia divided externally as in the 
last Example, ahew that 

(t) -IP’ - J/**-3PP»; |ii) {AB^AP)*^nBr. 

35. \ line .IP is prr>dared tA P so that BP*~2AB^. If 
AB-3 o cm,, hrid .-IP to the nearest niiliiinetre. 

36. Find a point P in a straight line AP so that 

AP(AP-/)'P)- PP*. 

If .-IP=4-2 cm., find AP and BP to the nearoet inillfznetre. By 
sufaetilutuig those vaiuea rerify tlie truth of the given ndation. 

37. Divide a .straight line 13 centimetn's lt>ng into two {larts .so 
that the rectangle contained by them may be equal to 36 s(]uarc 
centimetres. 

33. Justif.' the following grapidcal aoluUon of the previous 
Exam]>je : 

On .'IP. a line 13 em. in h'ngth. drucrihe a aemieirclc. At vl 
draw AP perperidicular to AP and 0 rni. in length; through P 
ilraw a line i^P |>arallr I to A P to cut the W'micircle in Q and H ; 
draw ^A', BY jjerjjendicuiar to AP. Then AP is divided as 
requircfi either at X or K. the algebraical acdulion of 

E.xample 37 by actual measurement. 

39. Solve the following ecjuationa graphically, tab mg a centimetre 
as ujiit and giving the root* to the nearest Tnillimetre. 

(i) lii) ^**11x430^0; 

(iii) x>-6j + 4=0; (iv) jr^tlS^Sr. 
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Harder Factors 


210. In Cliaptcr xm wo have explained several rules for 
resolving algebraical expressions into factors ; in the present 
chapUT we slialJ continue the subject by discassing case# of 
greater dilJiculty. 

211. By a slight nuxlifit^ation some expressions admit of 
U'ing uritt<‘n in the form of the difference of two squares, and 
may then W resolved into factors by the method of Art. 133. 

Kxoiiph 1. Hesolve into factors -t -rV -ry*. 
j:* r 1 - (x^ - IHy* v y*) - 


Kzoitipir 2. liesolve into factors x* - !5xy ^ ly. 

X* - 1 'M-y ^ yy« - (x* - 6xy r Oy*] - ftry 
(x2 ^ - (3xy)* 

-(^-3y>^32^)(x*-3i^-3xy). 


1 


212. Expressions which can bo put into the fonn a:’ in ~ may 

be separated into factors by the rules for resolving the sum ( 
the different* of two cul)c8. ^Art. 136.] 


Kramjilr 1. 


- 21h^ 


(36*P 


Examiih' 2. Resolve oV ■ - r* i 4 into four factors, 

y* y" 

0 ^ (a’ - 1 ) - (a* - 1 ) 






-(n -f l)(a 
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Example 3. Kosolve a* - 64a* - a* -r 64 into six factors. 

The eipreasion 

^a*{(i‘-64)-(a*-64} 

-:((i*~64)(a»-l) 

- (n - 2)(a* - 2a >4)|o - 2) (a* ^ 2a -f 4)(a - l)(a* - a ^ 1 ). 

Example 4. 

fl(« - l)j* - {a ~ 6 - l)xy - 6(6 r 1 )y* “(oJr - (6 r l)y) { (a - 1)2 4 ty). 

Note. In examples of this kind the coeffieiente of r and y in ihe 
htnomial factors can usually be guesocd at once, and it only rernainii 
to verify the coefficient of the middle term, 

213. From Example 2, Art. 52, mc w^e that the ((uotieni (>f 
«* - 6* - c* - 3a6c by a + 6 c is a* + 6* c* - he - f« - nb. 
Thus - 3a6c ^6 -f r){fr - 6N f* -6f -m •ff6L,.( 1). 

This result U im[K>rtant and aliould U* carefully remeinWn^l, 
We may note that the expre^ion on the left consists of the sum 
of the cubes of IIirh? quant it it's a, 6, r, liiminished by 3 liiiu'S 
the product abc. Whenever an expression adnnte of a Himllar 
arran;^ment, the alxjve fonnula will enable us to resohe it 
into factors. 

Example 1. Resolve into factt>rs «* - 6* - r* * 

a* - 6 * - c* - 3 a 6 c - a* r ( - 6 )* ^ r* 3 a ( - 6 )f 

(a - 6 ‘ r) (a* ■ 6* - c* » 6c - ca * a6), 

6 taking the phn'e of 6 in furtnula (1). 

ExamjAe 2. 

2* * 8y* - 27 - I 82 y 2* * ( 2y)> ^ ( 3)* - 32( - 2y)( - 3) 

(2 - 2y ~ 3 j{ 2* * 4y* a 9 ~ 6y 4 3x - 2xy). 


EXAMPLES XXVUl. a 


Resolve into factore : 

1 . 

3 . x* 4 y*- 72 y. 

5, z*-arV+/. 

7. 4m‘ + 9n* - 24mV. 
9. x«~19izV + 26y<. 


2. «la‘ + 9a«6* »6». 
4. »n* + n*-I8w*n*. 

6 . 4 x* + 9 y*-^ 93 jV- 

8 . 9 x* + 4 y *4 llxV. 
10 . 16 a* + 6 *- 28 oW. 
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2.3.5 

27 

12. 

13. 

X* 

14. ^”*"*-1. 

729 

15. " ,41000. 

125 

16. 

X* 64 

■ 


Kffiolvc into two or mon* factors : 

17. r .Vy* - - y*. 18. 4 wjh* - 20n“ 4-45«m* -9m*- 

19. 20. y*:*(x*-l)+z*{y«-2<). 

21. H* A)ox + ifz*. 22. prt{m* f i) - m{p* 4 n*). 

23. t«^x(«* M)-fl(4jr*^9/y*). 24. (3fl* + 3y*)x + (2r*4 3a*)y. 

25. (2x* - :ui'}y - (2fl* :v)2-- 

26. a (»j ~ 1 )x* 4 (2fi* - I )x r n (a - 1 ). 

27. .Ir* (4«^2Mx^«*-2y///t 

28. I^/*x* - 2 (!V^ - 4<') (6 - r)i/* -r ahry. 

29. f«* -'h - 2)x* (ij* - 4^ ^ - 1). 

30. n{n - \ )x* - |f7 -t h)ry - A(i - 

31. 1 32. a* ^ 8r* ^ 1 - 

33. «* - 6* - Sr* C^z/x*. 34. fz* - 27/y* -* 9a/>c. 

35. zj* - //* - r* - 36. Szi* - 27/y* -*- c* - 18 <j/>c. 

37. jc* ♦ Six* -6.561 into three fHctors. 

38. Hf ‘Solve (fl* * 2<j*M - M)* - 4fl*/y* into four factorf>. 

39. Itesolve 4(fz^ - af)* Id* ^ h* r* rf*)* into four factor?. 

40. Hewdve j* ^ into four factor?. 

2.m 

41. H*W)Ivo X** y“ into five faz tora. 

42. Heaglve x’* ~ y** into si.v fa < tors, 

Reaolve into four fartora : 

43. "^Sr-,i>.Sx>. 44, 

X* 

4ffi (^s 

45. X* . x« ; 64x^ * 64. 46. 4o - Oft 4 , - '.j ■ 

a* ft* 

47, ^ 48. 

72 32 l(j* 4 * 4 

Resolve into five factors : 

49« X* 4 x< - I6x* - 16. 


60. 16x’-81x»-16x‘481. 



236 


ALGEBRA 


[chap. 

S14. The actual pttKcases of multiplication and division can 
often be partially or wholly avoided by a skilful uae of factors. 

it should be obeenod that the formula which the student 
has seen exemplitiiMl in the preceding pai^ are just as useful in 
their converee as in their direct application. Thus the formula 
for resolving into factors the difference of two squares is equally 
useful as enabling us to write down at onee the jiroduct of the 
sum and the difference of two quantitice. 

Example 1. Maltiply 3{i -36 -c by -a -36+f. 

These expreesions niSy bo arranged thus : 

2<i -(36 - f) and 2a - (36 - c). 

Hem^ the prcxlurt “12a - (36 - c)} (2a - (36 -c)} 

:.(2a)*~ (36-r)? [Art. I33.j 

-- 4a* ~ (96* - (>6r f e*) 

-in* - ' r)6<' - r*. 

Example 2. Multiply (a* v a - I )i- - a - 1 by (a - l)r - a* ■ a 1. 

The product ~ J (a* a + l}r {a ^ {{a ~ \)x - (a* -a • 1)1 

- (a* - l)jr* - {( 0 * - a* - I) -(a* - I)} j- (n* - 1) 

= fa* •l)j'-(a*^2/r*)x MI* \ 
ift* - o*(a* * 2)r • rt* - I . 

Note. The prohirt of a* ^ a • 1 and a* a-^l li and 

should lie written dawn witlinut actual multiplication. 


Example 3, Jlultiply (3 - x - (3 -x t 2x®|* (1), 

by (3-X.2X*)* (3 x-2x*/* (2), 

The pxprwwio6 fl) 


X lx* :i - r^2j»)(3 * j-2x*-3>x-2/*) 
0(2x 4/*) 

‘..12r(l - 2jr). 

The ei.pfw*ion (2) 

.. (3 4 X 2jr» > 3 - X - 2x*) (3 ^ X ^ 2j* - 3 X * 2x3) 
-6(2x4-4x*) 

= 12t(U2x). 

Therefore the products: I2z(l - 2x) x 12x(I +2/) 

= 144x*(l -4x*). 
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Kxatnple 4. Divide tlic product of 2z^i x-^ and 6x*-5a: + l 
by,VT5z-l>. 

iX‘not jng tho division by nicaiiR of a fraction, the required quotient 
( 2 j:* + j-6)(dz*-5a; + l) 

3x*'r.'w:-2 

- (^-3}{.r -t 2)(3r-l)(23;-l) 

-(ir-3)(2x-l) 

K/dtnplf^ Shew that (2jrT3y-:)’-r(3x + 7y + 2 )® is divisible 
by oix - 2y). 

The given expresKion U of t!ie form A^-rB*, and therefore has a 
diviror of the form A + B. 

Therefore 1 2^- - 3y - 2 )* - (3x -f- 7y + 2 )* 

i,sdi\ isiblc by {tz “3y - :) T(3i'-r7y + z), 
that is, by 5x • Kty, 

or by 5(x ■ 2y), 

K /ft HI pi* d. Find the quotient when a® r 8 - 56 {256* - da) 
in divide! by o - .'>6 -^2. 

The cx|irr'ssion - 0 ’ -f 8 - 1256* - 30<76 

-fi*-(-56)>r(2)*-3.n(-56)(2) 

- (0 - .56 t 2) (rt* ^ 256* ^ 4 T 1 06 - 2o + 5a6). 

[Art. 213.] 

the quotient is r25A* -f-4 t 106 -2n f oab, 

Krn mpir 7. I f 2 " i y - n, and j: - y - 6 shew that 
4 (t* “ 6 jr^ f y*)=; 6 o* 6 * - 0 * - 6 *. 

0-* - 6j*y* + y* - - 2iV + y‘) - ^ 

J(4.ry)». 

= { (or + y) (j: - y)}* - i { (a: + y)* - (i - y)*}* 

^( 06 )* --(«*- 6 *)*; 

4 

4 (x* - 6x*y* + y*) = 4rt*6* - (n* - 6*)* 
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EXAMPLES rxvm. b 

Find the product of 

1. -7y rSs and 24'T7y -34. 

2. - 4xy t 'y® and r 4xy ^ 7y*. 

3. ^ Mry - and fkr* - 5jry - By*. 

7j^-8jry-3y* and 7 j^ - !4ry - 3y*. 

5. -r 2j*y ^ iry* - y* and j* - » iry* y*. 

6. (JT -y)* - 21/ 'yl - 4 and (j ♦ y)* -'2{i * yi • 4. 

7. ( 1 - j ^ ir^)* ( r X ir^)» and ( 1 > x {I jr t 2x*)». 

8 . (fl* ~ ."Vi - I >* ' (n* .'trt - I )* and (n® - a • I )* (<i* - a 1 )*. 

9. X* - 4x« Sx - 8 and i* - 4xS ^ Hx ♦ S. 

10. X* - Sox* - 18<i*x - jna^ and /* ^ tkix* . 18a»x • 

2* a* X* «* 

11. r - 0 - - and x * « - 

ax ax 

1 2. (2x® .r 3x - 1 )- - (It* ” 3x - I )® and (x® - (ix - 2)® - (x® - 6x « 2)®. 

Find the continual product of 

13. X* ^nx + a*, X® nx ' «®, x® n*x® ^ a*. 

14. 1 - X * X*, I - X * X®, I - X® . X*, 1 - X* - X*. 

15. (a-x)*, (a*xr®, (a® X®)®. 

16. (1 -x)>, (i *x)®. (I ^x®|», (I .X®)*. 

17. X* * 4x - ,3, X* - X 2, X* 5x - 6. 

18. x*-2x .1, X* /* ^3x - 2. 

19. x-2, x*.2x-4« x-2. x®-2x.4. 

20. Mriltiply the square of a + SA hy o* - (iah -cOh*. 

21. Multiply *(a -i)* ‘ “C)*+ - a)* hv a 

22. Divide (4x 3y - (Xr 2y * .3:)* by x «- .»y - fw. 

23. Divide X- 4- 18a*x« + 2.')fla« by x* • 2flx ^ 4rt». 

24. Divide (3x + *y » 24)* - 12> ^ 3y - 42}* by x -t y 4 2:. 

25. Divide the pmtluct of x* + 7x4-10 and x + 3 by x*4'fi>x + 0. 

26. Divide 2x(x* - l)(x-k.2| by x*+x-2. 

27. Divide &r(r- ll)|x* -z- 156) by x**x*-l.12x. 
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28. Divide i*+19x*-218 by (r* -Sx + 9)(a: -2). 

29. Divide (5r* - 3z - 6}* - (2jr* -lx + 9)* by the product of 3a: - 5 
an(i X + 3. 

30. Divide a* - b* by the product of a* + o6 4-6* and + a*6* + 6*. 

31. Divide (x* -j^)* by {x-yf. 

32. Divide (x* - y:)* - 8y*r* by x*+y 2 . 

33. Divjde I8xy + 1 27x* - 8y* by 1 + 3x - 2y. 

34. Divide (2jr* + 3 j: - I )* - {x* + 4x + 5)* by the product of 3x% 4 
atkd X f 2. 

35. Divide the product of ()«*-2!ki+20 and 22«® -81a -t- 14 by 
33a* - .Wa + 8. 

36. Divide the product of x*-(n-6)x-a6 and ar* - fo -6)x -oi 

by x^ +(a +/y)x - oA. * 

37. Divide a* - 8y* - 0x(3x* 2<iy) by a - 3x - 2y. 

38. Divide 27-8x^-64iy»-72xy by 3-2(x + 2y) 

39. .Sl>ew that (2x - 3y * 1 )* - (1 - 3x r 2y)’ is divisible by 5(x - y). 

40. blicw that the square of r 1 exactly divides 

(a-* -x*^4)>-(x3-2x+3)*. 

41 . Shew that 2A r '2d is a factor of the expression 

(a ‘ft -c ‘ d)>-(a-ft + c-d)*. 

42. SIk'w that (.1r* - 7x ^ 2)* - (x^ - Sx 8}’ is divisible by 2x - 3 
and by x f 2. 

43. Shew that (7x* -3x-3)*- (;>x* -4x ->3)* is divisible by 4x-3 

ancl hv 3x f 2. 

44. Shew that the sum of the cubes of 2x* - 5x - 9 and x* -e 6x - 5 

H divisible by tho pro<{ui-t of 3x + 7 and x -2. 

45. If X + y ~ m and x - y -- », express x* +y* in terms of in and n, 

46. If X -i* y - m and x - y n. shew that 

18(x* - 7x*y* ^ y*) -(om* -> ii*)(5n* ~m*). 

47. Find the value of x* f x*j/» -* y* when x-fy = 2rt, x -y = 2ft. 

48. If X + y “ 2o and X - y 2ft prove that 

x‘ ‘ 23xV f y< ^ (7a* - 36>) (76* - 3a*). 

49. Find the value of x< •> 47x*y* -! y* in terras of p and q when 
X4y-p and x-y~q. 

50. Find tho value of x*-2x»y + 2xy*-y* when x=a + 5 and 

• y=a“6. 
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Miscellakeocs Theorems and Examples 

215. Examples upon the simple rules, Division. 

Common FacU^r, Evolution, eto,, frequently ocvur which cannot 
he neatly and oonciacly worked w ithout a ready use of factors 
and mrnpound expr^ons. These we have liitkKTto excluded 
■a unsuitable for the student until he has gained (xtiitidcnur and 
power by practice. We proptise in the pR'sent ciwpter to bring 
together a mbcellaneous collection of exainpk*s, for tlie nuwl 
part not new in principle, but requiring some skill for their 
•olutipn. The chapter will be found useful as a r \ ision of the 
earlier chaptera. 

Eiampk. Divide 

ax* - {ap - ft)T* * ((»7 - ftp - f)x* ■t{hq+ rp}x ~cqhy ax* ~hx ’-r. 
ai* -bx -cax* - {ap~ h)x* *{oq-hp - r)t* + + cp>r - j* - pt 

fix* - /at* ' cr* 

- apj*^ {aq - bp\2* r I67 - t:p)x 

- apx* - bpx* •* cpx 

aqj* - f>qx - aj 

(tip* - iiqx - cq 

Note. When the coefficients in divtMjr or dividend an- > >)iii{xjuiid 
ijuantitirs it is beat to retain thorn in bnnkets throughout fhewcff^. 

216. In the proccM of dodiiig the higb^t c^mukun factor, 
by the rules expUined in Cliap. xviu, ev(T> leiuAtiuier that 
occun in the course of the work conUina the faf tor we an* 
seeking. Hence when any one of the remainders admits of 
being resolved into factors, we may often shorten the work. 

KxnmpU I. Find the H.C.F. of2jr* -(ie i 96c 
and 2»* (2a - 3c)j* r (3ac - 4 h)x - fi6r. 

2x*-(4a - .V)x» + 6(6 - ac)» + 96c + (2a > 3f)2* i-(3<ic - 46)j?-Q6dl 
2 a* - (4fl ~ 3c)z* ^ (66 - 6acijr ^ ft/xi 
6ax»^(ikic'-106)A-T.56c 

Kow Uie remaindtf ~ Gojt* -f 9arx - I06x >• irj6c 
~3az(2x + 3r) ri6(2x + 3c) 

= (2x 43c)(3ax-56j. 
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Of these fatters, -- .% may tlearly be rejected ; therefore if 
there is a common factor it must be 2a: + 3c. And by division, or by 
the method ex]>Iainc<l in Art. IT)?, wo find that 2a: + 3c is a factor of 
each expression. 

Hence the is 2a; i 3c. 

Kxamplc 2. Find the H.C.F. of {n® - 2n)a:® + 2(2a - 1 )a: - a* + 1 
and (a* - 2)j^ f (4u *• I )a: - a* - a. 

Each of tJiest; expimsions can l)o rcsolvwl into factors as explained 
in Art. 2J2, Ex. 4. Tims * 

(a>-2u)r* •2(2^t~J )r (a- 2)£* + 2{2rt-i)z- (a + l)(a-l) 
^{(-7-2)j‘-f{a + l)}{aa:-{a~ 1)}. 

(<i* - a “2)r* f l)x-a*-a - (a - 2)(fi i l)a:* f (4a + l)z -a(a + 1) 

~{{a -2)x-r(a + l)){(a + I)z - a]. 
Hence the H.C.F. is (a “f).r - 1. 


EXAMPLES XXIX. a 

Divide 

1. X* Tc)j^-k-{be + mi-al)x^((U by z* + (aH h)j' + oi. 

2. z* -- (5 rrt)jr* + (4 la (4a *5&)z-r 46 by x*-&r-r4. 

3. - (a - 6)z* - (o6 + 26*)z + 2rt6* by x-b. 

4. - (p* + 3?*)z -t 2p^q - 2^ by x + p+q. 

5. x’ " (3wn • «*)z f m (m* - n*) by z -f m + n. 

6. «(»>' l)z*'t (So*- l)r + a(a + 1) by (a-ljz+a. 

7. r* (0 -?■ 6)ar* r («* -f a6 + 6*)z* r (a* + 6*)z i a*6* by z* + az + 6*. 

8. 2/*x*-2(3m-4n){m -n}y* fimxy by lx +2{m~n)f/. 

9. -2)z* -(2a + l)zy“(a*Ta)y* by (a-I)z-ay. 

10. a^ - (o - 6 - 2)z* - (fi6 + 2(1 - 26)z - 2a6 by (z - o)(z +2). 

11. (Z4.1 )» M(zM)« ^ 6(zi-l)* + 4(z4-l)* + I byz*+2z+2. 

12. (m + I)(6z4iin)/rrS-(»-t l)(m6x-ca)a* by 6z-a. 

Find the H.C.F. of 

13. (w* -3m -f 2)j* f (2wi* -4mT l)z f w(« - 1) and 

m(m- J)z* + (2m* - l)z + m(m + l). 

14. mpz* + (»n</ - np)x* -(mr + n9)z + Hr and 

maz* - (me + na)z* - {mb - ac)z + n6. 

1 5. 2ap* + (3a - 2h)p'q + {a~ 36)p?* - V and 

3rtp* - (o + .36)p*j + (2a + 6)719* - 269*. 

16. arz*f (6c + od)z* + (6d+oc)z-4-6c and 

• 2rtcz* f (2/>c - ad)z» - (3ac + 6d).r - 36c. 
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Fiiid Uie H.C.F. of 

17. 2o*r»-f4i-3)«i^r2(3A-af)j*T3<- and 

2a*j» r (26 - Slnz* - (4af r 36)x f 6c. 

18. 2aj^ + (4a*- 1)6x5 -(2aA*^3c)x- 6a6c and 

0x5 - (3 ~ 2«5)6x» r (2c - 6<i65)x i- 4a6c. 

Find the L.C.M. of 

19. X* ->»x5 ^ _ l)jfj and x* -^x* + (/i - l)r* +?^ 

2J. p(j>^ l)x5 -X -p(p - I) and ;>(jj ^2)x« +2x -p> 1. 

21. (o* - 5a -6)x* + 2(fi - 1 )x -a{£i r 1 ) and 

rt(a - 3)x5 ► I2Jr - {ii - l)(tj - -t). 

217. We add wimo rniitvllntuvnit questioiw in Kvolution. 

The fourth root of an nx|)R"S8ion is obtainwi by extracting the 

st^uare root of the square not of the oxprt^asion. 

Simibriy by 8ucix*S!iive ajiplications of tlio nik- for fnidin>j 
the square root, we «nay timl the dijhth, Aijrkfnih ... nnjt. 'I’he 
sizth root of an expression is found by taking the eub‘ root ot 
the square root, or the stjiuirv nK>t of the cube rtKd. 

Simibrly by combining the two prowases for extraction of 
cube and s<)uare roots, certain other higher nK)ts may b* 
obtained^ 

Example 1. Find the fourth r<K>t of 

8U* jltix’y - 2!6j^y* -96xy* t Miy*. 

Kxtracting the .square r^wt by the rule we obtain 12xy - 4y5 • 
and inaction, the square roAl of thin is 3x ~ 2y, 
which is the require*! fourtJi root. 

Example 2. Find the sixth root of 
Bv inspection, the square r^wt of this in 

3 1 

which may be written * x x^ ' 

and the cube root of Uiis in x • 
z 

which 18 the required nxth root, 

218 . In Chap. VI we have given exampkM of inexact division, 
lo A aimiUr mam^f when an expression is not an exact square 
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or cube^ we may perform the procesfl of evolution, and obtain as 
many terms of the root as we please. 

Example. To find four terms of the square root of 1 + 2a: - 2r*, 


1 



3 3 

Thus tlic require^l result is 1 -f a: - x®. 


* 219 . In Art. 124 we ix)inU‘d o\it the similarity between the 
arithinetieal and algebraical methods of extracting square and 
ciilx* Rx)ts. We shall now shew that in extracting either the 
square or Ae cube* ixx)t of any nunibtT, when a certain number 
f>f tigun’S ^ve Ixxui obtained by the cominon rule, that number 
may be nearly doubled by ordinary division. 


*220. // the square root of a number consists o/ 2n -r 1 JiqureSf 

}•'}(*• u the fir 4 n f- 1 of Ouse have been obtavied by the ordinary 
mf'Oiod, the remaining n may be obtained by division. 

ix‘t .V denoU‘ the given number ; a the part of the square 
nx)t alreiuly found, tluit is the first n + 1 figures found by the 
fxunmon rule, with n cij)hers annexed ; x the remaining part of 
the rxxjt. 

Then 

/. *V=:a* + 2ax + x* ; 


A’-aJ 
**• 2a 



.( 1 ). 


]^*ow iV - fl* is the remainder after n 4- 1 figures of the root, 
rej)n‘scnted by a, have been found ; and 2a is the divisor at the 
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same stage of the work. We ace from { I ) that A’ - divided by 
2<i gives X, the rest of the quotient requimJ, increased by 

2(1 

We shall shew that .y- ie a proper fniction, so that by neglecting 


the n-Muaiiider arising from the diraion, we obtain x, the ix‘St of 
the root. 

For X wn tains n figures, and therefore x’ containa 2n HgUR« 
afjimist ; atso a is a number of 2n r 1 Hguree (tlie L»at n of which 
are ciphers) and thus Ai wntains 2n -r 1 tigurt's at least ; and 

therefore -- is a proper fraction. 

2a 

From the above inveatigatiorg by putting »-l, we set; that 
ttco at least of the tigures of a square root must have b«*n ob- 
tained in order that the [notljo<i of division, which is einplovcd to 
obtairj the next tigure of the square nx)t, may give that figure 
i.'f>rTectiy- 


KzampU. Find the square root of 200 to tWv places of dwirnak 
200 ( 17-02 
i 

27 ■ 100 
. IKQ 

Wi "lOGOU 
; 0804 
31 


Here we have obtained four figures in the square poet by the 
onJinarj' method. Three more may be obtained by rh vision mily, 
using 2 X 1702^ that is 3404. for divisor, and 3100 as remainder. Thus 
5404 ) 31000 ( 038 
30636 
13240 
10212 
30280 
27232 


3048 _ 

.And therefore to five place* of dccimaU V200 = 17*02938. 

When the divisor consists of several digiU, the method of con- 
tracted divhucm may be employed with advantage. 

.Again, it may be noticed that in obtaining the second figure of 
the root, the division of 190 by ^ ^ figure ; this is 

too great, and the figure 7 has to be obtaineil tentatively. Thai is 
ofw of the modifications of the algebraical role to which we referred 
in Art. 124. 
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*221. If the cube root of a nymber consists 0 / 2n + 2 figures^ 
when the first n r 2 of these have been oi^ined by the ordinary 
method, Oie rmtiining n may be obtained by division. 

Lift A donota the given number ; a the part of the cube root 
alrcaiiy found » that is the lirst n r 2 figures found by the common 
rule, with n ciphers annexed ; z the remaining part of the root. 


Then 


-a->rZ\ 


A’-d* z- 

;ki* a 


.( 1 ). 


Now A -ft* is the remainder after n + 2 figures of the root^ 
n^pn'senti'fi by u, have been found ; and 3a* is the divisor at the 
same stage of the work. Wic see from (1} that A'-a* divided 
by IV/* gives x, the rest of tlie quotient required, increased bv 

I* X* , 

a ^ ’Vi* ’ expr^ion is a proper fraction y 

BO that by neglecting the remainder arising from the division, 
we obtain x, the re«t of the root. 


By Buppofiition, x is < 10", and a is > 10**^* ; 


and 




10’« 

lljan 


" ; that is, < - 


10 


X* . 10*" , , 1 


hencu 

and is thcrt'fon.’ a pro[)er fraetion, 


EXAMPLES XXH. b 

Find the fourth roots of the following expreasions t 

1, x‘-28x*r2t)-|j-5-|372r- 2401. 

2 . ,1 

m m* m’ m* 

3. o* + 8«*j + I6x* ^ 32nx* - 24/1*/*. 

4. 1 4- 4x + 2x* - Sr* - 5x* * 8x* + 2x* - 4x* + X*. 

6. • 1 + 8* + 20r> + 8x^ - 26x» - Sx* + 20i:« - ax’ + x*. 
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Find the eixth root« of the following expreedons : 

6. 1 + 6i + 15j* + 20tE* + 15cc* 

7. 2* - 12(U^ - 240o*2^ - \9'2t$h ^ OOo*/* - 160ti»x» 4 64<i«. 

8. a* - * \Z5a*x^ - ;>40«>2^ * 12i:w*x* - U58<u^ + 720 j*. 

Find the eighth rooU of the following cxpreesions : 

9. 2* - &jr^y 4 2S2*y* - 562*y* r 7012^^* - 56j^y* 4 28j*y* - Rry’ >» y*. 

10. {x* r 2{p 1)2* +(p* ~ 2p - l)x* - 2(p - 1)J - l }«. 

4 

Find to four temw the square root of 

11. Ur. 12. I 2r. 13. 4^2r, 14. 1-r A 

15. o>-r. 16. 17. a»-3r*. 18. 9a*fI2flr. 

Find to three terms the nibe root of 
19. 2*^0*. 20. 8-x. ‘ 21. \r9x. 

a* 

22. 1 - 6 x^ 212 *. 23. 27r•-27x*-lar^ 24. 64 -4Hr-M. 

Identities and Transfonnations 

♦282. DEFiymox. An identity i« an algebraiml Htateiiient 
which is true for all valuoe of the !etU‘rs in velvet I in it. 

Kxampif^. tt* 6^ (a 6) (/i* - nA -• A*). 

r* * y* * :• - 3ryz |r ■ y • ;){x*^y* ^ - yz - tr - ry). 

•283. An identity xmserts tliat two expn^ion^^ alsvays 
equal; and the proof of this equality Is called “Paving ihe 
identity The method of proeHun* fat to thtx)«' one of the 
expressions jnven, and U> shew by successive tmnsfonnations 
that it can be made to assume the fonn of the other. 

Examjd^. I. To provt? that 

6c(6 - r) t ca{c - a) • ah{*j - 5) - - {6 - r)(c - /i)(a - h). 

The first side b€{h - r| ^ r*<j - * a*A aA* 

"'Ac(A -e) 4 a* {A - r) - o(A* -r*) 

“(A -r)[Ar * a* *“ 0 {A f r)} 
s=(A - c){Ar ^ 0 * -oA - or) 

«(A -c)(a(a - A) -r<a -5)} 

-(6-c)(a-A)(a-f) 

-(6-f)(r-a)(a-A), 

rbangifig the s^pu of the factor a - c, lo aa to nreaerve cyclic orrlcr. 

(Compaie Art. 229, Exampld’3.] 
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The exprmion^on the left-hand side can be readily put in the 
following forms : 

a*(6 -c) 4 6*((; - a) -f-c*(a -i) ; 

- (a(6* -c*) -f 6{c* ~a*) -f-c (a* - 1*)}. 

Hence we have the follo^ting results : 

6f (6 -f) ■^fo(c -fl) +ah{n~h)~ - (A -c}(c-o)(a -fr) ; 
o*(6- r) +6*(c -a)+c*(a-6)= ~{b-c){c ~a){a-b ) ; 
a{t* r*) t A(c*-o*) +c(a*-6*)-{A-f)(c -a)(a-A). 

These identities are of such frequent occurrence that they shoidd 
be rarefully noticed and remembered. 


Kxfrrnph 2. If2,!-fl + 6-fc prove that 

till aU 


s (t s~b s~c 9 s(fl -a)(s- i)(^ -c) 
\9-a e-b/ \9-c sj 

9 - h -is -a 8 - s-^c 
is -o)(s - A) 
is-a-b c. 

~{8-a){8-b) s(9-c) 


{s~a){8-b) 

\ 8(8 '~a){s-b)(9~c) i 

c{/^ -C 8 + 8 ^ -as -bs-ta^ 

s{8 -a)(9 ~b)(s ~c) 
r { ir* - ^-A 4^r) 4 qA} 

"~(7-rt)(^t-A)(s-c) 

for s(a“i-6 +c)=^ .2s = 2tf*. 

j?(s - h)(s - A}(-s ^c) 

Note. Here 2.* is a convenient abbreviation of a + 6 + f ; and the 
retluction i« much simplified by working in terras of « instead of 
substituting iu value at once, In examples of this kind, as a rule, 
the student should avoid substituting as long as the work can be 
carricnl on in terms of the symbol of abbreviation. 


KxampU^. lfa^ + «*'^2(jy + ys + rti-y*-2‘) 
prove that xr^y-z-u. 

By transposing, we have 

X* ~ 2xy 4 y* + y" " 2yz + :• + :*- 2zu + it« = 0, 

(z<y)*+{y“i)* + (z-«}»=0. 


or 
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Xow amc« the square of any quantity is always positive, each of 
the eiprcsBions (x - y)*, {y - :)^ {z - «)* is positive. Henee their sum 
cannot be zero unkjw each of them be separately equal to zero. 

x-y^iO, y-z-0, z-u~0; 
or z=y=z=«. 

Note. The student should be careful to notice the difference 
between the conclusions to be drawn from the two statements 


(x-a)*i{y-6)'-0 (1), 

a,id (jc-a){y-6) = 0 (2). 


From (!) we infer that hoiA x-a = 0 and y-6-=0 ^imultonroiisly, 
while from (2) wo infer that nfAcr jr-(i=0ory-6=0. 


^EXAMPLES Xm. c 


Prove the following identities : 

1. Tax{2* ”(i*) t^o) = (o -ox «*]. 

2. fox * 6y)* - {ay -6x)>-^r»x*+cV-(-r*'ry*) ^f*)- 

3. fx - y)* ^ 3 (X -i- y)*: - 3 {x - y):* - r> 

- (x ^ sp - 3(x ^ z)*y • 3(x 4 ;)i|* • y*. 


4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 


(U - i> r tc r ro ) “ fl 6 c - (tt '-cHr . a), 

ia -^c)* - o(6 - r • u) - 6(a ^ t ~ b) - f(o - h r] 2<«’ • 6* • c*) 


fx-yp-{x *y)* 3{x ^ y)^(x ■ y) -3{x r y)*(x y) ivH. 

-y(: -x) + :*{x-y) 4 (y-z)(: - x)(x yUn. 
ff>(6 r) . /?(r a) -c*(rt - h) - -(6 -r)[r •~a){a 4h . r). 
If X - y 4 : 0, jwove that x* + y* -4 H 3xy;. 

Prove that {h~ cP ♦ (c ~n)* * (o - ftp 3 {h -c)(c --o){o - h). 


If T 0 - 6 • c, shew tK.^l 

11. 

12. ( < ~ ap 4 U “ * (s ' ^f* * ^ibf' 

13. “0)(4 -^)(j -c) -2h*f* 4 2r*a* 2a*ir* a* - 6* r*. 

14. 2(4 “«)(4~6)(*-f) + a(4-h)(i -r) 4 h(* -r)(4 -a) 

*f(4-o){i“h) nhr. 

If a *6 *c 0. she* that 

15. (2a - 6)> + (Ub - + (2c - af :^3(aa- 6)(26 - c)(2f - a). 

1A ^ 1 

^ be ^ 2^ Ita" 2f"* , nh ' 

17, Prove that 

(x-y fj)* + {x fy-z)»4-(j~y + zp + (x-y~»)‘-“ ir(x*4 3y* • 32*). 
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18. Jf H T 6 -hc-s, prove that 

(is - U - 3i)3 r (^ _ 3c)3 - 3 _ Q 

19. UX:^b^c-2a, K=^c-fa-2A, Z==a + 6-2c, findthevalueof 

A>t y»^Z^-3XYZ. 

20. Kind thr value of a (c* r be) i 6(4* + oc) - c(c* - ab) when a ~ -7. 
i- -OH, c~-7S. 

21. I *rove that - b}- - (6 - c)* t (c - a)* 

~2(c~b}(r-(i} ~2{b~a)(b-c}-r2(a -6/(a- r). 

22. IVove that ~ r>) -«3) . c*(o’ -h*) 

• |o - i)(i/ - rj(.- - «)(«/» ^ bc~rca) y' 

- : a*(/y - -«)* ^C»{CI -6)> 

- -[fi*6*(o ’ 6*c*(6 -c) -)-c*a*(c -o)j. 

23. If (ct t 6)* r (6 -rf j® - (c -<i)* - •i{ub - be rcd), prove that 

(1 b ~c ~d, 

24. K X -a ^ d, y -b • d, z c - d, prove that 

X* I/* - - yc ij- ry ^ be - (a - ab. 

25. -If fi - h • ■ 0, pr«l^ e that 

* ^ ^ ^ -n 

b^ .. r* _ (ji (-1 - flS - i,s 

26. If « ■ fc - r ^ (t, simplify 

(/>* r c* - «*) - (fJ - rt* - 61} + -y- (a* - 6* - f‘). 

be. ea (76 ' ’ 

27. Prove that th(j e<jUAt ion 

(x^a)* ‘ (v ■ 6)» -{a*^6i- l)(xi-(yi-l)=0, 
in equivalent to the Wjuation 

(ox - by 1 )i - {hz - ay)* = 0 ; 
henee ahew that the <uiiy possible values of Z and y are 
a b 

rt*-r6*’ 

28. If 2 (j:* 4 0 * - ox) I ;/* * 6* 6y) ~ x^y* t «*6*, shew that 

(x -o)i(y - 6)* r |6x -ay)*~0, 

and therefore that x^a,y~b are the only possible solutions. 

*224, We shall now give some further examples of fractiona 
Ijl^iUuslrabp the advantage of arranging expressions with r^ard 
to (|vclic order. [Art. 172.] 

Fa A. 
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Examj^, Find the value of 

a h c 

(o-6)(a-c}(x-o)^(6-c}(6-a)(x-6)^(c-a)(c-t)(x-c)* 

Changing the eign of one factor in each denominator, ro a« to 
preserve cyclic order, we get for the lowest common denominator, 

(a - 6) (6 - r) (r - a) {X - a) (x - ft) (X - c). 

The whole expression has for its numerator 

~[a{b-r){x-b){ 2 ~c) + f ] 

or - [a(ii -f)(x* - (i rfjx + + ]. 

Arrange it according to powers of x ; thuB ^ 
coefficient ofx^-- -{«({6 -c) r6[c-a) +f(a-6)} 

0; 

coefficient of x - [a{b* ~c^) -b{c* ~ a*)^ c (a* - &*)} 

-o)(a-fr) ; [Art. 223.] 

terms which do not contain x 

- - {abc{b -c) taLc{f ~ a) -f a6r(a - 6) } 

■ -aAf |A '•c+-c~aTO-6) 


Hence the expression - 


( tj- r)(r - Q ) (a -b)r 

[h - c) {c - a) (a - b}(z - a) (x - b) (x - c) 

X 

(x-a)(x-6)(x-f)' 


Note. In examples of thin kinr! the work will Ic much facilitated 
if the student accustoms himself to readily writing down the follow- 
ing equivalenU : 

(b ~r) ‘ (r - a) ♦ (a - b} 0. 
a(b -c) f b(c ~a) i c(a -b) 0. 
a*(5 -r) rft*(c - a) +c*{a - i) - - {a “6)(6 -r)((; - a). 
br(b-c) ^ra(c - a) ^ab(a -6) - - (a -fj)(6 ~c)(c - a), 
a(b‘ - c*) - 6(c* - 0 *) ■ r(a* - b*) (a ~b}(b- c)(c -o). 


Sc»me of the identitif^s in h^xamjdrs xxix. r may also be re- 
roemberwl with advantage. 


^liXAHPLES XXIZ. d 

I a b c 

{o-6)(a -e)'*’{h-c)(h -a) fc-a)(<-'6)‘ 
- b<^ M ab 

' (a"< 6) (o - c) ^ (T^cjjb ^) (c - o) (c - r)’ 
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3 . 

4 . 

5 . 

6 . 

7 . 

8. 
9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 


g* y (* 

{a-b){a~c}^ {b ~c}(b -a) ^(c -a)(c-6)’ 

g* fe» c» 

(a -i)(a -c) ^(6 -a)^(c -a){c -b)' 

a{ b u) fe(a +c} c(ai6) 

(a ~6)(c -g) ^(o - &)(6 -c) "^(c -g)(6 -c) 

1 I \ 

a{a -■b){a -c)^ b{b ’~c){b -a}^ c{c -a)(c -b) 
be ra ab 

a (a* - -c*) ^6 {6* -c*)(i* - a*} ^ c(c^ ~ a*)(c* -6*) 

{x-b)ix-c ) (3:-c)(x-g) ^ j j-ajix-b) 

{a ~b}{a-c]^ lb-c){b-a} (c~a)(c-b) 
f>r{(i+d) M(i+d) ab{crd) 

{a ~ b){a ^ {b ~c}(b -a} {c-a){c-b) 

I 1 

(a - 6j(tt-f)(x - a) ^(6 -c)(6 -a){j: (r - a)(c -6)(x-c) 

tt> c* 

(g - 6)(g “ c)(x + g) ^ {b-e){b ~a)[£-b} (c - a){C ~b]{x-i c) 

5 ^ ^ (P 4g){c4&) , 

^ {a-b)(n-c] ' (b-r}'(ij-a] (c-a)(c-6)* 

- r) -r &*(r - a) -i- c*(a -/O 

(6 -p)* T (c -fl)’ +(g -6)* 

"* ( ft-f) rp* (g-// )-i^g-fe)(fc-p)(c-o) 

(ft -f)’ ! (P -rt)* r(g - ft)* 
fl*(ft ~P) fft *(c ^rf> 
g*(ft -p) » ft*(p -g) * <■*(« ~b) 
a*(ft - p)* - a)* 4 r- ( g - ft)* 

"~~f7^ft)(6-p)(p-o) 


\ft -f) 4 ! (p-n) - - ft) 

a b e 




18 . 
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*2S5. To ^nd when - px* qx -r r ( I )♦ 

w rfm>iWe hy x* -f ax -t- b (2). 

Divide (1) by (2) in the ordiiiAn- way ; thus 

j* - 6 + ^jr r r lar + (p-a) 

I 

{/)-o)x»r iq-b) X4-r 


(p - (i)x* T a(p - o) x-6/p“0) 

» rt))x-r-6(p-a) (3). 

Now if tbe rcuiauider is zero the division is exaet. Thia is 
the case when 

[{^ -6) - a{p - fl)lx -b{p-a) i), 
b{p-(t)-r 

or X - — -1 : • 

q-b-a[p-a} 

Henoe when x has this value. (1) is divisible by (2). 

But if in (,3). q~b-a(p - <i)^0, 

and also r-6(p“O)-0, 

the remainder is equal to zero u'hftkver value x may have. Thus 
x^ -r px^ qx ^ b is divisible by x'-^ax-b for all values of x, 
provided that 

q-b - aip- «) -U, 
and r-6(p-o) -0. 

* 228 . To Jind the condition that x* - px - q may be a perfect 
gquare. 

Using the ordinary rule for stjuare root, we have 
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♦227. To prove Uuit x^-rpx®-qx*TrxT8 is a perfect square 
i/ j j - 48 and r* = p%. 

The square root must clearly be a trinomial expression of the 
form x^ + Jx- m ; if therefore we put 

x*Tpx^-r qz' i rx^s-ix^-vlx m)*, 

wc have, on exiwnding the right-hand side, 

x*ipx^-¥qx’-rrxT8~x*T 2lx^ T x*(/* T 2m) + 2lmx - m\ 

Since this is to be true for all values of x, ivc may assume that 
the eoe£icknts of the Uh. jHJwer^ of \ are the same : hence 

2 /";l /- + 2 m - 9 , 

= * m'~8. 

From these equations, by eliminating the unknown quantities 
I and m, wc sliatl obtain the newasety- ix^lations between p, q, r, 
and 8. 

Thus wc have 9 “ T ~2;^ = 2^,8, 

4 

r~2lm-p>,8 ; 

•• (’^ ' 4 ) 

Hot®. The raetho<l of Art. 221) might have been used here. Also 
the metho<l of the pri>^;ent article may ho used to establish the 
reaulte of Arli*. 22-j and 22t‘. 


* 228 . The propoeition in the preceding article has been 
given to illustrate a useful method, which admits of veiy’ wide 
application- In the course of the proof we assume the truth of 
an important prisioipte ; namely, 

// firo ralimal integral expressions involving x ore idenOcaUg 
equal, the coejjicients of like poioers of x tn the two expressions arc 
equal, 

[An expression is said to be rational when no term contains a 
square or other root, and it is said to be tni^^ with respect to \ 
when the powere of j are ail positive inters.] 

The demonstration of this principle belongs to a more advanced 
part of the subject, and could not be discussed completely here. 

Higher Algebra, Art. 311.] 
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The Remainder Theorem 

*22d. If a nUional integral algebraical expre^ion 

XO + PiX^-U ^ PjX«-3 4 . ^ ^ 

be divided by the rmavuier will be 

a“ + p,a«“^ + p,an---rp,a'i-3-t- i-pn^ia + pu. 

V>ivide the ^ven expre^ion by x-a till a reniainder ia ob- 
tained which does not involve x. Let Q be the quotient, and H 
the remainder ; then 

z" -H ... 

Since U does not contain z, it will remain mialten*d whatever 
value we give to x. 

Put x~a, then 

a" +p,a''-*+ ... -Pn=(? > 0 ^ li, 

«=:a'*-rPia’'-‘xp,n”-=^...-rp^,a p„; 

which proves the ^)rop 08 ition. 

From this it appears that when an algebraical expression is 
divided by x~ a, the remainder can be obtained at once by 
writin;^ a in the place of x in the yiven exprvsaiori. 

Again, the remainder is rero when the given expression is 
exactly divisible by z-n ; hence wc deduce another inqwrtant 
proposition, known as the Factor Theorem. 

If a rational integral Pipr^JiAum inrolnng x become equal to 0 
when a w written for x, d will contain x & aea factor, 

hxampU I . Hesolvo into favtoni x* - 3 j:* - 13x - M. 

By trial wc find that this expression varusheA when x '3; hcnco 
a - 3 is a factor. 

X* -i-ax* - 134 - l.'5.::zVx - 3) +ftx(x -3) + r)(x - 3) 
^(x>3)(z*48x + r>) 

= (X-3)(X4I)(X45). 

Kote. The only numerical values that need be substituted for x 
are the factoni of the last term of the expression. Thus, In the 
present case, by making trial of -2, we akould have doteotod the 
faeUwx+S. ‘ 
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Example 2. The remainder when i*-2a:*+x-7 is divided bv 

X -r 2 is 

(-2)<-2(-2)» + (-2)-7; 
tlKit is, 10 + 16 2 - 7, or 23. 

Or the nemamdor mav be found more shortly by substituting 
-2in[((x-2)xjx + l]x-7. 

KxiimpU 3. Find the factors of 6c(b - c) +ca{c - a) t ai{a -b), 

(hi trial, this expression I’anishes when b-c; therefore 6 - c i»a 
factor. Similarly c - a, a - 6 may be shewn to be factors. 

6c{6-c) T«i(r-a) -i) ^ Jl/{6 ~ f)(c - a)(u - 6) ...(1); 

and iiiua? the left-hand member of this identity Is only of three 
dime!ijiion.s in o, 6, c, the factor M must be some numerical quantity 
in(le[)enderit of a, ft, c ; its value can therefore be found by giving 
jiarticular values to a, ft, c, or by equating the cot'flScients of like 
tcniis on each side. 

1^'t a ==0, ft = I, c -2, then (1 ) beeomos 

2{-l) rO^O-.l/( ~1)>:2.:(-1); 
wliont'e J/-- - 1. 

ftc(6 -c) -!-m{c - a) ~ of >{<i - ft) - (ft -f)(c -o)(<i - ft). 

*230. We aha II now give general proofs of the statcincuU 
made in Art. “w. We supiiose n to be positive and integral. 

I. To provf that x" - y" is nbwy# dii'tsibk by \ - y, 

Hy the remainder theorem when x” - 1 /” is divided by x~y 
the remaimler is 

y" " y”, or 0, 

tliat is, x" - y" is always divisible by x-y. 

H. To prot'c that f-y^ is divisible by x-fy trften n odd. 
but not tchen n is evert. 

By the remainiier tluM)rem when x^-fy" is divided by x + y 
the nmiainder is 

(1) ifrtisixid, { -y)” y'*= -y" -f y" -0 ; 

(2) if n is even, ( - y)” y” - y” ~ y” = 2y^ ; 

heiKxi then' is a rtunaiiuler when n is e\'en, but none when n is 
odd ; which proves the proiiosition. 

In like manner it may Ijc proved that x" *“ y" is divisible by 
when n is even ; and x” +y” is neKr divisible by x-y. 
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By going through a few atepe of the division, the form of ihe 
quotient in each case is easily detennined. The a'sulta of the 
present article may be conveniently stated as follows : 

(i) For ail values of 

(ii) When n is odd, 

r'* -r y-’ = (JT + - . , . ^ 

'(iii) \\'hen n is even, 

j« - y « - (x T y ) ( j'‘" * - 1'’- "y t x" "^y- - ... - y“- * ). 

♦EXAMPLES XXIX. e 

Find the values of j wliich will make each of the following 
expressions a i)ert'ect square : 

1. 1. 2. .31. 

4 . 4 - 4p'/x* -^■ (9* - 2/r ) ^ . 

. obi* ‘2arx^ .Vxx 

5’ ,6 - 2 

6. J* - 'Hax^ -r 3<i‘r* - f J - d, 

7. Find the conditions that x* - ur* -r ix* - cjt -r 1 may be a perfect 

square for all values of x. 

Fmd the v.alues of z which will make each of the following 
cxpresaioris a perfect cube : 

8. aE^-36x*r56x 3‘J. 9. + 4a*x»-28a«. 

2 i .1 

1 0. Hi V - + 3^ia’x^ - 5 1 »i*. 

11. Find the relation between 6 and c in order that 

r .lax* 6x + c 

may be a perfect cube for all values of x. 

12. Find the conditions that 

x* + 3ax* + 36x*ra(66-5o*)x* + 36(6-a«)x» + 3a+d 
may he a jx^rfer t cube for ail values of x. 

13. What numl)cr must be added to x*t2x* in order that the 

expression may bo diTi«ible by Xr4t 

14. If X a be a common factor of x* +px +9 and x* -rlx + m, shew 

that a - . 

i-p 
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Kesolve into factors : 
15. 

17. ;e + 0j-* + 26z-f-24. 
19. i-»-39.r + 70. 

21. 0z"-r7z*-x-2. 


16. + 

18. 

20, x*-Sx^-^lx-22, 

22. 6jStx* -^ 19x4-6. 
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Write dow n the quotient in the following cases : 

24. 26. ^ 

y x+y x-y 


23. - 


26. 


^-y ' 


Find the square root of 

27. T* t ['2a + {a* - 2a + 4)j(:* -r (2a* - 4a)j: f a*. 

28. (aTi)*i-*4-(2a*4-2a)jr*-f(3a*-4a-6)x* 

* -f (2a*-6a)r- a*-6a -t-9. 

29. Find what values of m make 3mj^-r(6m- 12)j r8 a perfect 

Bcjuare. 

30. If 4z^ 4 1 ir*y 4- 4 dry* 4 y* is a jjcrfcct square, find P. 


Witliout actual division shew that 

31. Sir'" - 33jr^ + 1 is divisible by jt- 1 . 

32. 3.r*tixr»-I3x*-20x-r4 x»-4. 

33. r‘ + 4i*-&i»-3ar-36 r*-2“-6. 


Without actual di\'i3ion find the remainder when 

34. X* - 5a:* 4 ^ 5 is divided by z - o. 

35. 7z^ + aza*4-15a> x-t-2a. 

36. If OJ* -bx + c and dz* - 6 z 4 - c have a common factor, then 

0 * - ahd 4 cd* = 0 . 

37. If fl be any jwsitive integer, prove that 5*” - 1 i« always 
divisible by 24. 

38. shew that 1 “Z-z^' f z”+* is exactly divisible by 

I-2Z4-Z*. 

39. If z* 4 -jM: 4 -r and 3z*4-p have a common factor, prove that 


40, Shew that if x* 4- jay" 4 y:" is exaetly divisible by 
x^-{ay + bx)x+abyzt 

^4-r^4-l=0. 

0" 


then 



CHAPTER XXX 


The Theory op Indices 

^Logarithms (Chap, xxxix) rnay be taken in connection trilh this 
chapter after Arts. 231-242 have been read. The articles marked tcUh 
an asterisk mag be postponed on a first reading.] 

231. HmfEATO all the definitigiis and rules with regard to 
indices iiave been baaed upon the sup{) 06 iUon that they were 
positive integers ; for instiince , 

(1) a** = a , fl . a ... to fourteen factors. 

(2) 

(3) 

(4) 

The object of the prearnt chapter is twofold : lirat, Ui give 
general prools which shall establish the laws of combination in 
the case of all positive integral indices ; «e(’()tully. to explain 
how, in strict accordance with these laws, intelligible meanings 
may be given to symbols whose indices arc fractional, zero, or 
negative. 

We shall begin by proving, directly from the drlinition of a 
positive integral index, three important propositions. 

232. Definition. When m is a Hiteger, alands 

for the product oPm factots each equal to a. 

233. Prop. I. To prove that a*" x a^ + u'hen m ond n 
are positivt integers. 

By definition, a"~a,a.a...tom factors ; 

a*=a . a . a ... to n factors ; 

Ka" = (a.a.a ... to m factors) x (a.a .a ... to n factors 
-a . a . a ... to m + n factors 
by definititm. 

Cot. If p is also c. positive integer, then 
a"* X a” X a** =a”*^^ ; 
and so for any number of factors. 
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234. Prop. II. To prove that -i-ao = a®-“, when m and n 
are poiitive inlegeret and m>n. 

„ „ o”* a .a .a tom factors 

a" a .a . a to n factors 

=a.a .a tom-n factors 

235. Prop. III. To prove that (a^)^ = a"^, when m and n are 

positive integers. • 

a™ .a”' .a"’ to « factors 

~(a . a . a ... tomfactorB)(a . a . a ... tom factors) ... 
the bracket being repeatt'd k times, 

. a . a to mn factors 

236. These are tiie fundamental laws of combination of 
iiuli«*«, and they are proved directly from a definition which is 
intelligible only on the supposition that the indices are positive 
and integral. 

But it is found convenient to use fractional and negative 

iiiditt's, such as n*. a or, more generally, a^, a"'" ; and these 
have at present no intelligible meaning. For it is plain that the 
definition of o'”, [Art. U|K>n which we based the three ])ro- 
jKwitions just proved, is no longer applicable when m is fractioml, 
or negaiit'e. 

Xow it is important that all indices, whether positive or 
negative, integral or fractional, should be governed by the same 
laws. We therefore detenuine meanings for symbols such as 
p 

a ", in the following way : we assume that they conform to 
the fundamental law, a"* > a” “( 7 "'+", and accept the meaning to 
which this assumption leads us. It will be found that the 
symbols so inter|)ivtcd will also obey the other laws enunciated 
in Pro|)H. II and in. 

p 

237. To Jind a meaning for a.% p and q being positive 
integers. 

Since a” xa"=a”^" is to be true for all values of m and «, 

by replacing each of the indices m and n by ~ , we have 

q 

? ^ T.+ P °P 
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p p p '2p p ^ 

SimiUrly, «« xa^ s«fl=a (i«-a « »:=a«. 

Proceeding in this way for 4, 5, q factors, we have 

p P p 'fp 

«® X a« X ioq factors =« ^ ; 

p 

that is, 

tTherefore, by taking the root, 
p 


or, in words, is equal to ' the 9^** root of 
Examples, ( 1 ) 

t2) ai = ^o. 


(3) 4 *^^v/ 4 *^v 51=8. 

(4) x(i^ 

( 5 ) 

iA\ - 10,,! 


238, Tojiwd a i/wanni^/or a*. 

Since a'" >:a"=a''*^'‘ is to be true for aU values of m and it, 
by replacing the index m by 0, we have 

a* • o'* 

; 



-I. 


Hence (iny ^uantiiy w ith zero index is equivalent to 1 . 
ExampU. 


239. To jind a meaning for a”^. 

Since a” x o’* =a"^ is to be tnie for aU, values of m and n, by 
replacing the index m by - a, wc have 

X Cl** •“ ™ (1*, 

a»-l; 


But 
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From this it foIlo\VB that any factor may be transferred from 
the numerator to the denominator of an expression, or vioe-vers&j 
by merely changing the sign of the index, 

Kminplc4. (!) = — , 

Jr 

(2) j;q=!/!=sy- 

,1, ‘ ' >1 
£ 40 . To prove that a>« for aU ivlues of m and n. 


by the fundamental law. 

KjrampUf, (1) a*— a* ”a*~* ~-ri * ~ 

rt* 

(2) -c* * . 

(3) r: j-« 

241 . 'fhe method of finding a meaning for a symbol, as ex- 
plained in the preceding articles, deser\’e.s careful attention. The 
usual algebraical process is to make choice of symbols, give them 
meanings, and then prove the niles for their combination. Here 
the prcKTss is reverstnl ; the symlwU are given, and the law to 
which they are to conform, and from this the meanings of the 
symbols am (lot<Tjniiu?d, 

242 . The following examples will illustrate the different 
principles h*c have established. 

„ , .3a-* Ir 

Ej^ampUg. fl) . 

^ 5jr'y 

9a-*xo» » 3 3a 


( 2 ) 
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(3) 


^'jr* X ^ X* y-J y ji 


= ji-|yl ‘i=jr*y=y. 


(4) 


+ ■ i +0* -2a« rSfli rai 
0“* 


=-5tt^ =0^(5 + a*). 


EXAMPLES XXX. a 

Express with poatire indices ; 


1. 

a ^ 

2r *. 


2. 

3«-5. 

3. 4x-*«*. 

4. 

3 : a >. 


5. 

1 ‘ 

ikr * 

6. -'j. 

7. 

r,y>c-*' 


8. 


9. Irixar*. 

10. 

iy2a-^. 


11. 

jy* > r *. 

12. a *x-' : .v. 

13. 


14. 

1 

4 ;^ *' 

•> 

15. ' , 

\y ^ 

4 'j-3 

■ 

17. 

a’x-ir 

a'*. 

18. 

’ a"‘ r^a. 

19. 

Exppf'ss with radical siv,^ and positive indices : 

20. 

s 

xi. 

21. 

„! 
a «, 

22. 

23. 2a-i. 

24. 

1 

2a i 

25. 

0 

h~i 

26. 

27. 

XX 

28. 

<ri ‘ 2n' 

i. 

29. 


30. 7a"^ :• 3<i ‘. 

31. 

2a* 

32. 

g-i 

3a ' 

33 

3 . 


35. V O* « y^«*- 

38. 


36. 37. V^x‘/i». 

39. V^* ^'®** 40. 
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iFInd the value of 


41. 

16i. 

42. 4-t. 43. 126^ 

44. H. 

45. 

36-t. 


47. 243^. 

48. 

0 " 

©'• 



*243. To prove that (a'J’)n=aron m universally true for aU 
mlues of ra and n. 

Case I. Let n be a positive integer. 

Now, whatever be the value of m 

=a^ . o'” . a”* to n factors 

rza*" + '* + "+ *■ 

Case H. Let m be unrestricted as before, and let n be a 

po.rifri’c fraction. Keplaciiig n by ~ , where p and q are positive 
P ' 9 

iniegeT.s^ we have (c”*)” = ((!’’*)« • 

Now the power of (a”*)? = { (a"' )? }? 



rz{a^)P 

[Case I.] 


- 

[Case L] 

Hence by taking the rexit of these equals, 






mp 



^ a ff . 

[Art. 237.] 

Case III. I^et 

m be unrestricted as before, and let n be any 

neprrfitv quantity. 

Replacing n by - r, where r is positive^ we 

have 


[Art. 239.] 


1 

“ ^fur' 

[Case II.] 


Hence Prop, m. Art. 236, (a**)'*=a*" has been shewn to be 
uni^rsally trae. 
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Eiamptej. (1) -6^ -6^. 

[ 2 ) {(x-*)>{-*:=(x~*)-* = j:*V 

(3) U‘“7 

*244, To pm e that (ab)n=:;a>^b“, whaterer be the tvlue of n ; 
a and b being any gmntitiee whatever. 

*Case I. Let n be a imitive integer. 

Now -ah ,ab .ab to n factors 

-(ti .a .a ... to n factors)(& - !> . 6 ... to n factors) 

Case II. Let n be a fraction. Replacing » by ^ • 

r* '/ 

where p and q are poeitite integers, we have {ab)” -{ab)i. 


Xow the |jower of (aA)‘ir 

-^flPAP 

t‘ p 

Takinc the root, (aA) ' =a’A^ . 


[Art. 24X: 
iCaae 1. 


C.iftE III. Let n have a«y negative value. 
~ r, where r U po^^itive, 


(aA)'»-:(«A)-' 


I 

('oAr 


-L 

"a^A"" 




Replacing n by 


Hen« the proposition U provcfi universally. 

The result we have just proved may be expressed in a verbal 
form by saying that the index of a product may be distribiUcd 
over its fadors. 

Hots. An index i.s not distributive over the terine of an expros- 
8k>n. Thtis (ai + a 4)* » not equal to o 4 6. Again (a* 4 A*)4 is equal 
to \'o *4 6*, and cannot be farther simplified. 
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KxumpUs. ( 1 ) 

(1*) {(a -6)*^}“^ {(« r &)'*■}* - (a X {o + 6)"*^ 

-{(a- 6 ){a + 6 )}-*‘ 


*245. It should be obaiTved th.it iu the proof of Art. 244 the 
quantities a and b arc u'holhj unreMrieUxif and may tfaemae^va 
involve indiec‘s. 


Ksampli^, ( 1 ) 

y-i. 


12 ) 


\6 vU"* ' \ 6 s«“V 


/aA'*Y 


- (a 5 i"'a *}* 
-(a>)‘ -a^ 


T!YAMPT ,K S YTg b 


Simplify and expreaa with ptwitive indict: 

3. {x“jr*)’><(^yV- 

«■ &r- 

9. (4a-* r9x*)-l 

1 

12. 

13. v'F'txCaA^. 14. Va4-'c-« x(a->4-^c-‘)-i. 

U. v'^'Ti* K (a5x-‘)-*. 


1. 

2. 

( ^ -r V) ’- 

A 


/27j^V^ 


i7>j 5. 

U»~v 

7. 


8. 

20. 

(X4-C>)". 11. 



16. 
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Simplify and express with positive indices ; 


17. 

(a-i’/x)-* 

X V4r*v<i~*. 

18. 


(a"6‘")‘. 

19. 

v^a -f- 6)* X 

(a+6)-l. 

20. 



((i + y)")'. 

21. 

V 

/oA ‘y 
\a ^) ■ 

22. 

1 

d) 

1^ ?:* !• 

' ■ 4-0 ■ 

23, 


24. 

\{a + b)' 

‘x(«> 


25. 

Q-' 

V o*c-» / 

““ 

26. (‘ 

rlx* 


27. 



28. 

> (n»4‘ 

^a*) 




' ' x-\'aj 


s{b* - a' 

IfrSpl 


29. 

{ff»* ■’)’*+! -1 

#a • 

30. 

(-■)"' 

'-1 

X 

31. 

/ ^ 


32. 

(jiy 


l-+». 



1 



33. 

YH ^ Yx/y 

Yy V 

34. 

a'.) 


Yz-V 7 ■ 

35. 


1 

36, 

2 111 

4n«i 


*>n-l 

""4 n' 


■ 

(2n 1 


37. 

3 . 2" 4 . 2' 

n t 

38. 

.3"^^ fi. 

3”’ * 



On _ 2^^ 



~^nTi“ 

■ 



246 . Sinw the index-lawa are universally true, all the 
Ofdiiianr' ojjcration.'j of multi plica I ion, divi.sion, involution and 
erolution arc applicable to ex[>rcssiorw which amtain fractional 
and negative indices. 


647 . In Art. 121, W’e pointed out that the desauiding powers 
of z axe 


1 1 1 


A rsMon for this may be seen if we write these terras in the form 


z*, z*, z‘, z*, jr*, z~*, 
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ExampU 1 . Multiply 3ari + jc + 2xt by xi - 2. 

Arrange in dest-encling powers of z. 

X +2xJ + 32ri 
xi-2 

xi + 2x 4 3 
-2x 

T3 -4x143 -6x4. 


Example 2. l^ivide 10a * - 6fl‘ * 4 -r6 by 1 4 2o"*. 

2o'*4l ) 16a-*- 6a 5a-ii6( 8«-»-7a-*+6 


-]4a-*-r Tki • 
-14a-*~ 7a-» 


12a » ^6 
12« »46 


Example 3. Find the square nxjt of 


4j^ V X* 

y 'y-l 




Getting rid of the radical signs, and arranging in descending 
powers of x, we have 


r* - 4xi y4 i 4j:*y-i 4 z* yi - 2z > ^ f x* - 2TV-i 4 -- 
jS 4 V ' 2 

2j:J “ 2jy’« - 4r#y“i f 4x*y-‘ 

~4/*y4 + 4x*y‘ 

2xi-4^4 + y‘ |x5yi-2x + | 

4V-2X+I 


Hot9. In this example it should be observed that the introduction 
negative indices enabh's ua to avoid the use of algebraical fractions. 
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EXAMPLES XXX. c 

1 . Miiltipiy iri - 5 f by -Ixi r 

2. Multiply 3a^ -4flt -et^i by 3<ii ra'^ -6a~t. 

3. Fiiul the product of - 7 and o - Sr"’*' - if-", 

f . Find the product of 5 - ir** t lr-“ and 4x“ - 

5. Divide 21jr ri-S - j-5 - 1 by 3xi - I. 

6. Divide S<j ' by 5rt5 r4. 

7. Divide lOu ’ -6a - -."xr * -6 l\v - 1. 

8. Dt>^de .Vv* ■ 6A‘ 4fj-l by h% - 26'i 

9. Divide 21a^' ■ 20 - 2Tu^ 2fV:"’ l>y -5. 

10. Divide Sr“*’ ~ Sr” - ,5<^” - by Tx ” - 30“". 

^Fiml the square nxzt of 

11. 0r-12xt^l0-4.r*i -X b 

1 2. iVxi ! - 1 6 ~ .'KVt - 24ai - 41D I . 

13. 4x« 4 Or n ^ 28 24x : - i6xi. 

14. I2a^r4-tw»^^a*^ . .Vz^. 

15. Multiply at - 8a’^ t4u‘i - 2ai by 4a“J - +4a‘'i. 

16. Multiply I '^2^x-2xi by 1 - ^x. 

17. Multiply 2 V a* 0 ^ - bv 2a .3 » ' ^ - o"^ 

u ■ \ a 

18. Divide % x* + 2 j'» - by x* « 4x“^ 4 1 . 

X 

1 9. Divide 1 - va - + 2a» by I - J. 

W. Divide4v'x«-8ni-5ftr+3x'^bT2xA-iyx- — . 

i'X ^ ^ ilM 
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Find the square root of 


21 . 


22 . 

23 . 


24 . 


4v 1 i • ' (^) + 2\ J - 24 y j + 16x-iy. 

( '■< >1 \ ri , 3 'tJ 

' . +1) +36~{xV*-l)-158^. 


248. /rho following examples will illustrate the formula of 
earlier chapters when applied to expressions involving fractional 
and negative indkvs. , 

^ P kk k ft h p p p 

I. (a*'-6'')(a ^t 6 “') =a* *-a *6*+a*ft ’-6* ^ 

p » _i< 

= l-a VTa*6 

; r k p 

a^b ’ a~^M. 

A’raHip/c 2. Multiply ^3 by r z** ~ 3. 

The prfHlui'l - (jP 3)} {lLr*P + (zP -3)} 

: :|1VP)1_|J.P_3)1 

A*xaw///f' IF The square of 3z- - 2 ~ z“* 

9z f 4 - 2 . . 2 - 2 . +3 . 2 . 

-Hz f4 4.z-> 

Hx-13ri 2+4z"i^jr-h 
by collecting like terms and rearranging. 

:tii !(.« M n 

A'zwwple 4. Divivle o by a- +«~5. 

.In rUt N * 

The quotient - (a » + a" "i: ) -- (a'-i + a“ a) 

+ («^ + a~*) 

=(a2)*“«j ,rt~3 + (a“a)* 

*a»~l+a“". 
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XXX. d 

Write down tho value of 

1. (X* - 7){xi +3). 2. (if -5x-‘)(4x t3x-»). 

3. (7x 4. (x"* -y’*)(x'''” ry-"). 
ft (0^-20''^)*. 6. (a^-a*)». 

7. 8. (.*ir»/-^3x-«y'*)(4x^y*-^5x~^y-*). 

9. 10. 


11. ^(i-* . 

12. 

(ri-x''“ - X)*. 

13. {(o+6)iT(a-6)l;*. 

14. 

{(a +-6)^ - [a - 6)“i ;^. 

Write down the quotient of 


15. X 9a by xi 

16. 

X* ~ 27 by A - 3. 

17. a*^-I9 by a^-4. 

18. 

x" -f-S by . 2. 

19. c*^~c-'byf^-c'^ 

20. 

I -8o’* by I - 

21. a*^ -x^ by a»^ r.H, 

22. 

x-‘-l byx 1. 

23. x*-lbyxi-L 

24. 

x*« - 32 by x« . 2. 

find the value of 



25. (x+z^ -■4)(x + xi *4). 

26. 

(2x* ^4^3 j l)(2xi .4-,3x-i|, 

27. (2-xi+x)(2 + xKx}. 

28. 

(a^^T r.1a 7-3a ^}. 

o*-8aU 

30. 

7i “V‘ 

+ 2\aA +4A^ 

x~Vx-14 A s^J ■ 

31. **'^>^* 

32. 

A 4-ab ^ 

i'z*^^4+4x'1 


ab~t^ sab' 



CHAPTER XXXI 

Elementary Surds 

249. Definition. If the root of a quantity cannot be eiacUr 
obtained the root is called a surd. 

Thus ^^2, .^5, are surds. 

By reference to the preceding cht-ipter it will be seen that 
these arc only cases of fractional indices ; for the above quanti- 
ties might be written 

111 I 

2^5^a^ (n= r6*)'*. 

Since surds may always bo expressed as quantities with frac- 
tional indices they are subject to the same law's of eonibinaticMi 

other algebraical symbols. 

250. A quantity may be expressed in a surd form without 

A 

really being a surd. Thus 4'r* or x^, though apparently a surd, 
can be expressed in the ocpiivalcnt form x-. 

251. A surd is sometimes called an irrational quantity ; 
and quantities w hich an* not surds are, for the sake of distinction, 
tinned rational quantities. 

252. In the ea»^ of nmnerieal surds such as .^’2, ^5 , , 
although the exaW value can never be found, it can be defcer- 
miiKNi to any degree of accuracy by carrying the process of 
evolution far enough. 

Thus v .V ^ ; 

that is lies IsTween 2-211006 and 2-23(507 ; and therefore tho 
error in using either of these quantities instead of s 3 is leas than 
-0(XM)1. By taking the root to a greater number of decimal 
places we can approximate still nearer to the true value. 

It thus apjicars that it will nc\^r be absoivtely necessary to 
introduce surds Into numerical work, which can always be carried 
oft to a certain degree of accuracy ; but we shall in the present 
chapter prove laws for combination of surd quantities wbieh 
will enable us to work with symbols such as ^'2. 4^5, ... with 

absolute accuracy so long as the symbols are kept in their surd 
form. Moreover it w ill bo found that even w here approximate 
numerical results are required, the work is considerably simpU- 
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fied and shortened by operating with surd symbols, and aftei* 
wards subetituting numerical valuee, il' neccesan'. 

253. The order of a surd is indicated by the root symbol, nr 
surd index. Thus ^/x, *!a are resjiectively surds of the iliinl 
and orders. 

The surds of the most frequent occurrence are those of the 
second ofder ; Utey are sometimes called quad r a t i c surds. Thus 
vTl. \ '‘X 4-y are quadratic surds. 

254. It will frequently be found convenient to cxjw.ss a 
ntkinal quantity in a surd fonii. 

A rational quantity may be expressed iii the form of a sun I of 
any required order by raising it to tli< j)o«'er whose ixjut the .^urd 
expresses, and prefixing the radical sign. Thus 

a T X ~ V (a + x)* = v'ftt x)‘ = + x)'’. 

256, A surd of any order may be transfomied into a surd of 
a different order. 

EiampUs. (I) =2^^ '"’V— 


(2) 

256. Surda of different orders may bo transformed into surds 
of the same order. This order may be aay common multiple rjf 
each of tlie given orders, but it is usually most convenient to 
choose the common multiple. 

Erampte. Express ^ * '6*, as nurds of the same Iouc»it 

order. 

The least common multiple of 4, ,1, 6 w 12; anti expressing the 
given suTiJa as surds of the twelfth order they l)e<‘ome 

257. Surds of different orders may be arranged nccorriing to 
magnitude by transfomimg them into surds of the same order. 

Emmpk. Arrange ^6* 4^10 according to mapiitudc. 

The feast common multiple of 2, 3^ 4 is 12 ; and. expressing the 
giren surda as surds of the twelfth order, we have 
'<3* ^-ic'729, 
l a =;=IJ1296, 

Hence anraoged in ascending order of magnitude the surds are 

lit 
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EXAMPLES XXXI. a 

Express as surds of the twelfth order with positive indices : 


1. 

xi 

2. a- 


3. 

♦/"Ua 3/ S n 

vox® X 

4. 

1 

,ri' 

5. r,, 

1 

6. 

1’-- 

\a-‘ 

Express as surds 

of the 

order with positive indices : 

7. 


8. 

9. A 


; 1 

10. Va'\ 

11. 


12. 

.3, 


14. 4 - 

Iv: 

(press as surds 

of the same lowest order : 


15. 

s'ej, 

16. 

N''a*. n'«. 

17. 


18. 


19. 

\ W, N aL 

20. 

N GX*, \ 

21. 

vVi. ;'ii, ^13. 

22. 

N K 3. V 6. 

23. 

3/0 St/S C 1 


268. The root of any exp^*s8ion is equal to the produc t of 
the roots of the separate factors of the expression. 

For % = (a6)"i 

I I 

[Art, 244.] 

Similarly, " - ^‘a . "ft . ^'c ; 

and so for any number of factors, 

Ezampifj. (1) 4'I5 .4,^5. 

( 2 ) 

(3) v'Mi=V25.v'2=5v2. 

Hence it appears that a surd may sometimes be expressed as 
the product of a rational quantity and a surd ; when so reduced 
the surd is said to bo in iU form. 

Tluis the simplest fonn of v'I28 is 8^,''2. 

Conversely, the coefficient of a surd may be brought under 
the radical sign by tiret reducing it to the form of a surd, and 
thiti multiplying the stirds together. 
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EjmmpUg. ( 1 ) 7 5 = y 49 . v5 = n/245. 

(2) a4'6 = >».^/6=K^6. 

When 80 reduced a surd is said to be an entire »unl. 

250. When surds have, or can be reduced to have, the same 
irrational factor, they are said to be lii*€ ; otherwise, they are 
said to be ufUike, Thus 

t 5 v3, 2 V 3, ^ v3 ^ surds. 

But 3v‘2 and 2.^ are unlike surds. 

3 4^5, are like surds ; 

\ o 

3v'20=3s4.,,:)-3.2v5^6s'5; 

/I /IT 1 . 

\5 Voj 5''’- 

280. In 6ndin^ the sum of a number of like surds we nxluoe 
them to their simplest fonn, and prefix to their common irrational 
part the sum of the coofticienU. 

ExampU 1. The sum of 3 .,,20, 4v‘^> 'L 

Ezamplt 2. The sum of x \ Sx^a ^y\ - y*a - 1 % 

: x.2x* a rjfl 

(lr> 

261. Unlike surds cannot be collected. 

Thus the sum of rw"2, -2^3 and ^6 is 5>/2-2.»,'3 + V5. 
and cannot be further simplified. 

UTAMPTTJt TTYT b 

Express in the simplest form : 

1. 2. VI47. 3. l/m. 4 . 44.12. 

6. avifiO. 6. 2^20. 7. 5v^5. S. i'1029. 

2. 4^3126. 10. -^-2187. 11. V3^. 12. >/27<^6*.' 


Again. 

and 




282, To tnuitiplij tH'o 9urdA of the same order : multiply 
at pfjratrly the rational farters and the irraiienal factors, 

1 1 

For a )c 6 *!y = ai ‘ x Ay* 

1 I 

-abxr*y” 

t 

=ai(xy)" 

-ab \ xy. 

Sjnmptes, (1) 5^3 x 3^/7==: 15^21. 

(2) 2vxO^'x-.Bx. ^ 

{,1) s o ♦ ft ‘ \ fl - 6 = s (a + 6){a -6) = sV -6*. 
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S63. If the suTxla are not in their simplest form, it will save 
labour to adduce them to this form before multiplication. 

Example. The prtxluct of 5v'33, ,^48, 2^54 
:--5.4s2x 4>.3 s 2. 6 ^480. ^'2. v3.s6 ^480x6-2880. 


264. To muUiji>lt/ sunU which are not of the same order: 
reduce them to equimUnl surds of the same order t atut ;>roce«d us 
before. 

Example. Multiply 5 ^ 2 by 2^5. 

The pnxluct - 5 >: 2 ; .V . 10 n 2* :< 5^ 10 4 500. 

266. Suppose it is required to titid the numerical value of 
the quotient when ^5 is divided bv 

At first ai^ht it would seem that wu must lind the square 
root of 5, which is 2-236 ... . and tlien the Mjuare not of 7, which 
is 2-645 , and linally divide 2-236... by 2-645...: tlm^e 

troublesome o|X‘rations. 

But we may avoid much of this labour by multiplying both 
numerator and denominator by ^ 7, so as to make the denomi* 
nator a rational quantity, fbus 

<(,5 \ < N 5 '• I .^'35 
\ 7 N 7 s 7 7 7 

Now ^715 "l OlO ... 


" N 7 ‘ 7 


266. The great utility of this artihee in calculating the 
numerical value of surd fractions suggests its convenience in the 
case of all surd fractions, even where numerical values are not 

required. Thus it is usual to .'Simplify - as follows : 


Oyjby^c uv’fcc 

yC y C y'C C 

The process by which surds are removed from the denomi- 
nator any fraction is known as ntaonalising the denominator. 
It is effect^ by multiplying both numerator and denominator 
by any factor which renders the denominator rational. We shall 
return to this point in Art. 270, 
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2Xn, The quotient of one surd by another may be found 
by expreaeing the result as a fraction, and rationalising the 
denominator. 


Example 1. Ihvidc 44^^75 by 


The quotient 


2r)y50 


4xny:i 

2'; /.2y'l4 ^5y/l4 


Exampie 2. 


2v:i>yl4 2sM2 y/42 
5y 14 > y 14 0 X 14 35 * 

ijb lb y yC Vic v6c 
y f * y f* X ^ 'c ;^'c* c 


EXAMPLES XXXI, c 


Find tlie value of 


1. 

2vI4xy. 

21. 

2. 

3y8xy6. 

3. 

5y/ax2y;3. 

4. 

2 y' 15x3 

y5. 

5. 

8yl2x3y24. 

6. 

^:rV2x^^2. 

7. 

21y 3S-t : 

Sy'llH. 

8. 

5y 2T : 3y 24. 

9. 

“ ]3y I25-r5y'6r). 

10. 


147. 

11. 

5^ 128. 2; 432 

, 12. 

6yl4^2y2l. 

13. 

fly- 6> X 


14. 

Sy'll ,5 

2y»8"7y22' 

15, 

3y 48 . 6y84 

5y 112 ■ y/302' 

16. 

3 /a> 4 

1 />■ 


17. 

a - 

j ir , l~Thj^ 
b'\ a-b \ (u -6)^ 

Given y2~ 

1-41421 

. N •‘1 

1-73205, y Oi: 

. 2-23607, y 6 = 2-44949, 


yH =^2 64575 : lind to four pla^'t's of dooiinala the numerical value 


of 


18. 

14 

19. 


20. 

10 

21. 

48 


s - 


\ *’ 


\ ' 


v«‘ 

22. 

60 

v5' 

23. 

144 :-y 6. 

24. 

V2-y^. 

25. 

1 

2y/3‘ 

26. 

1 

27. 

4 

28, 

25 

29. 

/256 


sW* 


y24,r 


y252- 


1675 


2iS8. Hitherto we ha\T continiHl our attention to simple 
lurds^ such as |'5, ^o, s^x+y. An expreasion involving two or 
more simple surds is odled a compound surd ; thus ~ Sy i ; 
l b are compound surds. 
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S89. The multiplication of compound surds is perfonncd 
like the multiplication of compound algebraical exprcasions. 

Example 1. Multiply iv-r - 5 by Syr. 

The prodQct-3 v/(2 - 5)- 

Example 2. Multiply 5 -• 3y x by -y x. 

,The product (2y 5 +3y r)(y 5 -y>) 

= 2yS . y5t3y5 .yX”2y3 .yX-3 tJX . X 
~ 10 - 3x - s ax. 

Example 3. Find the square of 2y x r n 7 4x. 

|2 y'x - \ 7 - 4x)* (2 x)’ - (V. 7 - 4x|’ r 4 yX . v 7 - 4x 
-;4x r 7 -4x > 4s7x 4x^ 

-7-4v7x 4x». 

EXAMPLES XXXI. d 

Find the value of 


1. 

{3^r-S),\x. 

2. 

(y X - 

y'a)x2v'x. 


3. 

(v a ^ V i) - <ab. 

4. 

(VX> 

y- 1) x\X : 

V- 

5. 

I2y3f3y2)*. 

6. 

(v7 ^ 

.'>y 3){2y 7 - 

4^3). 

7. 

(3v5-4v2)(2v'«i3.,2). 

8. 

(3ya 


» 3yX). 

9. 

(yX -VX- 1) X SX - i. 

10. 

(Vx * 

a - N^x “ a) ' 

■c S X * fi, 

11. 

(Va-i-2yfl)*. 

12. 


- v 1 •* 4fl)*. 


13. 

(\ a X - V u - xJ*. 

14. 

iya • 

x-2){v^ai 

x-1). 

15. 

(,2t^3 s5)(v2iv3-% 

.'i). 




16. 

(y ."> * 3y 2 • y 7)(y'.^ * 3y 2 - 

n")- 




Writ^ down the square of 





17. 

v2x*fl*-V2x-d. 

18. 

y/^r: 

'2y*+N^ + ; 

V. 

19. 

s/m -f B + vm - n. 

20. 

3yV + 6«-2vV 


^1, 

3*v^2- 3^7-21*. 

v22. 

VAx* 

+ 1 - v'4x* - 

1. 
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270. One caee of the multiplication of compound surds 
deserves careful attention. For if we multiply togeUier the sum 
and the difference of any two quadratic surds we obtain a rational 
product. 

ExamfiiB. ( 1 ) {>^a->rsjh){sja-sjb)-[sja)* ~{sjh)^~a-b. 

(2) (3s/5 + V3) (3Vfi - V3) = (3s'5)* - (V3)* = 45 - 4S = - 3. 

Similarly, (4 - v^a + 6){4 +Vo + 6) -{4)* - (va +6)*- 16 -o - fc. 

271 . Dehnitio V. When two binomial quadratic surds differ 
only in the sign which connects their terms they are said to be 
conjugate. 

Thus 3^7 + 54^/1 1 is conjugate to 3v7 - 5s, 1 1 . 

Similarly, « - is conjugate to a 4- ^ ~ r*. 

The product of two conjugate surds is rational, [Art. 270.] 

A>ani;j/<’. (3s, a 4 - \ z - - <z - 9a) 

^ (3v^a)* - {\r - Ita - Oa - (z - 9a) - 1 8a - z. 

272. The only c^vst' nf the division of compound surds w hich 
we shall here consider is that in which the di\ isor is a binomial 
quad ni tic surd. If we express the division by means of a frac- 
tion, we can always rationalise the denominator by multiplexing 
mnnemtor and denominator by the surd which is conjugate to 
tile divisor. 


Exatfiptf 1. Div itlc 4 > 
4 3 2 

The quotient - 

it ~ - 

20 4 IS 


3s, 2 by 5 -3v 2. 

4 ^ 3,, 2 5*3^2 

5 A3^^-3s'2 

i 12,, 2^ 1,\ 2 3S + 27y2 
la - IS ' ■ 7 ' 


Example 2. Hationalise the dononiiimtor of 


s'a* f 6* 4- o 


The expression - — 


6* 




Ca* ■} 5- a o* + 5* - tt 


A fe* „ a) 
ss/o* 4 6*“0. 
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Example 3. Divide -X” bv ^ 


The quotient 


v3-v2 W 3)« V(2)« 

' 2-S.3 “14-12^8v3-k3 

= — - ~2 “\ 3, on rationalising, 

- 3 


Example 4. Given 5 =2-230<^»C?i, find the value of 

' Rationalising the denominator, 

87 87(7^2^5) , 


87_ 

f-^S* 


4'> - 20 


s. 5) -^34-41 was. 


It nil] be setm that bv rationalising the denominator we have 
avinrled the use of a divi■^)r eonsisting rjf 7 figures. 


EXAMPLES XXXI. e 

Find the value of 


1. (^2-7)(a^2^7). 2. (3-\7){3-5^/7). 

3. {o.,S-2^7)(^s8.2^7). 4. (2^1U\2)(2^.^11-5^2). 

5. (vO-2vM(va-2sM. 6. {3f-2^r)(3e-\»- 

7. (va t-x 

8. (s2p-3^-2^7){\2p^37-^2v/). 

9. (s'a -X • NO ~ j)(N'a rj -NO - jf). 

10. f .7\ - 31/^ f Tu ) (.Wx^ - Sy* - 7c ). 

11. 29-: (1I-3^7). 12. 17-M3v'7 -2^3). 

13. (V2-l):(■^^2^rI^ 14. (i:v3-K-'):(fs3-4v2(. 

15. {'lx -'Jiyl-CSrH -ij). 16. (3. .. 'ijtvO -2) r(.i -v5). 


17, 18, 

vo-v-f' .3.v'1.3 .\3-3v3 


Ralionaiiae the denominator of 


19. 


22 . 


25. 


3.V^-4V2 
7^3 -V2' 

5 + 276 ■ 

•/r+"2>+Vf-'r*' 


20 . 


23. 


1M-2 v'T 

3^ e-^2^/7 ■ 
y* _ 


21 . 


24. 


9’+viV 

X* 


vx* + o*+a 


26. 


2^/fl>6+3v^a -6 
2 vQ +6 -s/a -6 
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27. 


V9Tz» + 3* 
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3+v/6 


5^/3 -V12-V32 4-^50’ 


Given s/2 = l-4l421, ^3 = 1-73205, ^/o = 2-23607 : find to four 
j)lace8 of decimals the value of 


29. 


33. 

7^/5 4- If) ^5- 


3^/5 


31. 


34. 


y6 + 3 

4Tv^15' 


32. 


v^5-2 


-4v5 

(2-v3)(7-V3) + (3s'3-6l. 


273. The sqmre root of n rational quaniiiy cannot be partly 
rational and partly a quadratic surd. 

If possible let n =a-s ; 

then by squaring, n ^ m 2a>Jm ; 

w - 0 * - m 

■ 

thit is, a surd is equal to a rational quantity; which is 
iinjKisHible. 


274. // x-fvy^^a^vb. irhere x and a are both ratiowl and 
V y and y'b arc both irrational, then will x = a and y -b. 

For if X is not equal to a, let x=7a - m ; then 


^ + wj - 5 - \ y “ 3 - s 6 ; 


that us, 


which is inq)osiuble. 


Then' fore 

x-a. 

and consequently. 

y^h. 

If therefore 

x + vy=o + v'6, 

we must also ha\T 



275. It appears from the preceding article that in any 
equation of the form 

X-sY^A^sjB ( 1 ), 

W{; may equate the rational parts on each side, and also the 
irrational parts ; so that the equation (1) is really equivalent to 
independent equations, and Y=B. Bui this is only 
tru^when s/Y and sjBart trro/ionol. 

l.A. K \ 
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278. // Va + ^/b = y x + v y then wnV/ v^a - ^ b = “ \^y. 
For by squaring, ve obtain 


a + v'6 = -* + 2v-ty + y ; 

a=z + y, ^fb=2s^, [Art. 275/ 
Her.ce a-^b-z- 2\xtf + y, 

and \ a - .^ 6 - s^ x - ^'y. 

277. To JiTid the syuflre root o/ a * v'b- 
Suppose V 0 ^ s 6 = v'-*^ + \ y : 

then as in the last article, 


x-y-a {U, 

= ( 2 ). 

■ y)»-4Ay 

-' 0 * 6, from (I) and (2). 

x-y-vo*~<i. 


Combining this with ( 1 ) we find 

« ^ v'/i* 6 , d - \a* 

X == , and y — 


, /a^y/(fi*-6) 






278. From the value*# just found for r and y, it apjM'ars that 
each of them is itself a compound sunl unless a' * ft is a perfect 
square. Hence the method of Art. 277 for finding? the square root of 
a + y ftisofnopnictic-al utility except whena* ftisaperfect square. 

EzampU. Find the square rtxil of 16 - 2y'55. 

Anume % 1 6 > 2y r»5 y, T - y y. 

Then 16 + ^*^^5 -z ^ 2 n jy + y. 

x + y^l6 (H, 

2v^2ir-2y 'iri (2). 

/, {r-y>«*^U + y)*-4xy 

“ 16* - 4 >: 55, by (1) and (2). 
= 4v9. 

/. x-y^ {2). 

From {]} and (3) we obtain 

x^ll, or 6, and y“5, or 11. 

That is, the required square root is ^1 1 
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In U»o same we may shew that 

-^/ 5 . 

Note. Sinre every quantity haa two (wpiarc roots equal in mamii- 
lude but opposite in sign, strictly speaking we should have 
the square root of 16 4 2s, 513 - ^{^ll +^/.')), 
I6-2v55 - ±(VH-v'0). 

However it is usually suffin'ent to take the positive value of the 
square root, «o that in aasuming \'a--^ b --~^z - it is understcKKi 
that X i» greater than y. With this pniviso it will be unnecessary 
in any numeri( al example to use the doulle sign at the stage of work 
correspondirvg to eqtmtion (3) of the last example. 

279. When the binomial whose square rcx)t we are seeking 
consists of tico quadratic surds, we proceed as explained in the 
following cxami>le. 

Krampif. Kind the stjuarc rant 175-^147. 

Since ^d75 - ^U1 25 - ,, 21) ^ s 7(5 - v2I). 

\'^75-,, 147 i 7 . \ 2 f. 

And, proc'ceding as in the last arti( lo. 



280 . 1'lie square root of a binomial surd may often be 
found by inspection. 

Kxamjiif 1. Find the square root of 1 1 2^ 30. 

Wc have only to find tw'O (juantitic^ whose sum is 11, and w'hoso 
product is 30 ; thu.s 

11 f 2^ 30-6 45 + 2 n'61('5 

^-(v6 4v6)». 

Sjeamplr 2. Find the square root of 53 - 1 VIO* 

First write tho binomial so that the stud part has a coefficient 2 ; 
thus 53-IV10=r53-2V360. 

We have now to 6nd two quantities whose sum is 53 and whose 
prAiuct is 360 ; theae are 45 and 8 ; 
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53-12^ ID-. 45-8-2V 45x8 
^ ={v45-^8)V 

s i>3 — J 2y lO ~ ^ 45 •• y 8 

-3v5-V2. 


EXAMPLES YTYT f 


Find the square 
surds ; 

root 

of each of the following binomial 

1. 7-L\10. 

2. 

13-2y30. 

3. 8-2y7. 

4. 

5. 

73- 12y21. 

6. 18-8y5. 

7. 41-24y2. 

8. 

S3 - 12y 33. 

9. 47-4va3 

10. .i-vo- 

11. 


12. 16-;\7. 

13. v:‘7 - J^6. 

14. 

y 32 - yJL 

15. 

Find the fourth roots of the following binomial surds : 

16. 17 • 12y2. 

17. 

.'ifi ^ 24y .3. 

18. 

19. 14 - By 3. 

20. 

49 - 20y 6. 

21. 2l8^,12ym 

Find, by inspection, the 

value of 


22. n3-2v2. 

23. 

S4TV3. 

24. V6-:^7>. 

25. \i9*8y3. 

28. 


27. vO^^li. 

28. vTT^4y6. 

29. 

vi3-4yi4. 

30. n/2976.^2. 


Equations inrolving Surds 

281. Soniftimw equations are proposefi in which the un- 
known quantity apiicars under the ra^Jica] sign. Such equations 
ere very varied in charscter and often rtjquittj Hpcrial artificea for 
their solution. Here we shall only consider a few of the simpler 
cases, which can generally be solfed by the following method. 
Bring to one side of the equation a single radical term by itself : 
on squaring both sides this radical will disappear. By repeating 
this process any remaining radicals can in turn be removt^. ' 
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Example 1. Solve 
Transposing 

Square both sides ; then 


2s/j:-V4j:-n--K 
4j:~4sXrI=:4x-U, 

x-9. 

Example 2. Solve 2r w - 5-13. 

Transposing s x - 5 - H . 

Here we jniwt cube both sides ; thus x -5= 1331 ; 
whence x - 1336. 


Kxnmplt 3. Solve v/+ 5 -i- -4 = s 12x + 1. 
S(]iiaring both sidee, 

X r5 t3x -4 4 (x-rD)(3x -4) - I2x-i-I, 


Tran.sposing and dividing by 2, 

n'(x v5){3r- 4) :4x-4 

Squaring, (x +5)(3x^4) Iftx* -32x r 16, 

or I3x>-51x-4 0, 

(x-4)(I3x- I) -0: 



( 1 ). 


If we proceed to verify the solution by suKstitutinp these values in 
the original equation, it will bo found that it is jwtisfied by x- 4, but 

not bv X -- - . But this latter value will l>e found on trial to 

^ 13 

satisfy the given equation if we alter the sign of the second radical ; 
\ X -r 5 - s 3x - 4 -■ s 12x • j . 


On aquaring this and reducing, we obtain 

- v (x r ro{3x74)-4x-4 (2); 

and a rompariaon of (I) and (2) shews that in the next stage of the 
work the wme quadratic equation ia obtained in each case, the roots 

of whirh are 4 and “ already found. 

From this it appc'ara that when the solution of an equation 
reqtiirwi that both side* should be squared, we cannot be certain 
without trial which of the values found for the unknown quantity 
wft satisfy the original equation. 
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In order that aU the values found by the solution of tlie equation 
ntav be applicable it will be necessary to take into acc'ount both 
signs of the radicals in the given equation. 


EXAMPLES XXXI. g 

Solve the equations : 

}. 2. %4n = 5. 

3. 7-vr-4^3. 4. 13 -n'5j:^=7. 

5. 6. 2O'^-3v^8jr^-0. 

7. 2 lax -15=5^27^1 8. %V-1U ~5=3x-2. 

9. ^ax + U-^5. 10. \4x*-7xtl -2x-lJ. 

n. %xV25r.U^x. 12. vir+33-3^2s^. 

13. sx^ -v«r = 5. 14. to - v25+9xx^3>. x. 

15. N7^-3 = v77ri. 16. v9x-"8^3vxT4-2. 

17. n4xTj-vX=v773. 18. v257^29-v'47^TI=:3sJ'. 

19. >fi77i7-v^=v'^r9. 20. vSTHl *v3^^v 12x^23. 

21. N 1 2x ' 5 - N '3x^1 ^ ^'27x - 2. 

22 . V x'. 3 - s 778 - V 47 7 j t ^ 0 . 

23. v772^N4JC r l -v9tr ^7 0. 24. sx^ 4ah ~2a +^x. 

25. y/z + 77 ^ 2\ 6 -r X, 26. V a - x i- n'6 v o f ^ 6, 

27. 6i7dr72tt«9^147^. 28. 4 7 - 3^7x - i [=x - I. 

29 . 30 . vl fx- 7 l -x-; 2 . 



that is. 
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2. Solve + 

Clearing of fractions, 9 + 2 j - 'J2xl^ ^ 2z) = 5, 
4 + 2x=v'^(9 + ^). 
Squaring, l6 + lftr + 4r* = I8jr + 42*, 

16 ^2x, 


EXAMPLES XXXI. h 


Solve the equations ; 


1. 

6s/Jr-2I 8v^jr-ll 

2. 

9VX-23 6s,^x-17 

3s/z-U“'4vli~I3' 

3^/x-8 “ 2vfz-6 ' 

3. 

.y/x + 3 3 v'x 5 
- 2 3 t^/x - 13 

4. 

2 . 
vx^2 vx^V 

5. 

2^/x-l v'x-2 

6. 

6VX-7 . 7^,^x-26 

. 4^ 4‘ 

2,z + j v'r-3 

sfx-l ^“7vx-2r 

7. 



a 

•8. 


9. 


10. 


11. 

S'X T 5 + Jx = — • 

.y/X 

12. 

1 

2vx-v4x-3=^,r^-=- 

13. 


14. 


15. 

(V.r + H)(v'-r“ll) + llt)-^0. 

16. 

*' 2vX-3' 

17. 

3s/x-l=r~-^ + 6. 

' 3^x + 7 

18. 

Jlli-3 + viil. 


19. 

11 I * 

20. 

^ >/2+x+v2-x 

I -Z^i^/x + l’*’^/x -l^ 

v'2+x-v2>x 

21. 

2x-3 , 

7~--=22v'x-2-1. 
VX’~2 + 1 

22. 

2 3 4 

X - 6 + v''* “ 2 v''-*' + 3 


’Furihtr pmdk/t in turd equatioM icill bi found o» page^ 
39tf, 307.] 
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RAtio 


283. DEnxmoN. RAtio is the relation which one quantity 
bears to another of the aaim kind, the comparison being made 
by considering what multiple, jart, or parta, one quantity is of 
the other. 

The ratio of .d to is usually written .-t : B. The quantities 
A and H are called the Unm of the ratio. The first term ui 
called the antecedent, the second term the consequent. 


284. To find what multiple or jiart is of we divide A 
by B ; hence the ratio A : li inay be measured by the fraction 

4 , and we shall usuaUv find it convenient to adopt this notation, 
B 

In order to rompare two quantities they must be expressed 
in terms of the same unit. Thus the ratio of £2 to 15«. is 

. t . r . 2 X 20 8 

measured by the fraction — 7 ^ or - • 

16 .> 


Note. Sinf« a ratio expresses the numlfer of times that one 
quantity contains another, titry rat to is an absirad quantity. 


285. By Art. 151, 


a ma 
b mb' 


and thus the ratio a : 6 is equal to the ratio ma ; ; that is, 

the value of a ratio remains unaltered if the. antecedent and the 
consequent are mvdiipiied or divided by the same quantity. 


Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus supfKwe 


ay ^ X bz 
and -"r; 
by y 


hence 


a : 6 and z : y are two ratios. Now 

the ratio a ; & is greater than, equal to, or less than the i^itio 
z : y according as ay is greater than, equal to, or less than hx. 
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287. Tlie ratio of two fractions can be expressed as a ratio of 


a 

two integers. Thus the ratio ? : i is measured by the fraction -* 
ud 0 d c 

or — ; and is therefore equivalent to the ratio ad: be, 


288. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will exaSy 
measure their ratio. Thus the ratio : 1 cannot be exactly 
expre88(*d by any two integers. 


289. DEFnrmoN. If the ratio of any two quantities can 
be expressed exactly by the ratio of two integers the quantities 
are said to be commensurab^ ; others ise, they are said to be 
incommeDsurable. 


Although we cannot Ikid two integers Arhich will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs that required 
by as small a quantity as we please. 


Thus 

and therefore 


v5 2-2:16067 . 


- 559016... 


V5 559016 ^ 559017 

‘4 ^ 1000000 ^ loooooo’ 


and it is evident that by carrying the decimals further, any 
degree of approximation may ho arrived at. 


290. Dehnition. Ratios arc compounded by multiphing 
together the fractions which denote them ; or by multiplying 
together the afitecedenls for a new antecedent, and the conae- 
quonU for a new consequent. 

Bmmplf. Find the ratio compounded of the three ratios 
2a : 36, 0a6 ; 6c*, c ; a, 

— , , 2o 6o6 c 4a 

^ 36 5c* a rx; 


291. DEFlNmo.v. When the ratio a : 6 is compounded with 
Itself the resulting ratio is a* : 6*, and is called the duplicate 
ratio of a : 6. Similarly a* : 6* is called the triplicate ratio of 
0 Abo : 6^ is called Uie sobdtqdicate ratio of a : 6. 
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Examples. ( I ) Tbe duplicate ratio of 2a : 36 U 40* : 96*. 

(2) The subduplicatc ratio of 49 : 2o m 7 : 5. 

(3) The triplicate ratio of 2 j : I ia 8i* ; 1, 

288. DcFiNmox. A ratio ia said to be a ratio of greater 
inequality, of inequality, or of equality, according aa the 
antecedent is greater than, less than, or equal to the consequent. 


<893. If to each temi of the ratio 8 : 3 wo add i, a new ratio 
12 : 7 is obtained, and we see that it is leas than the former 

because ^ is clearlv leas than 
7 ' 3 


This is a partifjular case of a more general jKopoaition which 
we shall now prove. , 

.4 ratio of greater inequality i$ diminished, and a ratio of Use 
inequality is incrmsed, by adding the same quantity to 6o^ 
terms. 


Let X be the ratio, and let be the new ratio fwined by 

6 0 -rZ 

adding x to both terms. 

a a4^z_cz-6j 

6'r^"6(6Tz) 

6(6+z) ’ 

and a - 6 is positive or negative according as a is greater or 
leas than 6. 

a arx 

Hence if a>6, r>^ — ; 

0 6+1 


and if a<b, 


a a + x 
6 ^ 6 f z ' 


which proves the proposition. 

Similarly it can be proved that a ratio of greater inequality 
is increased, and a ratio of less inequality is diminished, by taking 
the same quantity from bolh its terms. 


294 . When two or more ratios are equal, many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 

Ihe proof of the following important thoorem wUJ iilustrato 
the method of procedure. ** 
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each of Uiest ralioa 


b'*d f 
_^pan-i'qo« + re“ + .. 
\pb»+qd« + rfJ» + . 




[chert p, q, r, n are any qwinXiliei tvftaiever. 


Let 

then 

\vh<'noe 


bdj ' 

0 = 61*, c:=rfi% 

]Xi^ -pb^k^, qc^ =q<J^k”, re” ... ; 
p«"+9c" rre^ + ... p6”it”4-9d”it” + r/”jt” + ... 
p6” T f r/” ^ . 




-k'^i 


I 

f pa** ^qc^-[-r€^ r- .., \u , rt c _ 

+ -f r/” -f .../ 6~d~ ’ 


By giving different values to p, r, n many particular cases 
of this gi’netul proposition may be deduced ; or they may be 
proved independently by using the same method. For instance, 

a c r n+c + e 

ti 7 = , - of these ratios ~ , — r—,; 

b d f b+d+f 

a H'.sult which will frequently be found useful. 


KiampU 1. 


If 5 at? value of 

y 4 a -y 2y 


5^- 3y y 4 
ic 

4 ' “ 


y 


1 

29' 


Kjramplt 2. Two numWrs are in the ratio of 5 : 8. If 9 be 
added to each they ore in the ratio of 8 : 11, Find the numbers. 

Let the numbers be denoted by bx and Sx. 


Then 


bx + 9_ 8 . 
8ar + 9”n’ 


Hence the numlicni are 15 and 24. 



3. If -4 : J? bo in tbe tlupUrato ratio of A +x :BtX, 
prove that x^-AB, 

/A^xY A 

By the given condition, { ^ * ^ 

B{A^x)^ = AiB^x)\ 
A*B^2ABx-^^Bx*:::A8»t2ABx^Ax*, 
j^{A-B)^AB{A-B); 

<: :. jA ~ab, 

>ince .4 - B is, by supposition, not zero. 


EXAMPLES XXXII. a 

Find the ratio compoundtHl of 

1. The duplicate ratio of 4 ; 3, and the ratio 27 : S. 

2. The ratio 32 : 27. and the triplicate ratio of 3 ; 4. 

3. The subdu)ili'-ate ratio of 2o : 30, and the ratio 6 : 20 . 

4 . The ratio lilU : 2vnj, and the duplicate ratio of 1.7 : 2tl. 

5. The triplicate ratio of / : y, and the ratio 2y* : :ix*. 

6. The ratio 3/j ; iK and the subduplicato ratio of 6* : a*. 

7. If X ; y o ; 7, tincl the value of j * y : y - x. 

8. If ^ '31, tirul the value of f ■ 

y 2r - oy 

9. If 6 ; a - 2 : .7, find the value of 2'j - % : 36 - <i. 

10. If * and ^ - find the value of • 

6 4 y 7 46y - mx 

11. If 7/ ~ 4y : lix - y ~o : 13, find the ratio x : y. 

2m* .W 2 

12. If ' . , , , find the ratio a ; h. 

>r ’i' 41 

13 . If 2/ : .3y Ijc in the duplicate ratio of 2/-m:3y-m, prove 

that vA tky, 

14 . If /^ : Q be the NulxJnpticatc ratio of P -x\Q-x, prove that 

P~Q 

15 . ~y’ priive that each of tfaeac ratios i« e<)ual to 

*2o*r f ,3r*e + 4e*e 
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16. Two numlxTs are in the ratio of 3 : 4, and if 7 be subtraete<l 

from each the remainders are in the ratio of 2 : 3. Find them. 

17. What number must be taken from each term of the ratio 27 : 3o 

that it may bet'ome 2:3? 

18. What number must addeni to each term of the ratio 37 ; 29 

tlmt it may become H : 7? 

19. If , ^ ^ ^ , shew that p -o -f r =0. 

6-rc-aa-6 

20. I f , - = ---- = — , shew that x - y * 2 “ 0. 

ti+cc+cta-f< 


21. If 


(j r f 


shew that the square root of 


a*f} ~ 2 **"^ < 


is equal to 


acf 

bdf 


22. I*rove that the mlio /w - me -i- ne ; -f md - «/ will t)e equal to 

each of the ratios a : A, c : d, c :/, if these be all equal ; and 
that it will lx* intermediate in value between the greatest ami 
least of these ratios if they Ix' not all equal. 

23, If ^ V then will each of these fractions bo 

ry - az by - ox x ; 

equal to unless /) - r 0, 

.V 

24 If f ^ , prove that each of iheae ratios is 

32 4 y 2 -x 2y-3x * 

equal to ^ ; hence shew that either x ~y. : - x -y. 


Proportion 

295. Dkiimtion. W^hen tw’o ratios are equal, the four 
(juan titles coni|xi«ing them are said to be proportionals. Thus 
u c 

if . ~ j then a, b,c,d are proportionals. This is exprossc^d by 
0 d 

saying th&t n is to 6 as c is to d, and the proportion is wTitten 
a:bi:c\d; 

or a:b-c:d. 

The terms a and d are called the extremes, b and r the ttmns. 
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296. // four quaniities art in proportitm, the product of the 
rxirmie^ is tqval lo the product of the means. 

Let 0 , b. <*, d be the proporlioiials. 

a c 

whence ad ~ be. 

Heuoc if any three terms of a proportion are given, the fourth 

may be found. Thus if a, c, d are given, then 6-^ . 


Then bv definition 


Conversely, if there are any four q nan tithes, a, 6, c, rf, such 
that ad - bcy then n, b, r, d are proportionals; a and d being the 
extremes, & and c the means ; or vit'c vcrs.t. 


297. Dsns ITU )N. (Quantities are said to Ik* in continued 
proportion whim the first is Ui the as the sewnd is 

to the third, \a the third to the fourth; and so on. Thus 

n, b. c, d are in continued proportion v. hen 

a b c 
bed 


If three quantities n, 6, c are in conlinuetl projKrtion, then 
a: h-b: c ; 

or bK [Art, 296.' 

In this case 6 is said to he a mean proportional l)etween a and 
c ; and c is said to he a third proportional to u and b. 


298. // three qiuintities are proportionaU the first is to the 
third jrj duplicate ratio of the first to the urotul. 

the three quantities be n, 6, r ; then • 


Now 
that is> 


a b 
b c 
n : c~ 


a a a* 
a* : tA 


299. 

For 


// a : b - c : d and e ; f " g : h then mil 
ae : bf=; eg ; dh. 


a c 
l"d 


and 


< 9 

ri‘' 


ae ep 

brdh^ 


or ae ibfrr eg : dh. 
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PROPORTION 
a: b~e\dy 
b:x~d:y, 
a : x~c:y. 
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This ia the theorem known as tx aequali in Geometry. 

300. If four quantities, a, 6 , c, d, form a proportion, many 
other proportions may be deduced by the properties of fractions. 
The results of th^ operations are very useful, and eome^of 
them are often quoted by the annexed names borrowed from 
CJeometn'. 


( 1 ) If a lb -C : d, then b a = d i c. 


For ^ ^ ; therefore 1 r = 1 ; 

0 a 6 • d 


that is, 
or 


fid, 
u c 

6 : n = d : c. 


( 2 ) If a : fc = c : d, then a:c~bid. 
For ad ~ be; therefore 

rd cd 


that is, 
or 


a b 
e d ’ 
a :e=^bi d. 


For ^ ^ ; therefore 7 + 1 - + 1 : 
fid fid 


that is, 
or 


a+6_r +d 
a^bib-c^did. 


H) If a : fi“C : rf, then 0 -6 : fi-c -d : d. 

_ fl c a c 

ror^r: therefore 7 - 1 1 ; 

fid fid 


that is, 
or* 


fl - 6 c~d^ 
a-fi:fi-c~d:d. 


[Im'erkndo.] 


[AUemando.] 


(3) If a : fi ~ c ; d, then fl-ffiifi^Crdid. [Componendc,] 


[Dividendo,] 
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(5) If fl : 6 = c: d, then a + 6 : a-6 = c+d:c-(i. 
a + 6_c+d ^ 

a-6_c 

a+b e+d^ 
a-b c~d’ 

T o + 6:a-6=c + ti:c-d. 

Several other proportions may be proved in a similar way. 


'For by (3) 
and by (4) 
by division, 


301. The results of the preceding article are the algebraical 
equivalents of some of the prop(i 8 ition 8 in the Hfth book of 
Euclid, and the student is advised to make himself familiar with 
them in their verbal form. For example, dirid^Tido may be 
quoted as follows : 

When tker^ are Jour proportumaht the excess of the frsl abot^e 
the second is to the second, as the excess of the third abote the fourth 
is to the fourth. 


302. We shall now compare the algebraical definition of 
proportion with that given in Euclid. 

In algebraical symbols the definition of Euclid may be stated 
as follows : 

Four magnitudes, a, b, c, d, are in proportic-n when pc^qd 
according as pa '= qb,p and q being any positit't integers ivhrUever. 

1. To deduce the geometrical definition of proportion from 
the algebraical definition. 

Since ^ - j, by multiplving both aidea by we obtain 
b a ' q 

qh qd' 

hence, from the propertica of fmetions, 

pe ^ ^ according as pa ^ 96 , 
which provee the propoaitioo. 
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II, To deduce the algebraical definition of proportion from 
the geometrical definition. 

Given that pc = qd according as pa = 96 , to prove 
^ a_c 

h^d 

CL C 

If ^ is not equal to ^ one of them must be the greater. 

Supp(Me 7 > 1 ; then it will be 
0 d 


which lies between them. 


to find some fractior*- 
P 


Hence 

?>? 

0 p 

(IK 

and 



d p 

( 2 )- 

From (I) 

pa > 96 ; 


from ( 2 ) 

pc <qd; 


and these contradict the hypothesis. 



Therefore ~ and are not unequal; that is 7 =^; which 
0 d 0 a 

proves the proposition. 

Examplf. 1. If a :b-c :d-e :ff 

shew that 2a* + 3c® - r>c® : 26* + 3d® - 5/* = a« : bf. 


Let 


then a =bk, c~dk, e=fk; 

oaf 

2a*+3c»-5f» 26*it* + 3(f®fc*-5/*Jb> 
26*+ 3d* -5/* 


•• 26* + 3d*-6/» 


-i*-T 


6 rt/’ 

r 2a* +3c» - -V* ; 26* + 3d* - ^/* = ne : bf. 

j*4J-2 

KrampU 2. Solve the equation ^ y - - ^ 


Divkiendo, 


X -2 

x^_ 4.H 

xro”,^~6‘ 

whence, dividing by J®, which givea a solution 2 =^ 0 , 
1 _ 4 . 
x -2 fix- 6 ’ 

whence x = - 2 , 

aiW therefore the roots are 0 , - 2 . 


[Art. 201.| 
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ExaiH^ 3. If 

(3a + 66+e+2rf)(3a-66-c + 2rf) = (3a-66 + c-2rf)(3a+66-f-24 
prove that a, 6, c, d are in proportion. 

3a+66+i; + 2<f 3a+66-c-2<i 


We have _ 

3a-6i+c-2d + 

Componeodo and Dividendo, 

2(3a +c) _ 2(3a-c) 
2{66 + 2d) '2(66-2d)‘ 
3a+r_66 + 2d 
3a-e“66-2d' 
Again, Componendo and Dividendo, 

2c Ad ’ 

whence a : 6 =c : d. 


Altemando, 


[Art. 296.] 


EXAMPLES XXXn. b 

Find a fourth proportional to 
1> a, obf C. 2> fl*, 2obf 36*. 3. 2 *, iry, 

Find a third proportional to 

4. a*6, ab. 5. 2a:*. 6, 3r, 6/^. 7. 1, x. 

Find a mean proportional between 
8. a\b\ 9. 2xA,8z. 10. 12a^. 3a*. 11. 27a*6*, 36. 

If o, 6, c are three proportionals, shew that 

12. a:fl + 5=:a-6:a-c. 

13. (6* + 6c + c*)(ac - 6c +c*) =^6* + ac* +c*. 

If fl : 6=rc : d, prove that 

14. a6+«i: a6-cd-a* + c* :a*-c*. 

15. o*+ac+c*:a*-ac+c* = 6*+6d + d*:6*-6d+d*. 
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Solve the equations : 

19. 3a;-l;6a:-7 = 7a:-10:9a: + 10. 

20. a:-12:y+3-2ar-19:5y-l3=5i 14. 

21 + 3 22 2j-1 _ i +4 

2x-'6 3j:- 5 '• ' a'* + 2i;-l x* + r + 4‘ 

23. If {aib~Sc-^}{2a~2b-c+d) 

^(2a+2h-c-d){a~b-Zc+3d) 
prove that a, b, c, d are proportionals. 

24. 1( a, b,i,d are in continued proportion, prove that 

a : 1 6 *+c^ : 6® +C* + d®. 

25. If t is a mean proportional between a and c, shew that 4a* - 96* 
is to 46® “ 9c® in the duplicate ratio of a to 6. 

26. If fl, 6, f, d are in rontitvjcd proportion, prove that 6 4- c is a 

mean proportional between a + b and c +d, 

27. If a+6 : 6+c=c fd : d+a, 

prove that a ^c, or a + 6 +c +ds=0. 

28. If a : 6 =c : d - c ; /» prove that 

(i) 6a - 7c +3e ; 56 - 7d +3/-C ; d. 

(ii) 4a* - 5ac£ + Gc®/ : 46* - 56d€ + 6/* =tK : bf. 

(iii) rt»ce : 6V/ - - 2a*b^ + 3a*c* - oc */ : 26« + 36*/* - 5/*. 

29. If 0 : 6 = .r : y, prove that 

(i) al-^xm:bl+ym-ap+xq:bp+yq. 

(ii) pa* -t^or -f : p6* t qby + ry* ^a* + 1* : 6* +y*. 
[Kmmpksjor revision icill bef^nd on page 329.] 

Variation 

303. DEnymoN. One quantity A is said to vary directly 
as another B, when the two quantities depend upon each other 
in such a manner that if B is changed, A is changed in ihe aame 
ratio. 

Note. The word directly is often omitted, and .4 is said to vary 
as B. 

304. For instance: if a train moving at a uniform rate 
travels 40 miles in 60 minutes, it will travel 20 miles in 30 
minutes, 80 miles in 120 minutes, and so on ; the distonoe in 
each case being increased or diminished in the same ratio as the 
time. This is expressed by saying that when the velocity is 
uniform the di^ance is pfo^^ioml to the time, or more briefly, 
thendistance varies as the time. 
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Again, if we refer to the general formula of Art. 84, we find 

that ^ = r is a relation connecting the space described by a body 

which moves for a time t with uniform velocity r. That is, if 
#1, ... be spaces described in times ... respectively, 

we have 7 “ 7 “ 7 ~ ~ ' 

h *t H 

FPom this it appears that the ratio of any value of s to the 
corresponding value of ( is constant, that is^ remains the same 
whatever numerical values s and t may have. 

This is an instance of direct variation, and s is said to vary 
as /. 


305. The symbol oc is used to denote variation ; so that 
A cc B 15 read “ .4 varies as B 


306. // A varies as B, then A is equal to B multiplied by some 
constant quantity. 

For supiwse that Oi, a,, Oj ... , b^, 6„ 63 ... arc corresponding 
values of A and B. 


n.. , , . . . ABA 

Then, by definition, — = — ; — = 

«i 0* 


A B 




and so on. 


= ... , each Mng equal to 

bj Of 63 B 

„ anv value of ^ , , 

Hence 7; is always the same ; 


that is, 


the corresponding value of B 

- m, where m is constant. 


B 


A-mB. 


307. BEmmox. One quantity A is said to vary inversely 
as another B when A varies dir^y as the reciprocal of B. 
[See Art. 107.] 

Thus if A varies inversely as B, where m is constant. 

0 

The j^Uowing is an illustration of inverse variation : If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 houre ; and so on. Thus it appears that 
when the number of men is increased the time is proportionately 
decreased ; and vice versa. 
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308. ' Definition. One quantity is said to vary jointly as 
a number of others when it varies directly as their product. 

Thus A varies jointly as B and C when A=mBC, where m is 
constant. For instance, the interest on a sum of money varies 
jointly as the principal, the time, and the rate per cent. 


309. Definition, A is said to vary directly as B and in- 
■ verse ly as 0 when A varies as — . 


310. If A varies as B when C is co?istanty and A varies as C 
when B is constant, then will A vary as BC when both B and C 
vary. 

The variation of A depends partly on that of B and partly on 
that of C. Suppose these Utter variations to take place sepa- 
rately, each in its turn producing its o™ effect on A ; also let 
ff, 6, c be certain simultaneous values of A, B, C. 

1. Lei C be coyistant while B changes to 6; then A must 
undergo a partial change and will assume some intermediate 
value a', wlk re 


2. Let B be constaTit, that is, let it retain its value b, while 
r changes to c ; then A must complete its change and pass from 
its intenncKliate value a' to its final value a, where 


From (1) and (2) 

that is, 
or 


A a' B C 
a a 0 c 

.4 = ^ BC, 
oc 

A varies as BC. 


311. The following are illustrations of the theorem proved 
in the last article. 

The amount of work done by a given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men ; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
tlte number of men and the number of days. 
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Again, in Geometi^' the area of a triangle varies directly as 
its base when the height is constant, and directly as the height 
when the base is constant ; and when both the height and 1:^ 
are v.'iriable, the area varies as the product of the numbers 
representing the height and the base. 

KxamjAi 1. If A oc and C x Z), then will AC x BD. 

For, by supposition, .f -- mB, C =ni), where m and n are eonstanU. • 

^fherefore AC~mnBD ; and as is constant, AC x BD, 

Example. 2. If x varies inversely as y*-l, and is equal to 2-t 
when y — 10; find x when y- 5. 


By supposition, where m is constant. 


Putting x = 24, y-IO, we obtain -4=^ 
whence m ~ 24 x 99. 

24x99 

hence, putting y o, we obtain x - 99. 


Example 3. The volume of a pyramid varies jointly as its height 
and the area of its base ; and when the area of the baw is GO square 
feet and the height 14 feet the volume is 280 cubic feet. What is the 
area of the base of a pyramid whose volume is 390 cubic feet and 
whose height is 26 feet? 

Let V denote the volume, A the area of the base, and h I lie 
height ; 

then y -mAh, where m U constant. 

Substituting the given values of V, A, h we have 

280=mx60x 14; 

280 _I 
■■ “"60xl4“3' 

Also when V =*390, it=?26 ? 

390=^^Ax26; 

/. A =4.5. 

Hence the area of the base is 45 square feet. 
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1 , 


2 . 

3. 

4. 

6 . 


6 . 


7. 


8. 


8 . 


10 . 

11 . 

12 . 


13. 


14. 

15. 

16. 


17, 


18. 

19 . 


EXABffPLES ymi. c 


If X oc y, And y = 7 when x = 18, find x when y =21. 

If X oc y, and y =3 when x =2, find y when x = 18. 

A varies jointly as B and C ; and ^4 =6 when 5=3, C = 2 : 
find A when 5=5, 6' = 7. 

.-i varies jointly as 5 and C ; and A =9 when 5=5, C-7 : 
find 5 when i4 =54, C = 10, * 


If X oc and y=4 when x = 15, find y when 2=6. 
If y oc p and y = 1 when 2 = 1, find x when y=5. 


A varies as 5 directly, and as C inversely ; and ^4 =10 when 
5 = 1,5, C =6 ; find A when 5=8, C =2. 


If 2 varies as y directly, and as z inversely, and 2 = 14 when 
y = 10, r = 14; find 2 when 2 = 49, y= 45. 

If 2 X and y X “ , prove that 2X2. 

y 2 ^ 

If a X b, prove that a” x A”. 

If X X 2 and y x 2, prove that x* -y* x z*. 

If 3o + 7A X 3a-{-13A, and when a =5, 6=3, find the equation 
between a and 6. 


If 5x - y X IO2- lly, and when 2 = 7, y = 5, find the equation 
between 2 and y. 

If the cube of x varies as the square of y, and if x = 3 when 
y -5, find the equation between x and y. 

If the square root of a varies as the cube root of 6, and if a = 4 
when 6 = 8, find the equation between a and 6. 

If y varies iifverscly as the square of 2 , and if y = 8 when 2 = 3, 
find X when y = 2. 

If 2 X y fa, where a is constant, and x = 15 when y=l, and 
2 = 35 when y =6; find x when y= 2. 

If a -f 6 x a “ 6 , prove that 0 * + 6 * x 06 ; and if a x 6, prove 
that a* - 6 * X 06 . 

If y be the sum of three quantities which vary as x, x*, x* 
respectively, and when x = l, y=4, wh«i *=2, y=8, and 
when 2=3, y=:18, express y in terms of 2. 
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20. A quantity a varies directly as x and another quantity b varies 

inversely as x. When ar =2, the sum of a and 6 is 7, and when 
z-3, the sum is 8. Find the value of a+b when x = i. 

21. Given that y is inversely proportional to ox + 2, where a is a 

constant, and that 48 when x = 10, and y =30 when x = 20 ; 
find 0 , and write down the definite relation between x and y. 

(Cent. Welsh Bd.) 

22. (o) If 2 varies directly as x and inversely as the square of y, 

find the percentage increase in z due to an increase in x of 
* 12% and a decrease in y of 20^4* 

(6) The weight, IK, of a body varies jointly as its height, h, 
and the square of the diameter^ d, of its ba^. Find suitable 
numbers to fill in the blanks in the following table of values : 



23. Write as statements of variation the following equations, in each 

of which ib is a constant : 

lex* 

(i)y=b:»2; (hi) 

24. If p lb. weight per sq. foot is the pressure, and v cu. ft. the 

volume of a certain mass of gas, the following table shows 
values of p and v ; 



Shew that p varies inversely as e. 
25. Fill in the following table if y cc x*. 



26. Complete the following table if y oc ^ . 
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Try to discover a law connecting y and x consistent with each of 
the following tables : 


27. 

X 

2 

3 

7 

10 



y 

•4 

•9 

1-4 

2 


28. 

X 

1 

2 

3 




y 

12 

6 

4 

3 


29. 

X 1 

1 

r 

1 ^ i 

■ ^ 1 

4 

5 


1 y \ 

1 3 

0 

1 7 

1 s 


30. Using a protractor, draw triangles ABC, right-angled at B, 

with ABZ inches long and with angle CAB 10°, 20°, 30°, etc., 
»>p to 80°. Shew that the length of CB is not proportional to 
the angle CAB. 

31. Given that the area of a circle varies as the square of its 

radius, and that the area of a circle is 154 square feet when 
the radius is 7 feet ; find the area of a circle whose radius is 
10 feet 6 inches. 

32. The area of a circle varies os the square of ite diameter ; prove 

that the area of a circle whose diameter is inches is equal 
to the sum of the areas of two circles whose diameters are 1^ 
and 2 inches respectively. 

33. The pressure of wind on a plane surface varies jointly as the 

area of the surface, and the squaxe of the wdnd’s velocity. 
The pressure on a square foot is 1 lb. when the wind is 
moving at the rate of 15 miles per hour ; find the velocity of 
the wind when the pressure on a square yard is 16 lbs. 

34. The value of a silver coin varies directly as the square of its 

diameter, while its thickness remains the same ; it also varies 
directly as its tliickness while its diameter remains the same. 
Two silver coins have their diameters in the ratio of 4:3. 
Find the ratio of their thicknesses if the value of the first be 
four times that of the second. 

35. The volume of a circular cylinder varies as the square of the 

radius of the base when tke height is the same, and as the 
height when the base is the same. The volume is 88 cubic 
feet when the height is 7 feet, and the radius of the base is 
3 feet ; what will be the height of a cylinder on a ba^ of 
radius 9 feet, when the volume is 396 cubic feet? 
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36. The altitude of a triangle varies directly as its area and 

inversely as its base. A triangle, 2 square yards in area, 
standing on a base of 13^ ioet, has an altitude of 2| feet ; 
find the altitude of a triangle whose base is 1 foot 4 inches, 
and whose arm is 2 square feet 96 inches. 

37. The expenses of a school are partly constant and partly vary as 

the number of boys. The expenses were £1000 for 150 boys 
and £340 for 120 boys ; what will the expenses be when 
there are 330 boys? [Compare Art. 442, Ex. 2.] 

3^. The time of oscillation of a pendulum varies as the square root 
of the length. The times of oscillation of three pendulums 
are proportional to o, b, and c. If the second is d ft. longer 
than the first, find the difference in length of the second and 
third. (Oxf. Sch. Certif.) 

39. The electrical resistance of a^ copper wire of circular cross- 

section varies as its length and inversely ns the square of the 
thickness. Two copper wires have equal resistances and the 
length of one is twice that of the other. Shew that the one is 
four times as heavy' as the other. 

(Oxf. and Camb. Sch. Certif.) 

40. The volume of a sphere is known to vary as the cube of its 

radius, and the surface as the square of its radins. Four 
spheres A, B, C, D have respective radii 3, 4, 6, 6 inches. 
l4t>ve that the surface of C is equal to those of A and B 
together, and that the volume of D is equal to those of A, B, 
and C together. (Scot. Certif.) 

41. Assume that the rate of consumption of coal by a locomotive 

varies as the square of the sp^ and is 1800 lb. per hour 
when the speed is 40 miles per hour. If the coal cost the 
Railway Company 8d. per ton and if the other exponees 
of the train be 17 a. 4d. per hour, find a formula for the cost 
m pence per nwle when the speed is v miles per hour. 

(Joint Matric. Bd.) 

42. When a stone is let fall, the time it takes to fall any distance 

variea a» the square root of the distance, and it takes 3 seconds 
to fall 144’9 feet. How long would it take to fall 44-6 feet! 
Give the answer correct to one decimal place. 

(Camb. Sch. Certif.) 

43. (,) If prove that 

(ii) The distance of the horizon at sea varies as the square root 
of the height of the eye above sea-level. When the distanoe 
is 9 miles the height of the eye is 54 feet. Find in miles the 
distanoe when the height of the eye is 6 feet, and find in feet 
the height of the eye when the distance is 4 miles. , 

(Ckimb. Sch, Certif.) 
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Arithmetical Progression 

312. Definitiok. Quantities are said to be in Arithmetical 
Progression when they incrcawe or decrease by a common differ- 
ence. 

Thus each of the following series forms an Arithmetical 
Progression : 

3, 7, 11, 15/ 

8, 2. -4, -10, 

a, a+d, a + 2d, a + 3rf 

The (x>ramon difference is found by subtracting any term of 
the aeries from that which f(Alom it. In the first of the above 
examples the common difference is 4 ; in the second it is - 6 ; in 
the third it is d. 

313. If we examine the series 

a, a+d, a +2rf, a + 3d, 

we notice that in any tenn the coeffeient of d is cdvxiys less by one 
than the number of the term in the aeries. 

Thus the 3^*^ term is a + 2d ; 

6tl‘ term is a+5d ; 

20^‘term isa + 19d; 

and, generally, the terra is a + (J5-I)d. 

If n be the number of terms, and if I denote the last, or 
nib term, we have /=a + {n-l)d. 

314. To find the sum of a nund)er of terms in AritXh}eiical 
Progression. 

Let a denote the first term, d the common difference, and n 
^ the number of terms. Also let I denote the lost term, and s 
the required sum ; then 

«=a+(a+d) + (a + 2d) + +{l-2d)+{l-d)-rl ; 

and, by writing the series in the reverse order, 

• s=l + (l-d) + (l-2d) + + (a4.2d)+(a+d)+«. 
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Adding together these two series, 

2s-{ai-l)+{a^l)+{a+l) + to n terms 

=n(a+f), 

/. s^lia-,1) ( 1 ); 

and l-a^{n-\)i (2), 

I 

«=|{2a + (i.-l)<i} (3). 


315. In the last article we have three useful formulae (I), 
(2), (3) ; in each of these any one of the letters may denote 
the unknown quantity when the three others are known. [See 
Art. 82, Chap, ix.] For instance, in (1) if we substitute given 
values for n, /, we obtain on equation for finding a ; and simi- 
larly in the other formulae. But it is necessary to guard agaiiist 
a tw mechanical use of these general formula?, and it will often 
be found better to solve simple questions by a mental rather 
than by an actual reference to the requisite formula. 

ExampU 1. Find the 20th and 35th terras of the series 
38, 36, 34, 

Here the common difference is 36 - 38, or - 2, 
the 20th term =38 + 19(- 2) 

= 0 ; 

and the 3oth term = 38 +34( - 2) 

= -30. 

Example 2. Find 

Here the common 

The «im 


the sum of the series .51, 6^, 8, to 17 t^ms. 

difference is 1^ ; hence from (3) 

17 ( 11 A 

J:2x- + 16xlil 
3 I 2 

=JJ(n+20) 

17x31 
” 2 
=263}. 
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Example 3. The Orst terra of a series is 5, the last 45, and the 
Burn 400 ; find the number of terras, and the common difference. 

If n Ite the number of terms, then from {!) 

400 = ^(5+45); 

whence n = 16. 

If d be the common difference, 

45= the 1 6th term 
= 5 + 15rf; 

whence d=2f. 

EXAMPLES XXXm. a 

1 . Find the 27th and 41st terms in the series 5, 11, 17, ... , 

2. Find the 13th and 109th terms in the scries 71, 70, 69, ... . 

3. Find the 17**^ and 54th terms in the series 10, 11^, 13, ... . 

4. Find the 20th and 1 3th terms in the series -3, -2, -1,.... 

5. Find the 90th and 16th terms in the series ~4, 2-5, 9, ... . 

6. Find the 37th and 89th terms in the series -2-8, 0, 2-8 

Find the last term in the following series : 

7. 5, 7, 9, ... to 20 terms. 8. 7, 3, - 1, ... to 15 terms. 

9. 13j, 9, ... to 13 terms. 10. '6. 1-2, 1-8, ... to 12 terms. 

11. 2-7,3'4,4I,...tollterms. 12. 2-, 2a;, 3ar,... to 25 terms. 

13, ff -d, fl + d, o + 3d, ... to 30 terms. , 

14, 2a - 6, 4a - 3fi, 6a - 56, ... to 40 terms. 

find the last term and sum of the following series : 

15, 14, 64, 1 14, ... to 20 terras. 16. 1, 1-2, 1-4, ... to 12 terms. 

17. 9, 5, 1, ... to 100 term.+ 18. 7, ^7, -7, ... to 21 terms. 

4 4 4 , 

19. 3^, 1, -Ij-,... to 19 terms. 20. 64, 96, L28, ... to 16 terras. 

Find the sura of the following series : 

21. 5, 9, 13, ... to 19 terms. 22. 12, 9, 6, ... to 23 terras. 

23, 4, . . . to 37 terms. 24. 10^, 9, 72, ... to 94 terms. 

25. -3, 1, 5, ... to 17 terms. 26. 10, 9|, 9J-, ... to 21 terras. 

27. p, 3j!>, 5jj, ... to terms. '28. 3a, a, -a, ... to a terms, 

29.* a, 0, -a, ... to a terms. 30. -3^, -5, ... to p terms. 
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Find the number of tenns and the common ditference when 

31. The first term is 3, the last term 90, and the sum 1395. 

32. The first term is 79, the last terra 7, and the sum 1075, 

33. The sum is 24, the first term 9, Uie last terra - 6. 

34. The sum is 714, the first term 1, the last term 58^. 

35. The last term is -16, thesnm - 133, the first term -.1. 

36. The first term is -75, the sum - 740, the last term I, 

37. llie first term jg a, the kst 13a, and the sum 49a. 

38. The sum is -320^, the first terra 3x, the last term -35r. 

316. If any tuo terms of an Arithmetical Progression he 
given, the series can be completely determined ; for the data 
furnish tiro simultaneous equations, the solution of which will 
give the first term, and the common difference. 

Example. Find the series whose 7th and 51st terrag are -3 and 
- 355 respectively. 

If a be the first term, and d the commoo difference, 

-3 = the 7*h term 

“0 -f 0(f ; 

and -355 -the 51«t term 

- fl + .oOd ; 

whence, by subtraction, - 352 = 44d ; 
d = - 8 ; and consequently a - 45. 

Hence the series is 45, 37, 29, 

317. DEFi^mojt. When three quantities are in Arithmetical 
Progression the middle one is said to be the arithmetic mean 
of the other two. 

'Thus a is the arithmetic mean between a-d and a + d. 

318; ToJiTid the arithmetic mean betieeen two given quantities. 

Let a and b be the two quantities ; A the arithmetip mean. 
Then since a, A, 6 are in A.P. we must have 
6 - A- A -a, 

each being equal to the common difference ; 
whence 
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319 . Between two given quantities it is always possible to 
insert any number of terras such that the whole series thus 
formed shall be in A.P. ; and by an extension of the definition in 
Art. 317, the terms thug inserted are called the arithmetic means. 


Examj^.. Insert 20 arithmetic moans between 4 and 67. 
Including the e.xtremes the number of terms will be 22 ; so that 
we have to find a series of 22 terms in A.P., of which 4 is the first 
and 67 the last, 

Let d be the common difference ; 
then 67 - tlie 22nd term 

-4+2Id; 

whence d =3, and the series is 4, 7, 10, 61, 64, 67 ; 

and the required means are 7, 10, 1.3, 58, 61, 64. 

320 . To insert a gitvn number of arithmetic means between 
two given quantities. 

I>et a and b be the given quantities, n the number of means. 
Including the extremes the number of terms will be w-i~2; 
so that we have to find a series of 71 -r 2 terms in A.P., of which 
a is the first, and b is the last. 

Let d be tlic common difference ; 


then 


6 = the (n + 2)th term 
=^(X + (rr + l)d; 


whence 


, b-a 
~n + 1 ' 


and the required means arc 


b -tt 


2{h-a) 

1*-= — 

71 + 1 


a + 


n{b-a) 
71 + 1 


Example, I. Find the 30tli term of an A.P. of which the first term 
is 17, and the 100th term - 16. 

I.<et d bo the common difference ; 


then 


The 30th term 


- 16 = the lOOth term 


-•17 + 99d; 

1 

""■3' 

= 17 + 29 (.y 

=7i 
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Example 2. The sum of three numbers in A.P. 1s 33, and their 
product is 792 ; find them. 

I^et a be the middle number, d the common difference ; then the 
three numbers are a ~d, a, a +d. 

Hence a -d-i-o+a+d=33; 

wheru-c a = 11, and the three numbers are 11 -d, 11, 11 + d. 

11(11 +d)(ll-d)=792, 

121 -(i» = 72, 
d=±7; 

and the numbers are 4, 1 1 , 18. 

Example 3. How many terms of the series 24, 20, 16 must 

be taken that the sum may be 72? 

Let the number of terms be n ; tb?n, since the common difference 
is 20 - 24, or -4, we have from (3), Art. 314, 

72=|{2x24-(»-l)(-4)} 

=24n-2n(n-l); 

13a + 36=0. 

{a-4){n-9)=0; 

n = 4 or 9. 

Both these values satisfy the conditions of the question ; for if we 
wTite down the first 9 terras, ufe got 24, 20, 16, 12, 8, 4, 0, - 4, - 8 ; 
and, as the last five terms destroy each other, the sum of 9 terms is 
the same as that of 4 terms. 

Example 4. An A.P. consists of 21 terms ; the sum of the three 
terms in the middle is 129, and of the last throe is 237 ; find the series. 
Let a be the first term, and d the common difference, Tlien 
237 = the sum of the last three terms 
= 0 + 20rf +a + I9d +a + l8d 
= 3a t57d ; 

whence. a + 19d = 79 (1). 

Again, the three middle terms are the lOtb, lUh, i2th ; 
hence 129 = the sum of the three middle terras 

= a + 9d+£r + 10d + a + lld 
= 3a+3(W; 

whence a + 10d = 43 (2). 

From (1) and (2), wo obtain d= 4, a = 3. 

Hence the series is 3, 7, 1!, 83. 


whence 

or 
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EXAMPLES XXXin. b 

Find the series in which 
r. The 27th term is 186, anti the 45th term 312. 

2. The 5th term ia I, and the 3l8t term - 77. 

3. The 15th term Is -25, and the 23rd term -41, 

4. The 9th term is - U, and the 102nd term - ISOj. 

5. The 15th term is 25, and the 29th term 46. 

6. The 16th term is 214. and the 51st term 739. 

7. The 3rd and 7th terms of an A. P. arc 7 and 19 ; find the loth 

term. 

8. The .Wth and 4th terms are - 125 arid 0 ; find the 42nd term. 

9. The and 2t>d terms are and 7j ; find the ,59^^^ term. 

10. Insert 15 arithmetic means between 71 and 23. 

11. Insert 17 arithmetic means between 93 and 69. 

12. Insert 14 arithmetic means between -7^ and -2^. 

13. Insert 16 arithmetic means between 7-2 and -6-4. 

14. Insert 36 arithmetic means between 8| and 2|. 

How many terms must be taken of 


15. 

The series 42, 39, 36 to 

' make 315? 


16. 

The series - 16, - 15, - 14, , 

to make 

-100? 

17. 

The scrips liVl, ISj, 15 

to make 129? 


18. 

The series 20, 18|. 17^- ^ 

to make 162i 

f 

19. 

The series - 10^, - 9, - 7|, 

to make 

-42? 

20. 

The series - 6^, - 6|. - 6, . . 

....to make - 

52|! 

21. 

The .sum of three numbers in A.P. is 39, and their product is 


2184 ; find them. 



22. 

The sum of three numbora in 

A.P. is 12, and the sum of their 


squares is 66 ; find them. 



23. 

The sum of five numbers in A.P. is 75, and 

the product of the 


greatest and least is 161 ; find them. 

24. 

The sum of fiye numbers in 

A.P. is 40, and the sum of their 


squares is 410 ; find them. 



25. 

The 12th, 85th and last terms 

of an A.P. are 

38, 257, 395 respec- 


tively ; find the number of j 

berms. 


[Exampkafor reviskm iciU be found in MiaceUaneoua Examples 
Kt, page 329.] 


I.A. 


L 
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Geometrical Progression 

321. DEFiymoN. Quantities are said to be in Geometrical 
Progression 'n hen they increase or decrease by a constant factor. 
Thus each of the following series forms a Geometrical Pro* 
gr^on ; 

3 , 6 , 12 , 24 , 


a, ar, ar*, ar®, 

The constant factor ia also called the common rcUiOf and it is 
found by dividing any terra by that which immediately precedes 
it. In the first of the above examples the common ratio is 2 ; 

in the second it is - - ; in the third it is r. 

822. if we examine the scries 

a, ar, ar®, or®, ar*, 

we notice that in any term the iiidex of r is always i^s by one 
than the number of the term in Ike series. 

Thus the 3*^ term is ar* ; 

the fidi term is ar* ; 
the 20tb term is ar®* ; 
and, generally, the pdi term is 
If n be the number of terms, and if I denote the last, or 
term , we have I - ar”' 

11 3 

Erampk. Find the 8th term of the series 

The common ratio is 

/. the 8thterra= -^x 

1 2187 

'3'' " 128 
“128' 
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3S3. Deftnition, When three quantities are in Oeoraetrical 
Progression the middle one ia call^ the geometric mean be- 
tween the other two. 

To find the geometric mean between two ^ven quaniiiks. 

Let a and b be the two quantities ; Q the geometric mean. 
Then since a, G, b are in G.P., 

“ b_G 
G~ a 

each being equal to the common ratio ; 
whence G=^I^. 


824 . To insert a given nnnd>er of geomdric means between 
two given quaTttities. • 

Let a and b be the given quantities, n the number of means. 

In all there will be n + 2 terms ; so that we have to find a 
series of n+2 terms in G.P., of which a is the first and b the 
last. 


Let r be the common ratio 
then 


6= the (?i+2}tti term 





.( 1 ). 


Hence the required means are ar, ar\ or”, where r has the 

value found in { I ). 


Example. Insert 4 geometric moans between 160 and 5. 

Wo have to find 6 terms in G.P. of which 160 is the first, and 5 
the sixth. 

Ixit r bo the common ratio ; 

then 5= the sixth term 
= 160 *; 



whence, by trial, ^ ~ 2 * 

anj the means are 80, 40, 20, 10. 



316 


ALGEBRA 


tCIUP. 


325. To fijid the »um of a number of terms in Oeometrical 
Progression, 

Let a be the first term, r the common ratio, n the number of 
terms, and s the sum required. Then 

^=o + rtr + ar* + + + ; 

multiplying every tenii by r, we have 

rs = ar + ar* T -i- or""* + ar"" * + ar", 

Hf?ace by subtraction, 

* rd = ~a ; 


(r-l)5=a(r"-l); 


r~\ 


Changing the signs in numerator and denominator 


1-r 


( 1 ). 

[Art. 170.] 

( 2 )- 


Note. It will be found convenient to remember both forms given 
above for s, using (2) in all cases except when r is pojiiit'e and greater 
than 1, 

Since ar'*”* =/, the formula (1) may be written 
rl - a 


a form which is sometimes useful. 


I 


Example 1, Sum the series 81, 54, 30 to 9 terms. 

54 2 

The common '*^bich is less than 1 ; 


hence the sum 


’{'■(lyi 

tt 

{-©•) 


=243 


= 243- 


512 


=236^ 
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2 3 

Example 2. Sum the series - terms, 

3 

The common ratio = - 2 » by fo/muJa (2) 


the sum 



0 


2 

2 23U 2 
''3^T2S "^5 

m 


P.YAMT> T.ra XXXIV. a 


1. Find the 5 th and 8 th terms of the series 3, 6 , 12, ... . 

2. Find the 10 th and 1 6th terms of tho series 256, 128, 64 

3. Find the 7 th and 11 th terms of the series 64, -32, IG, ... . 

4. Find tho 8 th and 12 th terms of the series 81, - 27, 9, ... . 

5. Find the I4th and 7 th terms of the series — , — , 7 ^, ... . 

64 32 Jo 

6 . Find the 4 th and 8 th terms of the series -008, -04, - 2 , ... . 
Find the last term in the following series ; 


7. 2, 4, 8, ... to 9 terms. 8. 2, -6, 18, ... to 8 terms. 

9. 2, 3, 4|, ... to 6 terras, 10. 3, -3*, 3*, ... to 2n terms. 

U, r, ar*, ... to « terms. 12. r, 1, to 30 terms. 

1 3. Ineert 3 geometric means between 486 and 6. 

14. Insert 4 geometric moans between ^ and 128. 

7 

15. Insert 6 geometric means between 56 and - — , 


32 

16, Insert 6 geometric means between — and 4j, 
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Find the last term and the suui of the following series : 


17. 

3. 6, 12, ... to 8 terms. 

18. 

6, -18,54, 

, ... to 6 terms. 

19. 

64, 32, 16, ... to 10 terms. 

20. 

8-1, 2-7, -0. 

... to 7 terms. 

21. 

1 I 1 

... to 8 terms. 

72 24 8 

22. 


.. to 9 terms. 

Find the sum of the series 


1 1 2 

2' 3' 9' 


23. 

3, - 1, ... to 6 terms. 

24. 

to 7 terms. 

25. 

... to 6 terms. 

5 2 8 

26. 

. 41 - 

.. to 12 terms. 

27. 

9, -6, 4, ... to 7 terms. 

28. 

2 1 1 
3* 'o’ 24' 

... to 8 terms. 

29. 

1, 3, 3*, ... to p terms. 

30. 

2, -4,8,. 

.. to 'ip terms. 

31. 

1 3 

— , 1, —z , ... to 8 terms. 
v^3 

32. 

s^' 

... to a terms. 

33. 

-2, ... to 7 terms, 

s'- 

34. 

s'2.v/6, 3v 

2, ... to 12 terms. 


326. Consider the series 


The sum to n terms 


1 i i i 
’ 2 ’ 2 ’-’ 2 >' 

'4 




From this result it appears that however many tenna be 
taken the sum of the above series is always less than 2. Also 
we see that, by making n sufficiently large, we can make the 


fraction 


as small as we please. 


Thus by taking a suihcient 


number of terms the sum can be made to differ by as little as 
we please from 2. 

In the next article a more general case is discussed. 
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327. From Art. 326 we have 8- 


a(l-r»} 
1 -r 


_ a ar" 

1 -r 1 -r 

Suppose r is a proper fraction ; then the greater the value of 

nr** 

7J the smaller is the value of r", and consequently of ; and 

1 — r ^ 

therefore by making n sufficiently large, we can make the sum 

(I 

of 71 terms of the series differ from by as small a quantity 

as we please. 

This result is usually stated thus: tJie sum of an infinite 
number of term of a decreasing Geometrical Frogressmi is 

or more briefly, the sum to infinity is 


328 . Recurring decimals furnish a good illustration of infi n i te 
Geometrical Progressions. 

Example, Find the value of *423. 

•423 = -4232323 

-1 _??_ ^ 



_4 ^ W 

_4 . J_ _L \ 

“io'*'io3 ) 

-1 — I 

10 * 

-i ^ 129 

"lO'^KP’ 99 

” 10 '^990 

_419 

“990’ 

which agrees with the value found by the usual arithmetical rule. 
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EXAMPLES XXXIV, b 


Sum to infinity the following scries : 


1. 9»6,4 


3. 


5. 

7, 


1 1 1 

2’ 4’ 8 

1 2 _4 

3’ 9' 27 

•9, ’03, -001,.... 


2 . 


4. 


6 . 


12 , 6 , 3 , ... . 

1 1 1 
2 ’ ” 4 ’ 8 



S, *8, -’4, -2, ... . 


Find by the method of Art. 328, the value of 

9, -S. 10. Id. 11. -24. 12. 13. 03?. 

Find the series in which * 

14. The 10th term U 320 and the 6th term 20. 

27 1 

1 5. The 5th term is — and the 9th term is - . 

lo 3 

16. The "th term is 625 and the 4th term -5. 


9 

17. The 3”^ term is ~ and the 6th term*- 44. 

16 ^ 

18. Divide 183 into three parts in G.P. such that the sum of 
the first and third is 2-^ times the second. 

19. Shew that the product of any odd number of consecutive 

terms of a G.P. will be equal to the nth power of the middle 
term, n being the number of terms. 

20. The first two terms of an infinite G.P. are toother equal to 1, 

and every term is twice the sum of all the terms which follow. 
Find the serioe. 


Sum the following seriee : 

21. y*4-26, y* + ib, / + 66, .. 


22 . 


3 + 2^/2 

3 - 2 ^/ 2 * 3 +' 2 ^/ 2 ’ 


.. to n terms, 
to infinity. 


23- 

,24. 4n+^, 6n-^, to 2n terms. 


\ Examples for revision will be found in MisesUaneous Examples 

r.;p.329.] 



CHAPTER XXXV 


Harmonical Progression 


3^. Definition. Three quantities a, b, c are said to be in 

Harmonical Progression when — • 

C 0 - c 


Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har- 
monical Progression. 


330. The reciprocals of qiuintities in Harmonical Progression 
art in ArUhmeiiocLl Progression. 

By definition, if a, 6, c are in Harmonica] Progression, 
a _a-b 
c b-c' 
a{b-c)~c{a-b), 
dividing every term by abc, 

1 1 _ 1_1 
c b b a* 


which proves the proposition. - 

331. Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound i 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formula for the sum of any 
number of quantities in Harmonical Prc^ression. Questions in 
H.P. are generally solved by inverting the terms, and making use 
ofthe properties of the corresponding A.P. 
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1 . 3 

Kxampk. The I2th Uirm of a H.P. is and the I9th tertu is ^ : 
find the series. 

Let a bo the first term, d the common difference of the correspond- 


ing A.P. ; then 

5=the 12th terra 


It 

and 

« 

”=tho 19th term 


-a + 18d; 

vhenco 



. . ^ . .45.7 


Hence the Arithmetical Progression is 2, j ; 


and the Harmonical Progression is 


332. To find the harmonic mean beiween two given qmntUics, 
Let a, 6 be the two quantities, H their harmonic mean ; 

1. 1 1 1 V u 

then , 7 are in A.r. 
a ti 0 


.1111 
■ H b H* 


1 I 
*■^6’ 

a + b' 


H 




333. If A, 6', // be the arithmetic, geometric, and bariiionic 
means between a and 6, we have proved 

(u. 

0 = V® (2). 

H=~ (3)- 

a+0 


a + 6 2a6 

Therefore AH = -r- * — — r 

2 a + b 

=ab 
= 0*; 

:hat ia, (3 is the geometric mean between A and H, 
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334. Miscellaneous questions in the Progressions afford scope 
for much skill and ingenuity, the solution being often very 
neatly effected by some special artifice. The student will find 
the following hints useful : 

1. If the same quantity be added to. or subtracted from, all 
the terms of an A. P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 312.] 

2. If ail the terms of an A.P, be multiplied or di^ddetf by 
the same quantity, the resulting terms form an A.P., but with 
a new common difference. [Art, 312.1 

3. If all the ternis of a G.P. be multipUed or divided by the 
same quantity, the resulting terms form a G.P. with the same 
common ratio as before. [Art. 322?] 

4. If cr, 6, c, d, be in G.P., they are also in covtmued 

proportion, linoe, by definition, 

a b c 1 

bed r 

Convt rsely, a series of quantities in continued proportion 
may be represented by x, xr, xr^, 

Kinmpk. I. Find three quantities in G.P. such that their pro- 
duct is 343, and their sum 30^-. 

ar bo the three quaiititioe ; 


then wo have 

~xa xar-343 

r 

(1). 

and 



(2). 

From(l) 

II 



u~7 ; 


from (2) 

01 

7(1 l■^ + r») = ~^. 


Whence we obtain 

1 

r = J.or3. 



^nd tho numbers are -, 7, 21. 
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Ezamplt 2. If a, 6, c be in H.P., prove that 
areaisoinH.P. 

Since - , 7, * are in A.P., 
a 0 c 


0 -i-6 +c 

a -rfe + C 

tt -f 6 -f- c 

are in A.P. ; 

a 

6 ’ 

c 

a 

a +c 

c 

are in A.P, ; 

6-c 

a 

a + c 

a+b 

c 

arc in A.P. ; 

a 

6 + c’ 

6 

c -a’ 

c 

a 

are in H.P. 


Example 3. The nth term of an A.P. is ^+2, find the sum of 
49 terms. ^ 

Let a be the finrt- term, and I the last ; then by putting n = 1, and 
» = 49 respectively, wc obtain 



49 

= - X 14-343. 


Example 4, If a, &, c, d, e be in G.P., prove that h+d is the 
geometric mean between a + c and c +r. 

Since cr, />, c, d, t are in continued proportion, 
a b ^ _d . 

6 c d e 

each ratio [Art. 294.] 

Whence (6-i-d)* = (a+c){c +e). 

EXAHPLBS XXXV. a 

1. Find the 6^ term of the series 4, 2, 1^, ... . 

2. Find the 21^^ term of the scri^ 2^, iH. lA 

3. Find the 8*^ term of the series 1^, 2^^, ... . 

4. Find the n^h term of the scries 3, 1^, 1, ... . 
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Find the aeries in which 

5. The 15th terra, is ^ , and the 23rd term is . 

2ii 41 

6. The 2nd term is 2, and the 3l5t term ^ ^ ' 

7. The 39th term is — , and the 54th terra is — . 

II 26 

Find the harmonic mean between 

8 . 2 and 4. 9. 1 and 13. 10. ^ and ~ ► 

11. - and 7 • 12. and 13. x-y and x -y. 

a 0 ^ X ~y 

14. Insert two harmonic means between 4 and 12. 

15. Insert three harmonic means between 2| and 12. 

16. Insert four harmonic means between 1 and 6. 

17. If 0 be the geometric moan betw^oen two quantities A and B, 

shew that the ratio of the arithmetic and harmonic means of 
A and G is equal to the ratio of the arithmetic and harmonic 
moans of G and 

18. To each of three consecutive terms of a G.P. the second of 

the throe is added. Shew* that the three resulting quantities 
nre in H.P. 

Sum the following series : 

19. I + 14 +3i^ + to 6 terms. 

20. 1 + 1| + 2^ + to 6 terms. 

21. (2fl +x) +3a +(4a -x) + top terms. 

4 

22. 1# “ + “ - to 8 terms. 

o 5 ^ 

3 

23. 1 f + 1 J + - 4- to 12 terms. 

5 

24. If x-a, y-o, and ; “"fi bo in G.P., prove that 2{y-a) is the 

harmonic moan between y-x and y - 

25. If a, 6, c. d be in A.P., 0, d in G.P., a, g, A, d in H.P. respec- 

tively ; prove that ad=ef=bh~ eg, 

2^, If a*, 5*, c* be in A.P., prove that h-Fc, C4-o, a + 6 are in H.P. 
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27. If n, 6, c fce m A.P., ami a, )?, y in H.Pm tfkat 


/c/ar. 


a +c_a+Y 

6j3 ay 

28. If a be the arithmetic mean between 6 and c, and 6 the geo* 

metric mean between a and f, prove that c will be the 
harmonic moan between a and b. 

29. If ^—, 6; be in H.P.. then ct, c are in G,P. 

I 2 2 

30. If f», b, c,d, e he in G.P., prove that c(o+2c 4-e) = (6 

31. If a, 6, c, d ... be a series of quantities in G.P., show that the 

reciprocals of -i*, 6* -c®, ... are also in G.P. ; and 

find the sum of a terms of this latter series in terms of a 
and b. ' 

32. If d, 6, c be in A.P., and 6, c, d in H.P,, then a, y, c are in 

ad “ 

H.P., and 6, z- , d are also in H.P. 

0 

33. If j; be the geometric and a the arithmetic mean between 

m and n, and if k* be the arithmetic moan between m® 
and a*, prove that a’ is the arithmetic moan between jf* 
and t*. 


34. If a, b,c,dhe in G.P., prove that (6 ~c)*~ac rbd-2ad. 

35. If bfC^dbe in G.P., prove that 

(a +d)(a -6)“ ; a(<i -c)(a -d) = a - 6 +c : a +6 +c. 

36. If ft, b, c be in H.P., prove that 

I 1 I I II 

a b tc' b c-fa’ c a+6 
are also in H.P. 

37. In an infinite G.P., find r w'hen each term is equal to half the 

Slim of the following terms. 

38. Find the sum of n terms of a series in which the first term 

=r+— , and the 7ith=)a+r~ ■ 

2x 2^x 

39. FinI the sum of the first 2n terms of the series 


2+3+6+6+8+9 + ... . 
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EXAMPLES XXXV. b 

1. In an A.P, the^ratje of the 3rd terra to the 6th is 9 ; 4 and the 

sum of the first 5 terras is 60, Find the sum of the first 10 
terras. 

2, If 6 is the arithmetic mean between a and c, prove that h® {a + c) 

is the arithmetic mean between a^{b +c) and c®(a +b). 

{Loud., ila trie.) 

3 In an Arithmetic Progression the first term is a and the 
common difference is 2a. Shew that the sum of 2n termi? is 
always equal to four times the sum of n terms. 

Conversely, shew that if the sum of 2n terms is equal to 
four times the sum of n terms, tjien the first term is equal to 
half the common difference. (Lend. Matric.) 

4, (i) Prove that the sum of any number of terras of the progres- 

sion 4, 12, 20, 28 ... is a,|)erfect square. 

(ii) The Bum of the rth and (r -h l)th terms in this progression is 
equal to the sura of the first 16 terms. Find r. 

(Oxf. Sch. Certif.) 

5. If {y + z)~\ {2+3:)“^ (3;-|-y)“*, are in arithmetic progression, 

prove that x*, j/*, 2 * are also in A.P. (Oxf. ^h. Certif.) 

6. Find the sum of ail the numbers between 100 and 1000 which 

are divisible by 14. (Camb. Sch. Certif.) 

7. The aura of four numbers in arithmetical progression is 26. 

The sum of the squares of the first and last numbers is greater 
by 10 than the sum of the squares of the second and third. 
Find the numbers. (Camb. Sch. Certif.) 

8, Find the sum of all the wholil numbers less than 1000 whose 

unit digit is 7. 

9, Find the sura of all the even numbers from 14 to 84 inclusive, 
excluding rau]ti])ies of 3. 

10. Find the sum of the first n whole numbers. 

Shew that this sum, the sum of the ne.xt n whole numbers, 
and again the sum of the next ti, are themselves three numbers 
in arithmetical progression. (Scot. Ortif.) 

11. A child wi.slies to build up a triangular pile of toy bricks so as 

to have 1 brick in the top row, 2 in the second, 3 in the third, 
and so on. If he has 100 bricla, how many rows can he com- 
plete and how many bricks has he loft? 

(Oxf. and Camb. Sch. Certif.) 

12. In a game a basket and 16 potatoes are placed in line at equal 

intervals of 6 feet. How long will a competitor take to bring 
the potatoes one by one into the basket, if he starts from the 
basket and runs at an average speed of 12 feet a second? 
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13. Timbor is piled on a road at intervals of a quarter of a mile. 

It is collected by a lorry which starts from a depot 1 mile 
from the nearest pile, visits the piles in order and returns to 
the depot each time. 

If the speed of ttie lorry is lo miles per hour, find a formula 
for the time in minutes occupied by « double journeys. If it 
takes 25 minutes to load a pile of timber on to tlio lorry ahd 
15 minutes to unload it, what is the greatest number of pil^ 
that can be removed in a day of 8 working hours? 

^ (Lond. Matric.) 

14. In a geometrical progression shew that, if each term be sub- 

tract from the succeeding, the successive differences are 
also in geometrical progression. 

If this second progression is 2, 6, IS, etc., shew that the 
nth term of the first progression is 3”"^ and find its sum to 
n terms. (Scot. Certif.) 

15. A Geometrical Progression whe^ common ratio is r consists of 

2n terms. Shew that the sum of the n even terms is r times 
the sum of the n odd terms. (Oxf. Sch. Certif.) 

16. Shew that throe numbers cannot be both in Arithmetic Pro- 
gression and in Geometric Progression unless they are all equal. 

The lirst, second and fourth terms of an A.P. themselves 
form three successive terms of a G.P. 8hew that, if the 
common difference is not zero, it is equal to the first term. 

(Lond. Matric.) 

17. An A.P. and a G.P. are added together ; the sum of their first 

terms is 2, of their second terms I, and of their third terms 
If their first terms are equal, find the common difference and 
the common ratio, and shew that there are two values for 
each. (Camb, Sch, Certif.) 

18. The first three of the four numbers, 12, x, y, 4, are In arith- 

metical progression and the last three are in geometrical 
progression. Find x and y. (Oxf. Sch. Ortif.) 

19. Shew that the series 1^, etc., is neither an A.P, nor 

a G.P., and find a formula for its nth term. 

20. A man divided some money in G.P. between hU four sons so that 

the eldest received £1000 and the youngest £512, How much 
money did he divide between them? 

21. The population of a village at the end of consecutive decades 

WM 2179, 2381, ^05, 2514. Shew that the population was 
increasing approximately in G.P. 

22. A bouncing tennis ball rebounds each time to a height one- 

half the height of the previous bounce. If it is dropped from 
a height of 10 ft., find (a) the total distance it has travelled 
when it hits the ground for the lOtb time, and (6) the total 
distance it travels before comii^ to rest. 
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MISCELLAKEOUS EXAMPLES V 

{Chiefly on Chapters XXXIl—XXXV) 


1 . Simplify 
and c= 432. 




and find its value when a =2, 6=3, 


2. Shew that the ratio x + y ; i - y ia increased by subtracting 
y from each term, except when z lies between y and 2y. 


3. If 7 shew that 

6 a 

2a + 35 2fT3d ’ a®-c> {o + 2 c}(<t + 3c) 

^-76~3c-7d’ ^ ^ 6*-d*~(6+2d)(6+3dy 


4. If -- , prove that 

o-c c-tt a-6 

(1) ar + y+3 = 0; (2) (6+c)x + (cTa)y + (a + 6)z=0. 


5. = prove that s^5x3+8yn 72* =5y. 


6. If y is the sum of two numbers, of which the first varies 
directly and the second inversely as z, and if y = 7, when r=2, 
and y:z - 1, when r=l, shew that 


y^Sz-- 


7. Simplify ^45 + ' v^SO + v^l8 + n/7 - s/40. 

8. If 3x + 10 has to 9x +4 the duplicate ratio of 5 to 7, find x. 

9. If T = 3 = 7 * prove that each ratio is equal to 


y/4ac* - 3ce* +2ars 

V46(i*-3c/»+26(i/' >66*dV-dV’ + 7ad>’ 

10. The sides of a triangle are as 1 : I^ ; l|, and the perimeter 
» 221 yards ; find the sides. 
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11. If 3a+56:3a-56^3c+5<i:3c-5<I, 

prove that a:b~c:d, 

12. Reduce to their simpleet forme : 

_ (a+6)i 






(a -6)1 




13. \Mien x= find the value of 

x*+flj:+a* r*-aj+a* 
x^-a^ + a* 


14. Simplify 



2”+< - 2 X 2^^ 

2^+»x4~' 


15. Find the ratio compounded of the ratios 

aT6'a*-6*^” o*-6* (a + 6)’ 

16. If a, 6, c be throe proportionals, prove that 

(1) a{a rb) : b{b -a) -b{b-¥c) : c(c -6) ; 

(2) (a+6+c}(6>-6e + c*)-c(a> + 6> + c»). 

17. If a : b : c -X 1 J : x* : yzt prove that t : y : 2 = oi ; a* : 6c. 

18. If p : g be the duplicate ratio of p - r : g - r, prove that f 
is a mean proportional between p and g. 


19. If a : 6 ; d, prove that 

(1) a+c : a+6 + c+d-a : a + 6 ; 


(2) 


(o-6)-(e-d)^ 


(a-6)(6-d) 

6 


20. Shew tiiat any ratio is made more nearly equal to unity by 
adding the same quantity to each of its terms, 

21. If z varies as y + z, and z varies as x; and if x=2 when 
y =4, find the value of y when x = 1, 



XXXV] MISCELLAXEOUS EXAMPLES V 331 

22. If 23: + 3j/ ! 2a; - 3^ +36* ; 2a* -36», then a: has to y the 

duplicate ratio of a to 6. 

23. Find an A.P. of seven terms whose sum is 28 and common 
difference 3. 

24. The sum of 10 terms of an A.P. is 145, and the sum of its 
fourth and ninth terms is five times the third term ; determine the 
scries, 


25. Find the value of 

s/ia+4v^21 +v7-s/12-s2ij-2v^. 

26. Sum to 10 terms each of the series 

(1) 5 + 10+15 f20 + ; 

(2) 5-10 + 20 - 40 + 


27. Ifi-- 


, shew that 


bz - cy cx + a 2 ay +bx’ 

ap + bq - f r - 0, and xp-ijq^zr- 0. 

28. The sum of five numbers in arithmetical progression is 10, 
and the sum of thoir squares is 60 ; find the numbers. 

29. Find the sum of n terms of the progression 

3 + 2^ + 2-^ + 

30. Find the ninth term of the harmonic series whoso first and 
thirtl terras are 3 and 2 respectively. 


31. Simplify 


(a-6)l.NV + 2a6+6* 
\'a* -6* x(a + 6)“^ 


32. Sum to n terms 

3,9 15 

2 '^ 2 ^ 2 2 * 

and find five consecutive terms of this progression whose sum is 187^. 

33. The 8tti term of an Arithmetical Progression is double the 
13^ term ; shew that the 2nd term is double the 10th term. 
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34. Sum the following series : 

(1) (a -2jr) + 2 {a+ 2 ') + 3(0 + 2j:) + to 18 terms. 

(2) -olf +8f - to 7 terms. 

35. Shew that the sum of 2n terms of the series 

11 J_ 2. J 1 1 

* 3 9^27 ''■8r243‘729 ■^2187^ 

ii ^{l-l-in-*"). 

36. If r-^ , are in A.P., then a, b, c are in G.P. 

0 - a 2o 0 - c 


37. The last term of an .A.P. is ten times the first, and the last 
blit one is ef|uat to the sum of the 4th and 5th. J-’ind the number 
of the terms, and shew that the common difference is equal to the 
first term. 

38. Sura to 2 n terms each of the series 

(1) 1-3-9-27 + : 

(2) 1>3-5-7+ 

and write down the last term of each scries. * 

39. Find two numbers whose arithmetic mean exf+ed.s their 
geometric mean by 2, and whose harmonic mean is one -fifth of the 
larger number. 

40. Find an infinite goo metrical progression, whoso first term is 
1, and in which each term is twice the sum of all the terms that 
follow it. 

41. The arithmetic mean between two numliers is to the geo- 
metric mean as 5 to 4, and the difference of their geometric and 
harmonic means Is | : find the numbers. 

42. ' If a*, y, 2 bo in G.P,, prove that 

a:*y*2* (r“* + y + z~*) 



CHAPTER XXXVI 


The Theory of Quadratic Equations 

335. In Chapter xxv it was shewn that after suitable reduc- 
tion every quadratic equation may be written in the form 

aj:^-f&x + c = 0 (1), 

and that the solution of the equation is 


We shall now prove some imixirtant projx)Bi lions connected 
v ith the roots and coefficients of all equations of which (1) is 
the tyjx?. 

336. A qmJralu: equaiion canmt have more than two roots. 

For, if possible, let the equation flr* + 6ic + c-0 have three 
f^ifferent roots a, j3, y. Then since each of these values must 


satisfy the equation, we have 

aa* + 6a + c=0 (1), 

+ ( 2 ), 

ay* + 6y + c=0 (3). 

From (I) and (2), by subtraction, 


a(a*-^^) + 6(«'i3) = 0; 

divide out by a - ^ which, by hypothesis, is not zero ; then 
fl (a +jS) + 6 = 0. 

Sirailafly from (2) and (3) 

fl (j8+y) + 6”0; 

by subtraction a(a-y) = 0; 

which is impossible, since, by hypothesis, a is not zero, and a is 
not«qual to y. Hence there cannot be three different roots. 
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337 . The teniis ‘ urirtMl \ ‘ imaginarv and ‘ impossible ’ are 
ail used in the same sense : namely, to denote expressions which 
involve the square root of a negative quantity. It is important 
that tho student should clearly distinguish between the terms 
real and rational, imaginary and irmtional. Thus or 5, 
3i. - 1 are rational and real; ^^7 is irrational but real; while 
V - 7 is irrational and also imaguxary. 

* 338 . In Art. 33o if the two roots in (2) are denoted by 
a and W 0 have 

- 6 + - 4flc - 6 - - 4uc 


(1) If 6*-4ac, the quantity under the radical, is positive, 
X and /3 are real and unequal. 

(2) If b‘ -iac is zero, oc and j? are real and equal, each 

, . . b 

reducing m this case to - — > 

(3) If b* “ 4ac is negative, x and ^ are imaginarv and unequal. 

(4) If fr* - 4«c is a perfect square, a and ^ are rational and 
unequal. 

By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 

Example 1. Shew that tho equation 2x*-ftx + 7=:0 cannot be 
satisBed by any real values of x. 

Hero a-2, h ~ ~G, c^l ; so that 

fc2-4sr-( -0)»-4.2.7= -20, 

Therefore the roots are imaginary’. 

Hote. If the equation is solved graphically a.s in ,\rt. 427. it will 
be found that the graph does not out the axis of z. Thus there are 
no real values of x which make 2^^ - 6x + 7 equal to zero. 

Example 2. For what value of it will the equation - 6r + It =0 
have equal roots? ' 

The condition for equal roota gives 

(-B)»-4.3.Jt=0, 
whence i = 3. 

Example 3. Shew that tho roots of the equation 
X* - 2px +/)* - ^ + 2gr - r* =0 

are rational. 

The roots will be rational provided ( - 2n)* - 4(p* - o* + 2gr - r*) is 
a perfect square. But this expreesion reduces to 4{g* -2^4-r*), or 
i{q- r)*. Hence the roots are rational. ' * 
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339. Sinse a- 


- 6 + V 6* - 4ac 


2a 


-b-*Jb^ -4ac 
2a * 


we have by addition 


- 6 + - 4ac - 6 - - 4ac 


2a 


26 


and by multiplication we hafe 




{-b + \!¥~-4ac){-b-s/b^-4ac) 
4a' 

( -6)* - (6= -4ac) 

4a2~; 


■•(I); 


..( 2 ). 


4ar: c 
4a* a 

By riting the equation in the form 
6 c 

X* 1 - Ji: + -=0, 


these results may also be expressed os follows : 

In a quadratic equation where the coej^licient of the first term is 
unit}/, 

(i) the sum of the roots is equal to the coefficient of x wilii 
iU sign changed ; 

(ii) the j)roduct of the roots is equal to the third term. 

Note. In any equation the term which does not contain the 
utiknowii quantity is frequently called the absolute term. 


340. Since --i=a + j3, and -=«/3, 
a ^ a . 

the equation a:* + - x + - may be written 
a a ' 

X»-{3c4-|S}X + a]3=0 (1). 

Hence any quadratic may also be expressed in the form 

X* - {sum of roots) x + product of roots =0 (2). 

Again, from (1) we have 

(x-a)(x-i5)=0 (3). 

\\% may now easily form an equation with given roots. 
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Example 1. Form the equation whose roots are 3 and -2, 

The equation is (x-3)(aE + 2)=0, 

or x*-x-6=0. 

3 4 

Example 2. Form the equation whose roots are - and 

The equation is ^ I) “ ^ ' 

that is, (7x -3)(5x + 4)=0, 

or 3.5 x* + 13x-!2-0. 

When the roots are irrational it is easier to use the following 
method : 


Example 3. Form the equation whoso roots are 2 + s,/3 and 2 - s,'3. 

We have sum of rdots - 4, 

product of roots - 1 ; 
the equation is x* - 4x + 1 - 0, 

by using formula (2) of the pr^nt article. 

341. The results of Art. 339 are most important, and they 
are generally sufficient to solve problems connected with the 
roots of quadratics. In such questions thM roots skauU never be 
cxmsidered singly, but use should be made of the relations ob- 
tained by writing down the sura of the roots, and their product, 
in terms of the coefficients of the equation. 

Example 1. If a and are the roots of x* -px+q~0, find the 
value of (1) (2) o>+^. 

We have a+j8=p, 

=f-2q. 

Again, a* -r^-(a +J?)(a* -a^) 

=?(?*-%}■ 

Example 2, If a, j3 are the roots of the equation Ix* + mx + n = 0, 

find the equation whose roots are . 

P “ 

, , a JS a*+l5* 

sum of roots^a't "= — 
pa ap 

product of root8=^ . - =1 ; 

P “ 


We have 
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bj Art. 340 the required equ&tioa is 


I* 



r + l=0, 


o^x* - (a* +i5*)x + 0 ^ =0. 


, , 1 . “ 2ni , _ n 

As in the kat example o* +p* - — ^ — , and ofl-j- 


, , m*-2nl n . 

the equation 18 — i + -^=0, 

or rUx* - (m* - 2nl)x + nl - 0. 
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Exampk 3. Find the condition that the roots of the equation 
ar* + 6z+c = 0 should be (1) equal in magnitude and opposite in 
sign, (2) reciprocals. 

The roots vill bo equal in magnitude and opposite in sign if their 

sum is zero: therefore --=0, or 6 = 0. 

a 

Again, the roots will be reciprocals when their product is unity ; 

therefore - = 1, or c =a. 
a 


Exampk 4. Find the relation which must subsist between the 
coefficients of the equation px*+5x+r=0, when one root is three 
times the other. 


We liave 




but since a = 3^, we obtain by substitution 
P P 

From the first of theee equations p =y^i» 

P=~- 

3P 

. _ r 

" 16p* '3p’ 

or 3?* = lOpr, 

which is the required condition. 


342. Tlie following example illustrates a useful application 
of ihe results proved in Art. 338. 
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Example. If jr is a real quantity, prove that the expr^ion 

-r 2x - 1 1 

can have all numerical values except such as lie between 

l(x - J) 

2 and 6. 

Let the given expreasion be ropresentod by y, so that 

tlien multiplying up and transposing, we have 
x*+it{l-y)+6y-lU0. 

This is a quadratic equation, and if z is to have real values 
4(1 -y)* -4(6y - 11) must l)e jwsitive ; or simplifying and dividing 
by 4, y* - 8y -r 12 must be {y^sitive ; that is, {y - tJ) (y - 2) must bo 
positive. Hence the factors of this product must be both positive, 
or both negative. In the former pase y is greater than 6 ; in the 
latter 1 / is less than 2. Therefore y cannot lio between 2 and (i, but 
may have any other value. 

In this example it will be notict'd that the expression y* - 8y + 12 
is jiositive so long as y does not lie between the roots of the cor- 
p:-sp<>ndiiig quadratic equation y^ - 8y + 12-0, 

Tiiis is a particular case of the general proposition investigated 
in the next article. 


343. For all real values of x the expression ax* + bx + c has 
the -iame sign as a, except when the roots of the equation 
ax* -r bx + c=0 are real and \inequal, and x iies between them. 

Case I. Suppose that the roots of the Cijuation 
oz’+bz-f c-0 


are real ; denote them by a and and let a. be the greater. 


Then 




I z* + ~z+ - I 
\ a a/ 


- a (z* - (a + jS)x + 0)5} [Art, 330.] 

Now if z is greater than a or less than the factors x - oi 
X - )3 are either both positive or both negative ; therefore the 
expression (x - a) (x - jS) is positive, and ox* + 6x + c has the same 
sign as a. But if z lies between a and j5, the expression 
(j-a)(x-)5) 

Is negative, and the si^ of ax*+6x-f c is opposite to that ofi^. 
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Case II. If a and ^ are equal, then 

ax^ + hx-rC=^a{z-ix)*f 

and (x - a)“ is positive for all real values of x ; hence ox* + 6x t c 
has the same sign as a. 


Case III. Suppose that the equation ax®+&x-j-cr=0 has 
imaginary roots ; then 

ox* + 6x ->■ 


i n ^ cl 

: \z- -I- -X + - > 

I a a) 


{( 6 V 4ac - 6* 1 


but since I" ~4ac is negative [Art. 338], the expression 



4ac-6* 

4o* 


is positive fur all real values of x ; therefore ax*-r6x + c has the 
same sign as a. . 

[.4rfe. 436, 437 one? 439, Ex. 2, aiay be read here.] 


EXAMPLES XXXVI 


Find (without actual solution) the nature of the roots of the 
following equations : 

1 x*tx- 870^^0. 2. 8r6x^5x*. 3. 

4. a:* + 7-4x. 5. '2r-x--r5. 6. (x4-2)*=4.r + 15. 


Form the equations whose roots are 
7. 5, -3. 8, -9, -11. 

3 5 


10 . 


2’ 6‘ 


11 . 


2 4 


9. 0 +6, a -i. 

12 . 0,1 


13. If the equation x* +2(1 +A')x + I:*=0 

has equal roots, what is the value of I'? 

14. (i) One root of 6x* - 13x + fi=0 is 1^. Find a. 

(ii) One root of fix* + ox - 6 =0 is if. Find a. 

(iii) One root of ox* +.T -S-O is -if. Finda. 


1 5. Shew that x - 1 - - satisfies the equation 
a 

a(a + 6)x* -6(a -6)x = (a-6)S 
and find the other value of x. 


(Oxf. Sch, Certif.) 
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16 . 


17. 


18. 

19. 

2ft). 


21 . 


22 . 


23. 


24. 

27. 


30. 


33. 

36. 


39. 


40. 


41 . 


Prove that the equation 

3t«* - (2w +3«)j; + 2)t=0 
has rational roots. 

Without solving the equation 3j*-4a:-l=0, find the sum, 
the difference, and the sum of the squares of the roots. 

Shew that the roots of o(:t* - 1) = (6 -c)a: are always real. 

Find the greatest value of k for which ic*-5z + l: = 0ha8 real 
roots. 

Find for what range of values of k the eqjjation 5x* + Fx -r u - 0 
has real roots. 

For what range of values of k will Far* + 7 j; - 3 =0 have imagi- 
nary roots? 

Find the factors of 12-rJ:-x*, and state between what limits 
ar must lie, if the expression is positive. (Lond. Matric.) 

Provo that the roots of the quadratic equation 
r*-4r^3-a(3x-l)^0 

are real for all values of a ext^ept those lying between - and 2. 


(Oxf. Sch, Ccriif.) 

Form the equations whose roots are 


3 fvo, 3-^5. 

25. -2*^3, -2-v3. 

26. 

ij 0 

^(4*v7). 

28. 

a -(j tt -r 0 

29. 

26’ 2a 

If a, /5 are the roots of the equation pz^+qx + r-O, find the 
values of 


31. 

32. 

a*. 15*. 

34. a^^-ra*^. 

f" 

1 1 
«*>* 

37. a*+^. 38. 



If a, are the roots of jj* + 0X4-6 - 0 and o*, J3* are the roots of 
:^ + Az * B ~Q, prove that A=^2b -a*, B~b*. 

If a, ^ are the roots of x* -px + g ~0, and a*, ^ the rCK>U of 
- Px + Q-O, find P and Q in terms of p and q. 

If 0 , are the roots of x* - ox + 6 = 0, find the equation w hose 

roots arc (i) o + 1, ^ + 1, (h) a - 2, ^ - 2, (iii) 3o, 3/5, (iv) 

(T) v'i v'ft (Vi) «■, f?, (vii) (viii) a + 2^, (3 + 2a, 

(k)«<+ft^* + a,(l)?-2ft|-2a, 
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42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


The roots of the equation 5x* -20x + 12-0 are o and Fac- 
torise the oxpn^aion a®+|3*, and hence find its numerical 
value without solving the equation. (Cent. Welsh Bd.) 

The roots of x* + jw; + 9 =0 are double the roots of 
^ X* - (6 +c)x + 6 e= 0 . 

Express ‘p and q in terms of b and c. (Cent. Welsh Bd.) 


Find the value of p, and the roots of the equation 
2x*-33a:+p^0, 

given that one root is ten times the other. (Cent. Welsh Bd.^ 
If 0 , are the roots of ax‘‘+bx - a - 0 , prove that 
laa+b){a^-rb) - -a\ 

and find the equation whose roots are aa+b, + 6 . 


If X* + px + 5 = 0 and x® + mx + n =0 have a root in common, 
shew that this root is the^quare root of 

{pn -qm)j{m-p). (Oxf. Sch, Certif.) 
If a, p are the roots of - lOOx + 2491-0, and c, q are the 
roots of + 50x - 4559 =0, find without solving these equations 


the values of u - ? and - . (Joint JIatric. Bd.) 

9 

Shew that, if the sum of two quantities is a and their product 
is b, they must be the roots of the equation x* - ax + 6 — 0 . 

Hence, or otherwise, find the lengths of the sides of a 
rectangle whose perimeter is 52 inches and whase area is 
168 square inches. (Loud. Matric.) 


If a, /3 arc the roots of J^^pz+q-0, find the condition that 

(i) a=i 3 , (ii) a = (iii) a=2j3, (iv) a-^- 2 , (v) a+^=j7, 

1 I " 

(Vi) i + i^2. 


If a, |S are the roots of x^+px+g-O, find the value of a* +^ 
without solving the equation, and form the equation whose 
roots are a* and expressing the coefficients in terms of p 
and q. 

Hence, or otherwise, shew that each root of the equation 
X* + X + 1 = 0 is the square of the other root. 

(Oxf. Sch. Certif.) 


Form an equation whoso roots shall be the cubes of the roots 
of the eqTmtion 2x(.r a) =a*. 

Prove that the roots of the equation 

(a+ 6 )x*-(a+ 6 +c)x +“=0 

are always real. 
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53 . 

54 . 

55. 

56 . 

I- 


57 . 


58 . 

59 . 

60 . 


61 . 

62 . 


Al/IEBSA [chap. XXXVl] 

Shew that <o + 6 + c)a:* - 2(o + 6)* + (rt + 6 - «) =0 
has rational roots. 


Form an equation whose roots shall be the arithmetic and 
harmonic means between the rooU of -jw: + ? = 0. 

In the equation pi^ +qz -^r-O the roots are in the tatio of 
f to m, prove that 

(P + m*}j?r+hrt(2pr~g^)=0. 


Prove for the equation aj:^+ix+c-0, which has real roots, 
that if o, 6, c have the same sign, both roots are negative ; 
that if a and c have diflferont signs, one root is positive and 
one negative ; and that if « and c differ in sign from 6, both 
roots are positive. 

Solve the equation = 0 by substituting 2 =y-^. 


2x® -6rr9 f j • . 

boive ^ -y as a quadratic in .r. rrom your result 

6nd the smallest possible value of y if x U real. 

(Oxf. Sell. Certif.) 


-3t + 2 


Shew that, if j: is real, the value of the e.xpresston 
3 3 

cannot lie between ^ 2 - - and - {Cent. Welsh Bd.) 

Find the maximum and minimum values of . 

(z-1)(2:-4) 
(Camb, Sch, Certif.) 

Sh3w that if X is real the expression ~ cannot lie between 
3 and 5. Xr - 8 

If X is real, prove that ^ can have all values except 

such as lie between 2 and - 1 . 
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Permutations and Combinations 

344. Each of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 

Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 

Thus tlie permutations whicU can be made by taking the 
letters a, 6, c, d two at a time are twelve in number : namely, 
a6, ac, od, 6c, 6d, cd, 

6a, ca, da, cb, db, dc ; 

each of these presenting a different arrarugement of two letters. 

The comhincdums which can be made by taking the letters 
0 , 6, c, d two at a time arc six in number : namely, 
ah, ac, ad, 6f , 6d, cd ; 

each of these presenting a different selection of t\\'o letters. 

From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains ; 
whereas in forming permutations we have also to consider the 
order of the tilings which make up each arrangement; for 
instance, if from four lettera a, b, c, d we make a selection of 
three, such as fi6c, this single combination admits of being 
arranged in the following ways : 

abc, acb, bca, hoc, cab, eba, 
and so gives rise to six different permutations. 

345. Before discussing the general propositions of this 
chapter the following important principle should be carefully 
noticed. 

Jf one operation can be performed in m ways, and {when it has 
been performed in any one of these tmys) a second operation can 
then be performed in n troys ; the number of ways of performing 
the. tigp operations wdl 6e m x n. 
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If the first operation be performed in any one way, we can 
associate with this any of the n ways of performing the second 
operation ; and thus we shall have n waj's of performing the two 
operations without considering more than me way of perfomimg 
the first ; and so, corresponding to eacA of the m ways of per- 
forjiiing the first operation, we shall have n ways of performing 
the two ; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
t m X n. 

Example. There are 10 steamers plying between Liverpool anil 
Dublin ; in how many ways can a man go from Liverpool to Dublin 
and return by a different steamer? 

There are ten ways of making the first passage ; and with each ot 
th(^ there is a choice of nine ways of returning (since the man is 
not to come back by the same stciiiner) ; hence the number of ways 
of making the two journeys is 10 x 9, or 90. 

This principle might easily be extended to the case in which 
there are more than two operations each of which can be per- 
formed in a given number of ways. 

346. To find the number of permutations of n dissimilar things 
taken rtUa time. 

This is the same thing as finding the number of ways in 
which we can fill up r places when we have n different things at 
our disposal. 

The first place may be filled up in n ways, for any one of the 
n things may be taken ; when it has been filled up in any one of 
these ways, the second place can then be filled up in » - 1 ways : 
and since each way of filling up the first place can be associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
n(n - 1). And when the first two places have been filled up in 
any way, the third place can be filled up in n -2 ways. And 
reasoning as before, the number of ways in which thi^ places 
can be filled up is n(n - l)(n -2). 

I^ocecding thus, and noticing that a new factor is introduced 
with each new place filled up, and that at any stage the number 
of iBstctovs is the same as the number of places filled up, we shall 
have the number of ways in which r places can be filled up 
equal to 

n(n- l)(n'’2) to r factors ; 

and thei^ factor is n-(f- 1), orn-r-bl. 
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Therefore the number of permutations of n things taken r at 
atimeis n{n-l){n-2) (n-r + 1). 

Cor. The number of permutations of n things taken all at 

a time is w{n - 1 }(« - 2) ion factors, 

or «(7i-l)(n-2) 3.2.1. 

It is usual to denote this product by the symbol [«, which is 
read “ factorial n Also the symbol ti! is sometimes used for [^. 

347. W e shall in future denote the number of permutations 
of w things taken r at a time by the symbol so that 

"/>^ = n(n-l)(n-2) (n-r-fl); 

also 

In working numerical examples it is useful to notice that the 
suiHx in the symbol ^P^ always denotes the number of factors in 
the formula we are using. 

Krampk 1. Four persona enter a railway carriage in which there 
arc six seats ; in how many ways can they take their places? 

The first jterson may seat himself in 6 ways ; and then the second 
jierson in 6 ; the third in 4 ; and the fourth in 3 ; and since each of 
these ways may be associated with each of the others, the required 
answer is 6 x 5 x 4 x 3, or 360. 

Example 2, How many different numbers can be formed by 
using six out of the nine digits 1, 2, 3, ... 9? 

Here we have 9 different things and we have to find the number 
of jwrmutations of tliem taken 6 at a time ; 

/. the requinxi re.sult = *P, 

-9x8x7x6x5x4 

-60480. 

348. To find the monber of ambinations of n dmimilar 
things taken rata time. 

Let denote the required number of combinations. 

Then each of theae combinations consists of a group of r 
duarimilar things which can be arranged among themselves in 
r ways. [Art. 346. Cor.] 

Hence ”C'^x|r is equal to the number of arrangements of n 
things taken r at a time ; that fs, 

«C^x[r = «P^-n(w-l)(a-2) (»-r + l); 

• flC (« -r + 1 ) 


t.A. 
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Cor. This fonnula for may also be written in a different 
form ; for if we multiply the numerator and the denominator by 
j»-r we obtain 

n{n-\){n-'2) (h - r-f 1) x ’ n-r [n 

^ — , or ,-r— ; 

r n-r jr lw -r 

since n(n - 1)(« -2) (a - / + 1) x \n~ 

, Example. From 12 li(xiks in how many ways can a selection of 3 
be made, (1} when one .spociticd book is always included, (2) when 
one sjwcified book is always excluded? 

(1) Since the specifie<i book U to be included in every selection, 
we have only to choose i out of the remaining 11. 

Hence the number of ways - ’330. 

(2) Since the speeihwl book is always to I* excluded, we have 
to select the 5 books out of the remaining ll. 

Hence the nnml)er of ways ^ J ^462, 


349. The number of cr/mhimlion<* of n ihingn r at a iitm in 
equal to the number of combinations of n things n-r at a time. 

In making all the |X)S8ibIe combinations of n things, to each 
group of r things we select, there is left a corresponding group of 
n-r things ; that is, the number of combinations of n things rat 
a time is the same as the number of combinations of n things 
ft - r at a time ; 

r ' n-r 

This result is frequently useful in enabling us to abridge 
arithmetical work. 


Example. Out of 14 men in how many ways can an eleven 1)C 
chosen? 


The required number 


14x13x12 

■ ^>~T727r 


= 364. 


If we had made use of the fonnula we should have had to 
reduce mi expression whose numerator and denominator each con- 
tained 1 1 factors. 


350. In I he examples which follow it is important to notice 
that the for.nula for permutatwm should not be used until the 
suitable sekettertr, required by the question have been made. , 
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Exam'fk 1 . From 7 Englishmen and 4 Americans a committee of 
0 is to bo formed : in how many ways can this be done, {!) when the 
committee contains exactly 2 Americans, (2) at least 2 Americans? 

( 1 ) The number of ways in which the Americans can be chosen 
is ‘C'j ; and the number of ways in which the Englishmen can be 
chosen is ’ 64 . Each of the first groups can be associated with each 
of the second ; hence 

the required number of ways - x 'C 4 

K II il 

12 '^ ’‘[ 4 [ 3 - 121213 -™- 

(2) We shall exhaust all the suitable combinations by forming 
all the groups containing 2 Americans and 4 Englishmen ; then 
:t Americans and 3 Englishmen ; and lastly 4 Americans and 2 
Englishmen, 

The jum of the three rcsiiltS will give the answer. Hence the 
required number of ways - x ’C '4 x ’C ‘3 + x 

14 i7 [i [7 [7 

= 210+140 + 2133 371. 

In this example we have only to make use of the suitable formul® 
for for wc are not concerned with the posable arrange- 

iiHMits of the members of the committee among themsedves. 


Examplr 2. Out of 7 consonants and 4 vowels, how’ many words 
van be made each containing 3 consonants and 2 vowels? 

The number of ways of choosing the three consonants is and 
the number of ways of choosing the 2 vowels is ‘Cg : and since eacli 
of the first groups can be associated w ith each of the second, the 
mimlxir of combined groups, each containing 3 consonants and 2 
vowels, is ’Cj X *C'a. 


Further, each of these groups contains 5 letters, which may be 
arranged among themselves injo ways. Hence 
[7 [4 

the required number of words ><[5 

lili liLf 
33 5 X [ 7 -25200. 


EXAMPLES XXXVn. a 

1 , Find the value of *^ 5 , “Pj,. 

2. How many different arrangements can be made by taking ( 1 ) 
five, ( 2 ) all of the letters of the wwd soWicr? 

•3. If"P,:«-»r 4 = 8 :."), findn. 
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4. How many different selections of four coins can bo made 
fronj a bag containing a sovereign, a half-sovereign, a half-crown, a 
tlorin, a shilling, a franc, a sixpence, a penny, and a farthing? 

5. How many numbers between 3000 and 4000 can be made 
with the digits 9, 3, 4, ft? 

6. In how many ways can tho letters of the word vdumt be 
arrangevl if the vowels can only occupy the even places? 

7. If the number of permutations of n things four at a time is 
fourteen times the number of permutations of » - 3 things throe at 
a time, find n. 

8. From 5 n^astcrs and 10 boys how many committoos can be 
selected containing 3 masters and 6 boys? 

9. lf“C,-“C,_io,find’'C,„ 

10. Out of the twenty-sis letter^ of the alphabet in how many 
ways can a word be made consisting of five difl^erent letters, two of 
whk fi must be u and c? 

1 1 . How many words can be formed by taking 3 consonants and 
3 vowch from an alphal>ct containing 21 oonsoiunts and 5 vow’cls? 

12. A railway carriage will accommodate 5 passengers on riach 
side : in how many ways can 10 persons take their scats when 
two of them decline to face the engine, and a third cannot travel 
backwards? 

351. Hitherto, in the fonnulre we have proved, the things 
have been regarded aa unlike. Before considering cases in which 
some one or more sets of things may be like, it is necessary to 
point out exactly in what sense the words like and unlike are 
used. When we speak of things being dissimilar, dijferent, un- 
like, we imply that the things arc visibly unlike, so as to be 
easily distinguishable from each other. On the other hand W'e 
shall always use the term like things to denote such as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex. 2, Art. 3.50, the consonants and the vowels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in a certain sense to be of the same 
kind ; but they cannot be regarded as like things, because there 
is an individuality existing among the things of each group which 
makes them easily distinguishable from ^ch other. Hence, in 
the final stage of the example we considered each group to 
consist of five dmimUar things and therefore capable of [5 
arrangements among themselves. [Art. 346, Cor.] 
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353. To find the number of vxiys in which n things may be 
arranged among themelves, taking them aU ai a time, when p 
of the things arc exactly alike of one kind, q of thm exactly alike 
of another kind, r of them exactly alike of a third kind, and 
the rest all dififercnl. 

Let there be n letters ; suppose p of them to be a, of them 
to be 6, r of them to be c. and the rest to be unlike. 

Let X be the required number of ])ermutations ; then* if 
the p letters a were replaced by p unlike letters different from 
any of the rest, from any one of the x perniutationa, without 
altering the position of any of the remaining letters, we could 
fonn 'j^ new permutations. Hence if this change were made 
in each of the x permutations, we should obtain xx\j) per- 
mutations. 

Similarly, if the q letters h were replaced by g unlike letters, 
the number of i)er mutations would be r x [g x [g. 

In like manner, by rf;plaemg the r letters c by r unlike letters, 
we should finally obtain x >: p x >, [^permutations. 

But the tilings arc now all different, and tberefore admit of 
liermutations among themselves. Hence 

that IS, z---, T'f 

which is the required number of iiermutations. 

Any case in which the things are not all different may be 
treated similarly. 

Example 1. How many difTerent permutations can be made out 
of the letters of the word taken all together? 

Wo have hero 13 letters of which 4 are s, 3 are a, 2 are i, and 2 
are ». Hence the number of permutations 

"[41312 !2 

= 13. 11 . 10.9.8.7,3.5 

= 1001 x10800 = 10810800, 
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Example 2. How many numbora can be formed with the digit.'* 
1, 2, 3, 4, 3, 2, 1 , 80 that the odd digits always occupy the odd places? 
The odd digts 1, 3, 3, 1 can be aiTangc<l in their four places in 


[212 


,( 1 ). 


The even digits 2, 4, 2 can be arranged in their three places in 
'1 

ways (2}. 


Each of the wavs in (!) can bo associau^d with each of the wavs 
in (2). 

4 3 

Hence the required number -- — - , > -0x3-18, 


353. To find the number of permutation-^ of n thitigs r at a 

time, when each thing may be repeated once, Udee, up bf r 

times in any arrangement. 

Here we liave to consider the number of ways in >vhicli r 
places can be filled up when we have n different things at our 
disposal, eacii of the n things Ix'ing usr^d a.s often as we please in 
any arrangement. 

The first place may be filled up in n ways, anrl, when it ha.s 
been tilled up in any one way, the second place may also be filled 
up in 7i way.s, since we are not precluded from u.sing the s;un(‘ 
thing again. Therefore the number of ways in wliich the first 
two piace.-j can be tilled uf) is n x a or 

The third place can aLso be filled up in n ways, and therefon.' 
the first three plaa^s in ways. 

Procee<ling in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, 
we shall have the number of ways in which the r places can lx* 
filled up equal to n^. 

Example. In how many ways can 5 prizes be given away to 
4 boys, when each boy is eligible for all the prizes? 

Any one of the prizes can be given in 4 ways ; and then any one 
of the remaining prizes can also bo given in 4 ways, since it may he 
obtained by the boy who has already received a prize. Thus two 
prizes can bo given away in 4* ways, three prizes in 4* ways, and so 
on. Hence the 5 prizes can be given away in 4*, or 1024 ways. $ 
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354 . To find for tchat value of r ike nurtd)er of cmnbmitims 
of n things rata time is greatest. 

c.. rr- {n-r + 2)(K-r + l) 

Since = — 


and = 


1.2.3 {r-l)r 

7i(n-l)(n-2) (n-r + 2) 

1.2.3 (r-1) ’ 


. . ?i-r + l , n + l . 

The multiplying; factor may be written — l, 

which shews that it decreases as r increases. Hence as r receives 
the values 1, 2, 3 in succession, %’j. is continually increased, 

until - 1 becomes equal t*o I or less than 1. 
r ' 

Now ” - 1 > I, 80 long as — - > 2 ; that is, 

r r ^ 

\\> have to choose the greatest \'alue of r consistent with 
this inequality, 

(1) Let n be even, and equal to '2m ; then 

V -i- 1 2»l + 1 , 1 _ 

and for all values of r up to m inclusive this is greater than r. 
Hence by putting r — w/ "-^y we find that the greatest number of 
•combinations is 

2 

(2) Let n be odd, and equal to 2wi + 1 ; then 


wfl 2m + 2 


= m + l ; 


and for all values of r up to m inclusive this is greater t\^n r; 
but when r =m + 1 the multiplying factor becomes equal to 1, and 
; that is, 

i 2 

and therefore the number of combinationa ia greatest when the 
things are token or ^ at a time the result being the 
sample in the two eases. 
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EXABIPLES XXXVII. b 

1. Find the number of permutations which can be made fmin 
all the letters of the words, 

(I) (2) phenomenon, 

(3) littU-tattU, 

2. How many different numbers can be formed by using the 
seven digits 2, 3, 4, 3, 3, 1,2? How many with the digits 2, 3, 4, 3, 
3,0,2? 

3. How many words can be formed from the letters of the wiird 
Simoom, so that vowels and consonants occur alternately in each 
word? 

4. A telegraph has 5 arms and each arm has four distinct 
positions, incliuting the position of rest : find the total number of 
signals that can be made. 

5. In how many ways can n things bo given to m persons, when 
there Is no restriction as to the number of things each may receive? 

6. How many different arrangements can be made out of the 
letters of the expression when written at full length? 

7. There are four copies each of 3 different volume^s ; find tlie 
number of ways in which they can be arranged on one alielf. 

8. In how many ways can 6 persona form a ring? Kind the 
number of ways in winch 4 gentlemen and 4 ladies can sit at a 
round table so that no two gentlemen sit together, 

9. In how many ways can a word of 4 lotUtrs bo ihade out of 

the letters a, h, t, c,d, o, when there is no restriction as to the numlM*r 
of times a letter is rcj)cated in each w'ord? • 

10. How many arrangements can be made out of the letters o| 
the word Toulouse, no that tho consonants occupy the first, fourth, 
and seventh places? 

11. A boat’s crew consists of eight men, of whom one ran only 
row on bow side and one only on stroke side ; in how many ways 
can the crew be arranged? 

12: Shew that + 

13, A cricket eleven has to be chosen from 13 men of whom only 
4 can bowl : in how many ways can the team be made up so as to 
include al hast 2 bowlers ? 

14. In how many ways can n men be arranged in a row If two 
specified men are neither of them to be at either extremity of the 
row? 
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15. In a box there arc eight balls, of which three are white (and 

indistinguishable) and five arc of other colours, all different. Prove 
that the number of ways of taking throe balk at a angle draw from 
the box is 26. (Scot. Ortif.) 

16. In how many ways may 5 rod, 7 green, 4 blue and 8 yellow 
Iwoks be arranged on a shelf so that all books of the same colour 
are grouped togetiier? 

If the red and green grou{)a must not be adjacent, how many 
arrangements are possible? (Lond. Matric.) 

17. Find the number of ways in which 8 different things can'bc 
divided into two groups of 4 each. 

How many numbers are there which consist of 4 digits, of which 

3 are alike and different from the remaining digit? 

(Camb. Sch. Certif.) 

18. Five straight lines are drawn in one plane so that each line 
vuts all the otliers and all sivh points of intersection are distinct 
points. How many points of intersectiou arc there and how many 
triangles are formed? Give your reasoning, for preference in a 
form wliich could be used for any number of Uncs. (Lond. Matric.) 

19. (i) Determine from first priwipka in how many ways a party 
of ten may tak<‘ their scats in a railway carriage compartment which 
iiccommo<l;\tf\s five on each side. 

(ii) In how many ways can the ten passengers take their seats if 
two particular jiasscngera .4 and B are always to eit directly opposite 
each other? (Scot. Certif.) 

20. In how many ways can a committee of II men, of wdiom 

4 must bo Hritkh, 4 French, and 3 German, be chosen from a group 

consisting of 5 men of each nationality? (Camb. Sch, Certif.) 

21. Find the number of permutations ail together of n things of 
which p are alike and the rest all different. 

In how many ways can 9 balk, of which 7 arc white and 2 are 
black, be arrange<l in a row («) when they arc subject to no restric- 
tion, and (ft) when they are subject to the restriction that the two 
black balk must not bo next to each other? (Camb. Sch, Certif.) 


22. Prove from first principles that the number of combinations 
of n things taken r at a time i.s equal to the number taken (a -r) at 


a time, and that each of these k equal to 


r!(n -r)! 


Out of 12 privates and 4 oorporak, in how many ways can a squad 
of four privafrvH and a corporal be chosen, and how many of these 
squads will contain a given private? (Scot, Certif.) 

23. In how' many different ways can three prizes, one of £3, one 
of 10^., and one of be allotted to three boj's out of a class of 17? 
If the prizes were of equal value, 25^. each, in liow many ways could 
tljpy 1)0 awarded? (Oxf. Sch. a-rtif.) 
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24. If you have one white» two blue, and three red flags, find 

how many different signals you can make, each containing four flags 
arranged one above the other. {Oxf. Sch. Orlif.) 

25. In how many ways can o + 6 + c different books bo made up 

into three parcels, the firet containing a, the next 6 and the next 
c books? (Scot. Certif.) 

26. In how many ways can eight articles be arranged in a row 
so that three particular ones come together in each arrangement? 

In how many ways can they be arranged so that two particular 
orfea do not come together? 

27. Each of three dice has its six faces numbered resjxjotivcly 
1, 2, 3, 4, 5, 6, but the dice themselves are of different colours. If 
the three are thrown simultaneously out of a dice-box, in how many 
ways can they fall? 

In how many of these ways will two of the dice shew the same 
number and the third a different nuipber? (Lond. Matric.) 

28. A man has 8 bachelor friends, and he wishes to invito 4 of 
them to dine with him on successive evenings as long as he can have 
a different selection each time. For how many evenings is it iwssible 
to continue these parties, and how often wiU each of tiio 8 friends 
form one of the party ? 

29. Twenty- two men arrange to play a cricket match. If two of 
the men are brothers, shew that the number of ways in which the 
teams can be made up so that the brothers do not pinv on the same 
sideis2J9-y J0 0. 

30. Eight oarsmen anrl two coxswains are to make up two crew s 
of four oarsmen and one coxswain each. It Is found that thn'c men 
can row on bow side only and tw'o on stroke side only ; the rest can 
row on either side. In how many ways can the crews be made up if 
their order of rowing in the boats is important, but if the boals arc 
identical? 

31. In such a card game as bridge, where 13 cards are dealt to 
each of 4 persons, in how many different ways can a hand be dealt? 

In bow' many ways can 52 cards be divided into 4 packs of 13 
cards each? 

32. Solve the following equations for Jt: 
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356. It may be shew'n by actual muitiplication that 
(.T + a) (x + 6) {r -i- c) (a: -f rf) 

~z* + {a+b + c+d)x^ + {ab-rac-\-ad-hc + bd^cd)x^ 

+ {abc + abtl + acd + bcd)k r abed ( 1 ). 

c ma}'. however, write down this result by inspection ; for 
the complete product consists of the sum of a number of partial 
products each of whicli is formed by multiplying together four 
letters, one U‘uig bikeri from each of the four factors. If wc 
exainine the way in wliich the various partial products are 
formed, 'we st^e that 

(1) the term x* is fonned by taking the letter x out of each 
of the factors. 

(2) the tenns involving x* are formed by taking the letter x 
out of atvj three factors, in every way possible, and one of the 
letters a, b, c, d out of the remaining factor. 

{.3) the terms involving x* arc formed by taking the letter x 
out of any tu'O factors, in every way possible, and two of the 
letters u, b, r, d out of the remaining Victors. 

(4) the terms involving x are formed by taking the letter x 
out of one factor, and three of the letters a, b, c, d out of 
the remaining factors. 

( 0 ) the term independent of x is the product of all the letters 

a, 6, c, rf. 

' Example. Find the value of (x-2)(x + 3)(x-5)(x + 9). 

Tho product 

=:x‘ + ( -2+3-5 + 9)x»+{ - 6 + 10-I8-15+27-45 )x* 

+ (30-54 + 90-135)x + 270 

=x<+6r»-47r*-C9x+270. 
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356. If in equation (1) of the preceding article we supj)Ose 
fc - c =d = a, we obtain 

{x T a)‘ -h 4ax^ -f 4- 4fl®x + a*. 

We shall now employ the same method to prove a formula 
knoiivn as the Binomial Theorem, by which any bmomial of the 
form ar + o can be raised to any assigned positive integral power. 

367. To Jind the expotiMon of (s+a)'^ ivheji n w a jmitke 
integer. 

Consider the expression 

{xra)(x + 6)(xrc) (tf + t). 

the number of factors being n. 

The expansion of this expression is the continued product of 

the ii factors, x -t-fl, x + 6, x + c, x + <?, and every term in the 

expansion is of n dimensions, beipg a product formed by multi- 
plyinii together n letters, one taken from each of these n factors. 

The highest })Ower of x is x", and is formwl by taking the 
letter x from mch of the n factors. 

The tenns involving x"“^ are formed by taking the letter x 
from any n - 1 of the factore, and one of the lettere a, 6, r, ... Jl 
from the remaining factor; thus the coeflicient of x”"‘ in the 
tinal product is the sura of the letters a, 6, r, ... ; denote it 
by H,. 

The terms involving x'^~* are formed by taking the letter x 
from any n - 2 of the factors, and two of the letters u. 6, r, ... k 
from the two remaining factors ; thus the cot‘llieicnt of x”"* 
in the tinal product is the .sum of the jWlucts of the letters 
a, b, c, ... k taken two at a time ; denote it by 5,. 

And, generally, the tenns involnng x"**^ are formed by takiiii; 
the letter x from any n - r of the factors, and r of the letters 
^, 6, c, ... k from the r remaining factors ; thus the coefficient of 
x”“'‘ in the final product is the sum of the products of the lettera 
a,b,c ... k taken rat a time ; denote it by 5^. 

The last terra in the product is abc ... k; denote it by 

Hence (x + a){x + 6)(r + r) (-c + i') 

- X" -f 5,x«“ ‘ + + + + + ,x f 

In 8 ^ the number of terms is n; in Sj the number of terms in 
the same as the number of combinations of n things 2 at a time f 
that is, ”Ct ; in 83 the number oj terms Is ; and so on. 

Now suppose 6, c, ... il'.caehccjuattoa ; then/Si becomes ”(\a ; 
83 becomes "C/i* ; St becomes ”C|a* ; and so on ; thus 
(x4- a)^ + ’’CjflV"* + + ; 
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substituting for ”6’,, ... we obtain 

nln - 1) 

(x + a)” - a:" + nox""* + j'~2’~ 


+ 


n{n-l){n-2) 

1.2.3 


a*x”*“* + 


+a”, 


the series containing n + 1 terms. 

This is the Binomud Theorem, and the expression on the 
right is said to be the expansion of (x + a)”. 


358. The coefficients in the expansion of (x+a)” are very 
conveniently expressed by the symbols "Cj, "C,, ... We 
slmll, ho^^■eve^, sometimes further abbre-vnate them by omitting 
}(, and writing C'p Ci, Cy ... With this notation W'e have 

(x-i^a)”-x” + Cinx”“* +OjaV^HC’3a*x”"^ + ... +C„a”. 

If we write - a in the place of a, we obtain 
(r- fl)" -x” + Ci{ 

-x“-Ci£ix”"* - - C3aV‘“®+ ... -t{ - l}”C„a". 

ITius the terms in the expansion of (x + a)'‘ and (*-«}” are 
vumeriailly the same, but in (x - a)” they arc altcmatel}’^ pceitivft 
and negative, and the last term is positive or negative according 
as « is even or odd. 


Kjample 1. Find the expansion of (/ + y)*. 

By the formula, the expansion 

= jf« + *0, JE^y + •C'jXH/* 4 r + *C^xi/ -f ‘Cgy* 

= i* f + ISx*!/* + 20Lr*yS + 1 5x*y* + i y*, 
on calculating the values of ®C 2 , *Cy 


Kzimplf. 2. Kind the expansion of (a -2x)^ 

((7 -’CiO‘>(2x) +'C,a*(2x)2-^C,a®(2x}» + to 8 terms. 

Now remembering that after calculating the co* 

efficients up to the rest may Ixi written down at once ; for 
K\ ~ ’C, ; ’Cj " ’Cj ; and so on. Hence 

(o-2t)»=o’ -7a'I2x) + 


=:a’ -7o«{2x) +21a‘(2x)* - 35a*{2x)> +35a*(2x)* 

-21a*(2x)*+7a(2x)«-(2x)» 


- 14a«;c + 84a^x* - 280a*x> + mOa^x* 

-672q*x‘ + 448ax®- 128x1 
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359. In the expansion of {jf + a)”, the coefficient of the second 
tenn is K \ ; of the third term is ”0, ; of the fourth term is ”('3 ; 
and so on ; fAe sv^x in each fern being one less than the number 
of the tenn to which it applies ; hence “C,. is the coefficient of 
the + term. This is called the general term, because 
by gi\'ing to r different numerical values any of the ooellicienU 
may be found from ”0^. ; and by giving to x and a their apj)ro- 
priate indices any assigned tenn may be obtained. Thus the 
+ term may be written 

«-.r r «(n-l){n-2) 

or x" 


In applying this formula to any |)articular case, it should be 
observ*^ that the imiex of a is the same as the suffix of C, and that 
the sum of the indices of x and a usvi. 

Example 1. Find the fifth term of (a +2x*)”. 

The required term 

17 . 16 . 15.14 ,, 

^ 1.2 . a. 4 ^ 

38080 a” x”. 

Example 2, Find the fourteenth term of (3 -a)^®. 

The required term form 

=^»C’,x(-9a») [Art. 340.] 

“ - 94r)a»3. 

390. The simplest form of the binomial theorem is the ex- 
pansion of ( I -i-x)". This is obtained from the general formula of 
Art. 357, by writing 1 in the place of x, and x in the place of a. 

Thus (l+x)" = l+"C’,x + "C,xi + ...-F"6Vx'- + ...'f"C„x" 
,n(n-I) ^ 


- 1 -t- tix -i- - 


1.2 


. +x” ; 


the 


term being 


n(n - l)(a -2) ...... (n -r-hl) _ 

E 


361, The expansion of a binomial may always be made to 
depend opem the case in which the first term is unity ; thus 




=x’*(l -^-2)”, where 2=^. 
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Exampk. Find the coefficient of in the expansion of (z® - 2z)“. 
Wo have ; 

/ 2\^® 

and, since z*® multiplies every term in the exj^nsion of [ 1 - - ) , 
we have in this expansion to seek the coefficient of the term which 
contains 

Hence the reejuired coefficient- - 2}^ 


10.9.8.7 
“ 1 . 2 . 3 , 4 
-3360. 


xl6 


EXAMPLES xxxvm. a 


Expand the following binomials : 

1, (z f2)^ 2. (z+3)^ 

4. {«-z)s. 5. (l-2y)5. 


7, 




Write down and simplify : 

10, The 4tli term of (1 ^ 

11, The 6di term of (2 ~ y}*. 

12. The Tjth term of (a -56^. 

13. The lotli term of (2z - IpV 


14. The 7th term of 

15. The 6th term of 

16. The middle term of 


17, The 23fd term of 
1 18, The lOfh term of (z* - z)”. 


(-r 
(- 1 )' 
ii-iy- 
(- 9 " 


3, (n+z)’. 

c, (..|)*. 
s. 
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19 . 

20 . 
21 . 

22 . 


Find the value of {j; - ^3)* + {x + ^/3)^ 
Expand ( + 1 )® - ( - 1 )». 
Find the coefficient of x** in {x* 


Find the t'oefficient of x in 



23 . 
« 

24. 


Find the term independent of x in f 2x* - - j • 
/x* 2\** 

Find the coefficient of x“” ^ V 3 ” x* j ' 


382. In /Ae expansion o/ {I + x)*^ tAe coeficwUs of term^ equi- 
distant from the beginning and end are equal. 

The coefficient of the (r + 1)^^^ tertn from the beginnina is "f' V- 
The (r-rl)th tenn from the end has n-f 1 - (r-r 1), or n~r 
terms before it ; therefore counting from the beginning it is 
the (n - r + 1)*'*' term, and its coefficient is '’C„_p which has beem 
shown to be equal to ^ [Art. 349,] Hence tlio proposition 
follows. 


383. To find the greateM coefjlcieni in the expansion of 

Tae coefficient of the general term of ( 1 + x)” is ; and we 
have only to find for what value of r this is greatest. 

By Art. 354, when n is even, the greatest coefficient is ”C'„ ; 

2 

and when n is odd, it is or these two coefficients 

being equal, “i" ~a” 


384. To find the greatest term in the expansion of (x -i- a)". 

We have (x + a)"=:x” +-^ ; 

therefore, sinoe x" multiplies every term in be 

sufficient to find the greatest term in this latter expansion. 

Let the and (r + !)**> be any two consecutive terms. 
The (r+l)**i term is obtained by multiplying the term by 

n-f+1 O - _ , fn+l rA ^ Orel 

— - — ; that IS, by — 1 J-- [Art. 359.] 



XXXVIll] 


BINOMIAL THEOREM 


361 


n + 1 

The factor 1 decreases as r increases ; hence the 

r 

(r+ term is not always greater than the term, but only 
until 0 ~ equal to 1 , or less than 1 . 


M + 1 1 1 K + 1 , I 

JSow ( 1 I->1, BO long as 1>'-; 

\ r /X ^ r a 


n + \ X . (n-+l)a 

>--rl,or ^- — ->r , 


■■(4 


that is, 


be an integer, denote it by p ; then if r-j) the 

X -{-u 


multiplying factor becomes 1 , and the (p + 1 )^*^ term is equal to 
the ; and these are greater, than any other term. 


If ^ integer, denote its integral part by q ; 

then the greatest value of r wnsistent with ( 1 ) is 5 ; hence the 
(7 r 1 )^** term is, the greatest. 


Since we are only concerned with the num^ricaUy greatest 
term, the investigation will be the same for (x-a)" ; therefore 
in any numericaj exajiiple it is unnecessary to OOTisider the sign 
of tile second term of the binomial. Also it will be found best 
to w ork each- example independently of the general formula. 


Example. Find the greatest term in the expansion of(l+4x)*, 
when X has the value 

Denote the and terras by Tf.md Tr+j respectively; 

then . 


9-r 4 

Iwnce > Tf, so long as ^ 3 > ^ 5 

that is, 38-4r>3r, or36>7r. 

The greatest value of r consistent with this is 6 ; hence the greatest 
term is the sixth, and its value 

4\» 57344 




243 
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365. To Jijid ihe sum of the coefficients in the expansion 
of (l+x)“. 

In the identity ( 1 -i- 1 )” = 1 + C j 2 : + + t'jX* + . . . + 

put x-\\ thus 

2'‘ = 1 -rCi + Ca + rj + ... +C„ 

- sum of the coefficients. 

^ Cor. (\-hC’a-s-C5 + ... +C„ = 2'* - I ; 

that is, the total number of combinations of n things taUng 
some or all of them at a time is 2" - 1. 

366. To prove that in the expattsion o/ ( 1 + x}*^, the sum of the 
coefficients of the odd terms is equal to the sum of the coefficients of 
the even terms. 

In the identity { 1 -i- j:)” = 1 -f ( 'jJ; + CjZ- -f + . . . + 

put X = - 1 ; thus 

0=1~C\^C*-Ca4-C4-Cs + ; 

+ + + 

367. The Binomial Theorem may also be applied to exjwnd 
expressions which contain more than two terms. 

Example. Find the expansion of (x* 1 2x - 1)*. 

Regarding 2x - 1 as a single term, the expansion 

= + 3 {z‘)^{2x - I ) ^ 3x^ {2x - I )» f (ir - 1 

-jr*-6x* t9x* -4j^ + - 1, on retluetion. 


368. For a full discussion of the Binomial Theorem when 
the index is not restricted to positive integral values the student 
is referred to the Higher Algebra, Chap. xrv. It is there shewn 
that when x is less than unity, the formula 


(l+x)” = l+nx + 


n{n-l) n(n-l)(n-2) 


1.2 


1.2,3 


is true for any value of n. 


When n is negative or fractional the number of terms in the 
erpansion is unlimited, but in any particular case we may write 
down as many terms as we please, or we may find the coefficient 
of any assign^ term. 
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Examplf I. Expand (1 +z)~^ to four terms. 


363 




^ ( - 3) ( - 3 - 1 } ( - 3 - 2) 


1.2 


1.2.3 


x’+... 


, 3.4 , 3.4.5 , 

= l-3jr+6l=-10i= + ,.. . 


EzampU 2. Expand (4 +3x)^ to four terms. 

’C’-i'l 

,r, 3 .tz 3 9r» 1 27 “I 

_ 8|^1 + 2 ’ 4 ^ 8 ■ 16 " 16 ’ 64 ^^'' ] 


1.2.3 


(¥)••■■■] 


27 27 


369. In finding the general term we mnst now use the 
formula 

n{n - l)(n ~2) (n - r + 1) ^ 

irnWcn i« full ; for the symbol cannot be employed when n 
is fractional or negative. 


Ezampk 1. Find the general term in the expansion of (1 + i:)^. 


The (r + I}th term 


;( i -') G -) (!-»0 ■ 


M-l)(-3)(-5} (-2r + 3) 

2^[r 

The number of factors in the numerator is r, and r - 1 of these 
fire negative ; therefore, by taking - 1 out of each of these negative 
factors, we may write the above expression 

1.3,6 (2r-3) 
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KxampU 2. Find the general term in the expansion of (1 - t)-*. 


^(_l^,. 3.4.5......(r + 2) (-,^,_^ 

_(f+U^) 

1.2 

bv removing like factors from the numerator and denominator. 


370. The following example illustrates a useful application 
of the Binomial Theorem. 

Eiampk. Find the cube root of 126 to five plact^s of ilecimaU, 

(126)’-^(3’^l)'=3(l . .‘.y 

11 1 i £ I 
+ ’.V* 

.1 1 1 J. 1 I 

9'5»^81 ‘5^"” 

1 2^ 1 1 2^ _ 
^^■^jt’HF'^'io^Sl ’ kF ■■' 

^ -04 -00032 •(X)00128 
-or - ^ ■ 81 

2= 5 + -0 13333 ...- -000035. . 

=5 01 329, to five places? of dee- i male. 


EXAMPLES XXXVm. b 

In the following expansions find which is the greatest term : 

1. (i -ry)” when x-4, y = 3. 

2. (x-y)** when x-9, y=4. 

2 

3 . (1 +x)‘ when x^ -‘ 
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4 . (a when 12, h-2. 

5. (7x +2 j/)*® when a: = 8, y = 14. 

r) 

6. (2x -f3)'^ when * = n = 15. 

7. In the cxi>ansion of (1 the coeffii-ienta of the (2r-!- l}th 

ami {r t 5)th terms are equal ; find f. 

8. Find n when the coefficients of the Ifith and 26th terms of 
fl T J')” are equal. 

9. Find the relation between r and 7i in order that the coeffi- 
cientH of the (r + 3)th and {2r - 3)th terms of (1 J x)”* may he equal. 

10. Find the coefficient of x”* in the expansion of . 

11. Find the mhldle term #f (I i-x)^ in its simplest form. 

12. Find the sum of the coefficients of (a: y)**. 

13. Find the sum of the coefficients of (3^“ i y}’. 

14. Fiml the rth term from the Ix'ginning and the rth term from 
the ciul of (« -i 2.r)''. 

15. Exjiaml (a* + 1)’ and (x® -4x -r2)®. 

Kx^Miiid to 4 terms the following expressions : 

16. (ItJ*)’. 17. (Ifx)*. 18. (Irx)i 

19. (l 4 3x) ®. 20. (Ux®)-®. 21. (l+3x)-*. 

22. (2tj-)*. 23. (l+2x)~i 24. (a-2xri 

Write down and simplify : 

25. The .''dh term and the lO^h term of (1 

26. Tlie 3rd term and the IFh term of {1 t2x)^, 

27. The 4th term and the (r f l)^h term of (1 +x)'*. 

28. The 7th term and the (r + 1 )th tenn of ( 1 - x)i 

I 

29. The (r + l)th U-rm of {a~bx )~\ and of (1 - nx)«. 

Find to four places of decimals the value of 

30. \T2i 31. s^^20. 32. I'atl. 33. l-i-s»9. 



CHAPTER XXXIX 

Logarithms 

371. Dursmox, The logarithm of any number to a given 
ba% is the index of the power to which the base must be raised 
in order to equal the given number. Thus if a^-X^ x is called 
the logarithm of A to the base a. 

Examples. (1) Sitijjc 3* - 81, the logarithm of 81 to bAst- 3 4. 

(2) Since lO^^IOO, KP-IOOO 

the natural numlx-rs 1, 2, 3, ... are rcsj^ectivelv the logarithm.') of 10, 
. 100, 1000, ... to Imse 10. 


372. The logarithm of X to base a is usually written log,, X, 
80 that the same meaning is expressed by the two equation.^ 

a'' -A' ; A’. 

Example. Find the logarithm of 32^4 to base 2^ 2, 

Let X be the required logarithm ; then, 
by flcfinition, (2v'2)'*‘-32^4 ; 

(2 = 2 ^ ; 

3 27 

hence, by equating the indires, = 



373. When it is understood that a particular system of 
logarithms is in use. the suffix denoting the base is omitted. 
Thus in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3, instead of log^o 2, log,^ 3 
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Logarithms to the base 10 are known as Common Log- 
arithms; this^system waa first introdnced in 1615 by Briggs, 
a contemporary of Napier, the inventor of Logarithms. Before 
discussing the properties of common logarithms we shall prove 
some general propositions which are true for all logarithms 
independently of any particular base. 

374. The logarithm o/ 1 w 0. 

For a“ = l for all values of a; therefore log 1 =0, whatevef 
the base may be. 

375 . The logarithm of the base itself is 1 . 

For n ‘ a ; therefore log,, a = 1 . 

376 . To find the logariihin of a produet. 

U't MN bo tlie product; let a be the base of the system 
and suppose 

.Y=a^ 

so that x~ )og„ M, 7j^ log„ N. 

Thus the product MN =a* x ; 

whence, by definition, log,, -x + y 

=:log„ M + Iog„ .Y. 

Similarly, iog„ M\'P- log^ M -r log^ .Y -f l<^,j P ; 

and 80 on for any number of factors. 

Example, log 42 - log (2 x 3 x 7) -■ log 2 i- log 3 -i- log 7. 

377 . To find the logarith m of a fraction . 

Let ^ be the fraction, and suppose 

so that X = log,, iV, y = N, 

r . M „ 

Thus the fraction "xf = *15 ” ^ ^ » 

A a" 

=logaif-log,,A. 


whence, by definition, 



368 


ALGEBRA 


[chap. 

EmmvU. ic^ (2^) = log y = log 15 - log 7 

= log (3 X 5) - log 7 = log 3 -flog 5 - log 7. 

378. To find the logarithm of a number raised io any powery 
inkgral or fractional 
Let lc^,j(Af^’) be requinxl, and mippoae 

I 

M -a', 90 that j:=loga M ; 

Uien }!^ = {a^)v=aP^; 

whence, bydeBnition, 1 c^ 3 (J/p)=j:>x; 
that is, ipg„(.V*')=i>log„lf. 

3 1 

Similarly, log,{A/'') - ^ log^j M. 

Ejcamplt. Express the logarithm of ia terms of log a, log 6, 
and log c. ^ 

3 3 

^ log a - (log c‘ + log 6^) Ic^ a - 5 log c - 2 log b. 


Common Loganthms 

379. From the equation KH^A’, it is crident that common 
logarithms will not in general be integral, and that they will 
not always be positive, 

For instance, 3154 > 10* and < 10* ; 

log 3154 “3 + a fraction. 

Again, > 10“* and < I0“* ; 

I(^ -06= “2+a fraction. 

880. Dsponnow. The integral part of a logarithm is called 
the characteristic, and the fractional part when expressed as a 
deomal is called the mantusa. 
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381 . The chai'acterifitic of the logarithm of any number to 
bafle 10 can Ije wTitten down by inspection, as we shall now 
shew. 


(i) To determine the charaderidic of the loffarithm of any 
number greater than unity. 


It is clear that a number with tw'o digits in its integral ];a.!t 
lies between 10^ and 10* ; a number with three digits in its in- 
tegral part lies between 10* and 10^ ; and so on. Hence a numbv 
with n digits in its integral part lies between 10"“^ and 10”. 


L^t .N’ be a number whc«e iiite^Tal part contains n digits ; 
then 


“ lO(n-l) ia fraction | 


log y = (n - y f a fraction. 

Hence the characteristic is « - 1 ; that is, the characteristic of 
the logarithm of a number greater than unity is less by one than 
the 7umbcr of digits in its integral jtxirf, and is positive. 


Kxampk, Tho characteristics of 

log 314, log 87-263, log 2-78, log 3500 
are re.sjxx'tively 2, 1, 0, 3. 


(ii) To detenninc the characteristic of the h^rithm of a number 
less than unity. 

A decimal with one cipher immediately after the decimal 
point, such as -0324, being greater than -01 and less than -1, lies 
between 10~* and 10“* j a number with two ciphers after the 
decimal jwint lies between 10"® and 10"*; and so on. Hence 
a decimal fraction with n ciphers immediately after the decimal 
I)oint hes betww^n I0~^”+ri and 10'"”. 

Ijct /) be a decimal lieginning with n ciphers ; then 
/)zrl0^{n+I)Ta fraction j 
log /> - - (n -f- 1 ) + a fraction. 

Hence the characteristic is - (n-i- 1 ) ; this is, the characteristic 
of Hit Icgariihm of a number less than one is negative and one more 
than the number of ciphers mmediatdy after the decimal point. 

Example. Tho characteristics of 

log -4, log -3748, log -OOOISo, log -08 
arf^respectively - I, -1, -4, -2. 
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m, The mantmce art the same for the togarithma of all 
numbers whidi have the same signijicaiU digits. 

For if any two numbers have the same sequence of digits, 
differing only in the position of the decimal point, one must be 
equal to the other multiplied or divided by some integral power 
of 10. Hence their Ic^arithnis must differ by an integer. In 
other words, their decimal parts or mantiasae'arc the same. 

I Exampks. (i) log 32700 - log {3-27 x 10*) “log 3-27 +log 10* 
=l<^3-27 + 4. 

(ii) log 0327 - log (3 27 x iQ-*) = log 3-27 + log lO'® 
-log3-27~2. 

(iu) log -000327 - log (3-27 x 10“*) = log 3-27 ^ log 10'* 
-l()g3-27-4. 

Tluw, log 32700, log 0327, log -000327 differ from log 3-27 only In 
the iiUegral part ; that is the niaiUiisa is the same in each cas(\ 

Note, The characteristics of the logarithms are 4, -2, -4 respec- 
tively. The foregoing examples shew that by introducing a suitable 
integral power of 10, all numbers can be expressed in one standard 
form in which the decimal point altrags stands after the, first siffnifiront 
digit, and the characteristics are given by the {wwers of 10, without 
using the rules of Art. 381. 

383- The logarithms of all integers from I to 20000 have 
been found and tabulated. In Chambers’ Mathematical Tables 
they are given to seven place's of decimals, but for many pnve- 
tical purposes sufficient accuracy is secured by using four-figure 
logarithms (available flrjr all numbers from 1 to 0009), such 
are contained in the Tables given on jMiges 378 to 381. 

384. Advantages of Common Logarithms. It will now 
be seen that it is unnecessary to tabulate the characteristics, 
since they can alw-ays be written dowm by insyjection [Art. 381.: 
Also the Tables need only contain the mantissa of the Ingarithm.s 
of integers [Art. 382J. 

In order to secure these advantages it is convenient aluKiys to 
keep the mantissa posiiive, and it is usual to write the minus sign 
over a negative characteristic and not before it, so as to indicate 
that the characteristic alone is negative. Thus i-30103, which 
is the k^rithm of 0002, is equivalent to - 4 + *30103, and must 
be distinguished from -4*30103, in which both the integer and 
the decimal are negative. 
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385 . In the course of work we sometimes have to deal with 
a logarithm which is wholly negative. In such a case an arith- 
metical artifice is necessary in order to write the logarithm with 
mantissa positive. Thus a result such as -3'69807 may be 
transformed by subtracting 1 from the integral part and adding 
I to the decimal part. Thus 

-3-60897= -3 -1+(1 --69897) 

= -4 + -30103 = 4-30103. 

Kxiimpk 1. Required the logarithm of •00024.‘12. 

In the Tables we find that 3859636 is th(! mantis.sa of log 2432 
(the decimal point as well as the characteristic being omitted) ; and, 
bv Art. 382, the characteristic of the logarithm of the given number 

log -0002432 = 4-3859636. 

Kxamplf 2. Find the value oi*\^d000016r>, given 
log 165 = 2-2175, log 6974 = 3-8435. 

I>et X denote the value required ; then 

]oga: = Iog ( 00000165)^=^ log (-00000165) =r {6-2175} ; 

the mantissa of log -00000165 being the same as that of log 165, and 
tiie chararUrlstic being prefixwl by the rule. 

Xow ^(0-217.5) = i(U)^4'21 75) = 2-8435 

ami -8435 is the mantiasa of log 6974 ; hence x is a number con- 
f^isting of these same digits but with one cipher after the decimal 
point. [Art. 382.] 

'riuis X = -06974. 


♦ 386 . It is sometimes necessary to transform logarithms 
from one base to another, 

Suppose for example that the logarithms of all numbers to 
baw‘ ff are known and tabulated, it is required to find the 
logarithms to base 6. 

Let N be any number whose logarithm to base b is required. 
Let y=log^ A’, so that b^ = N ; .. 

Iogfl(6^) = log«^V; 

that is, y log„6=Iog^.Y; 



toga 




1 ! 

toga* 


toga A' 


or 


■( 1 ). 
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Now since N and b arc ^ven, log,. A’ and l(^g 6 are kiio\\'n from 
the Tables, and thus iog^ A’ may be found. 

Hence it appears that to transform logarithms from base a 

to base 6 we have only to multiply them all by J this is a 

constant quantity and is given by the Table® ; it is luiown as the 
jriodulus. 


Cor. If in equation (1) we put a for A, we obtain 

logj a = X 1(^^^ a ^ L ; 
log, 6 log, 6 

Iogb« -h>g,6 = l. 


387. In the following examples all necessary logarithms 
will be given. The use of four-figure Tabira will be explained 
in a future section. 


Krnmpk I. Given log 3 -4771^13, find log ((2-7)5 x ( 81 
27 4 .0 

The required value -3 log - - log - - log 90 
lU 0 liW * 

--3(k*3>-l)*i(log3‘-2)-^(log3>*I) 




- log 3 - . 4-6280706 - 5>8o 


Obs. The student should notice that the logarithm of 5 and 
its powers can always be obtained from log 2 ; thus 

1(^ 6 = Y = log 10 - log 2 = 1 ~ log 2. 

Example 2. Find the number of digits in S75'*, given 
log 2 ==-30], log 7 --845. 
log (875») := 16 log (7 X 1 26) = 16 (log 7 -t- 3 log 5) 

= 16(Iog7-f3-3log 2) = 16x2*942 
= 47*072; 

hence the number of digits is 48. [Art. 381.] 
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Example 3. Given log 2 — '301 and log 3 = '477, find to two places 
of decimals the value of z from the equation 


Taking logarithms of both sidee, wc have 

(3 - iz) log 6 + (x +o) log 4 = log 8 ; 

(3 - ix) (log 2 + log 3) + (j; + 5)2 log 2 =3 log 2 ; 
J:(-4log2-4Iog3 + 21og2) = 31og2-31og2-31og3-10Iog2i 
' ^0t»y2-f31og3 

2 log 2 +4 log 3 


EXAMPLES Y T Y TT a 

1. Find the logarithms of v'32 and -03125 to base ^2, and 100 
and ‘00001 to base -01. 

2. Find the value of Iog4ol2, logj-OOlfi, Ic^bi^, Iog„343. 

3. Write down the numbers whose logarithms 

to base 25, 3, *02, 1, -4, 1-7, 1000 

I 2 

are ^ - 2, - 3, 5, - 1, 2, - - respectively. 


Simplify the expressions : 

4. log 7i— ^ . 




.f£vyi. 
■ WO I 


6, Find by inspection the characteristics of the Ic^arithms of 
3174, 625-7, 3-^2, -4, -374, -000135, 23-22065. 


7. Tho mantissa of log 37203 is -5705780: write down the 
iogarithma of 37-203, -000037203, 372030000. 

8. The logarithm of 7623 ia 3-8821259 : write down tho numbers 
whose logarithms are -8821259, 6-8821269, 7-8821259. 


Given log 2 = -3010300, I(^ 3 = -4771213, log 7 = -8450980, find 
the value of 

9. log 729. 10. log 8400. 

12. log 6-832, 13. log^. 


11. log -256. 
14. log-304d. 
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1 1 490 7 

15. Shew that log + log — - 2 log- = log 2. 

16. Find to six decimal places the value of 

, 225 ,, 20 , 512 

17. Simplify log{(10-8)S x ('24)5- (90)-'), and find its numcrml 
value. 

* 18. Find the value of 

log{%'T^.N l08~N'i00i. ri62)- 

1 9. Find the value of log . 

\ 086 972 

20. Find the number of digits in 42". 

/SI \ 

21. Shew that f ~ j is greater than 100000. 

22. How manv ciphers are there botwwm the decimal point and 

/2yw» 

the 6rst significant digit in ( ^ j ? 

23. Find the value of \ -01008, having given 

log 398742 ---.5-6006921. 

24. Find the seventh root of ■(X)T92, having given 

log 1 1 ^ 1-041.3927 and log 500-977 :^2-f)998179. 

25. Find the value of 2 log ^ log * - .3 log ^ - 

Find the numerical value of x in tlie following equations, using 
the values of log 2 and log 3 given in Kx. 3 of Art. 387. 

26. 3*>>-405. 27. 10'-=^.-2^ 

28. 29. 12«-M8’-“-1468 

Use 0* Four-Figure Tables 

387^. Tofirid the logarithm of a given nuinber from the T abks. 
Example 1 . Find log 38, !(^ ,380, log -0038. 

We first find the number 38 in the left-hand column on |iage 378. 
Opposite te ibis we fir.d the. digits 5798. This, with the decimal 
point prefixed, is the mantissa for the /ogarit/imH of all numlx'rs 
whose significant digits are 38. Hence, prefixing the characteristics 
-we have 

k)g38 = 1-5798, log 380 ^2-5798, log 0038 =3-6798. 
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Example 2. Find log 3-86, log -0386, log 386000. 

The same lino as before will give the mantissa of the logarithms 
of all numbers which begin with 38. From this line we choose the 
niantlssa which stands in the column headed 6. This gives oSOO 
as the mantissa for all numbers whose significant digits are 386. 
Hence, prefixing the characterLstic-s, we have 

log 3-86 = '5866, log 0386 =2-5866, log 386000 = 5'586G. 

387 g. Similarly the logarithm of any nurnixT consisting sf 
not more than 3 significant digits can be obtained directly from 
the Tables. When the iiumbtT haa 4 significant digits, use is 
made of the principle that when the difference between two 
nuniljen is small compared with either of them, the difference 
between their logarithms is very nearly proportional to the 
difference between the nnmb^Ts. It would he out of ])kce to 
attempt any demonstration of the principle here. It will bo 
sufficient to (xjint out that differences in the logarithms corre- 
s|)onding to small difference.^ in the numbers have Ix^en calcu- 
laU^d, and are printed mady for use in the difference columns at 
the right-hand of the Tables, The way in which these difference.s 
an* used is shewn in the following example. 

Example, Find (i) log 3-861 ; (ii) log ■003868. 

Here, as before, we can find the mantissa for the sequence of 
digits 386. This has to be correclcd by tlio addition of the figures 
which stand underneath 4 and 8 respectively in tho difference 
columns. 

(i) log 3 86 = '5866 (ii) log 00386 =3'5S66 

diff. for 4 5 diff. for 8 0 

log 3-864 = -5871 log -003868 =3-5875 

Note. After a little practice the necessary * correction ’ from the 
differtmee columns can be |xrfi)rmed mentally. 

387c. The number corresponding to a given logarithm is 
called its antilogahthm. Thus in the last example 3-864 and 
-003868 are rest)cctively the numbers whose logarithms are -5871 
and 3-5875. 

Hence antilc^ *587 1 -3-864 ; antilog 3-5875 = -003868. 

387o, To find the antilogarithm of a given logarithm. 

In using the Tables of antilogarithms on p^s 380, 381, it 
is important to remember that we are seeking numbers corre- 
spinding to given logarithms. Thus in the left-hand column 
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M’e have the firet two digits of the given tmntissoe^ with the 
decimal point prefixed. The characteristics of the given log- 
arithms will fix the position of the decimal point in the numbcrH 
taken from the Tables. 

JFjrompfe. Find the antilogarithm of (i) 1-583 ; (ii) 2-8211). 

(i) Wo first find -58 in the left-hand column and |iass along tho 
horizontal line and take tho number in the vertical column headed 
hj 3. Thus -583 is the mantissa of the logarithm of a number whoso 
significant digits arc 382S, 

Hence antilc^ 1-583 - 38-28. 

(ii) antilog 2-821 =-08608 
ditf. for n 14 

/, antilog 2 8240 - 06682 

Here correeponding to the first 3 digits of the mantissa we find 
the sequence of digits 6668, and the decimal point is inserted in the 
position corresponding to the characteristic 2. To the number so 
found we add 14 from the difference column headed 9, placing it 
under tho fourth digit of the given mantissa. 


387,, The following exaniplt-a iUuatrato the use of logaritlnus 
in abbreviating aritiimetical calculations. 


Example 1, Find the value of to four aignificant 

digits. 14-83 X -07- 

By Art. 377, log fraction =log num^ro/or - log dowminaior. 


Numerator 
log 3 27 = -514.5 
diff. for 4 5 

log -0069 = 3-7709 
log Rumeralor-2-2859 


Denominator 
log 14-8 .= M703 
diff. for 3 9 

log -077 = 2-886.5 
log denominalor -0577 


2-2859 
subtract ‘0577 

Urg fraction =2-2262 

3-274 > 


antilog 2-228 
diff. for 2 


01690 

I 


Thus- 


-0059 


14*83 X -077 


antilog 2-2282 = -01691 


^’ 01691 . 
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I'^xanipk 2. Find the value of (1'05)^^ to four significant digits. 

Iog(l‘05)i» = 171ogl 05 [Art. 378] 

-•0212 X 17, from the Tables, 

And antilog -3604 = 2-293 ; 

thus (106)^^:^ 2-293. 

Note. Since *0212 is only the approximate logarithm of 1-05, the 
error (which may bo in oxcoas or defect) is increased when we 
nuiltiply by 17. Hence there is a corre-sponding error in the final 
result. By using seven-figure logarithms it can be shewn that to 
four decimal figures the correct result is 2-2922. 

Kxampk 3. Kind a mean projxjrtional between 27 23 and 3-276. 

Let X denote the mean proporfional ; then 

r = v^27-23 x 3 276 ; [Art. 297 J 

.-. log I (log 27-23 + log 3-276). 

From the Tables, 

log 27-23 = 1-4351 antilog -975 -9-441 

log 3-276 = 0153 diff, for 2 4 

^ i 19504 antilog *9752 =9-415 

logi= -9752 

.-. .r = 9-445. 

EXAMPLES XXXIX. b 

[For Logarithms and Antilogarithms see pages 378 to 381.] 

Find the values of the following products to four significant, 
figures: 

1. 1927 -x -2501. 2. 175-6 X -2632. 3. -0035 x 39-87. 

4. -231 X 2-.394 X ‘01 57. 5. 6-2 x 3-81 x 17-31. 

6. 7-302 X -7302 X -007302. 7. 23 x 1-7 x 3-35 x -062. 

Divide 

8. 2-803 by -0634. 9. 16-83 by 24-76. 10. 30-56 by 4-105. 

11. -01254 by -4105. 12. 2417 by 719. 13. 2391 by 3072. 

• [Ontinued on page 382. 
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■flu 

85LI 

■H 

8710 

•96 

8013 

,-fl6 

• fjeo 

i-fl? 1 

i9:m 


0550 

•flfl 1 

9772 


4 

5 

6 

3102 

8109 

3200 

32fl6 

3273 

3281 

3342 

3350 

3357 

34-20 

:14'28 

:i436 

3490 

3508 

3516 

3581 

3589 

3507 

3664 

3673 

;i6Hi 

3750 

3758 

3767 

3837 

3846 

3855 

3926 

3936 

3945 

4018 

4027 

4038 

41U 

4121 

4130 

4207 

4217 

«27 

4305 

4:; 15 

4 : 12.5 

4406 

4416 

4426 

4508 

4519 

4529 

4613 

4624 

4(1:14 

4721 

47:;2 

474-2 

48:11 

4842 

485:1 

4943 

4955 

4960 

5058 

5Cj70 

5082 

5176 

5188 

5200 

5297 

5309 

5:121 

5420 

543:{ 

5445 

5546 

1 5559 

5572 

5675 

15689 

5702 

5808: 

:>82i : 

5834 

5943 ' 

5957 

5970 

6081 : 

'6095 

6109 

6223: 

;C237| 

6252 

6368 

6383 ' 

i 63!:i7 

6516 

6531 

: 6546 

6668 

'6683 

16699 

es-ii 

6839 

6855 

6982 

6998 

7015 

7145, 

7161 

7178 

7311 

7328 

7345 

7482 

7499 

7516 

7656 

7674 

7691 

7834 

7852 

7870 

8017 

8035 

8054 

8204 

8222 

8241 

8395 

8414 

8433 

8590 

8610 

8630 

8790 

8610 

68S1 

8995 

00161 

0036 

0204 

0226 

9247 

9419 

0441 

9462 

96:18 

066^ 

0683 

0863 

0866 

0008 


7 

8 

9 

3214 



3221 

3228 

3269 

:1296 

3304 

3305 

3373 

3;i8l 

3443 

3451 

3459 

3524 

3532 

3540 

3606 

3614 

3622 

3890 

3638 

3707 

3776 

3784 

3793 

3864 

3873 

3K82 

3954 

3963 

3972 

4046 

4055 

4064 

4140 

4i;>0 

4159 

4236 

4246 

4256 

4335 

4345 ’43551 

4436 

4446 

4457 

4539 

4550 ’45601 

4645 

4656 

4667 

4753 

4764 

4775 

4^64 

4875 

4887 

4977 

4989 

6000 

5093 

5105 

5117 

5212 

5*224 

5236 

5 : 13:1 

5346 

5358 

5458 

5470 

5483 

6585 

5598 

5610 

5715 

5728 

5741 

W48 

5861 

5875 

5984 

5998 

6012 

6124 

6138 

6152 

6266 

6281 

6295 

6412 

6427 

6442 

6561 

6577 

65K 

6714 

6730 

6745 

6871] 

6887 

6902 

7031' 

7047 

7063 

7104 

7211 

7228 

7362 

7379 

7306 

7534 

7551 

7568 

7709 

7727 

7745 

7889 

7907 

7025 

80?i 

8091 

8110 

6260 

8279 

8209 

8453 

8472 

8402 

8650 

6670 

8690 

8851 

8872 

889-2 

9057 

0078’ 

9090 

0268 

0290 

9311 

0484 

0506 

9628 

0705 

0?27 

9750 

0031 

^0954 

9977 
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Evaluate the following expressions to four significant figures : 


14. 

2-38 X 3-901 

15, 

14-72 X 38-05 

4-83 

387-9 

16. 

925-9 X 1-597 

17. 

15-38 X -0137 

74-03 

276 X -0038 

18. 

(-097)<. 19. {^73^^^ 

20. 

1 00 

22. 

vl27. 23. >^2. 

24. 

'^1772. 25. ”'27-82. 

26. 

Find a mean proportional between 2-87 and 30-08 ; and a third 


proportional to 0238 and 7-805. 
Evaluate 


27. 


29. 


=»//204xl25y 
\ V 42 X 32 7 ■ 


28 

22 X 70 


Find the value of 


/-OTSxO-Ol 

-0234 


to the nearest integer. 


30. Find a mean proportional between 

N 347 3 and > 256-4. 

31, Find a fourth proportional to 

>. 3 "^ 78 . 


[Btfore aiUmpting th( following Kjcanipks the student should 
read Arts. 403-10r>,] 

32. Find to the nearest pound the araou[it of £35 in 25 years at 

3 p.c. Compound Interest. 

33. Find to the nearest pound the Present Value of £1000 due 17 
j'ears hence at 4 p.e. Compound Interest. 

34. Find in how many years £1 130 will amount to £3000 at 5 p.c. 

Compound Interest. 

35. If a farthing is put out at Compound Interest for 1000 years at 

5 p,c.» how many digits will be required to expreas the amount 
in pounds? 

36. A train starts with velocity -001 ft. per second, and at the end 

of each second its velocity is greater by one -third than at the 
end of the preceding second ; find to two places of decimals 
the rate of the train in miles per hour at the end of 25 seconds. 



CHAPTER XL 

Scales of Notation’ 

388. 'Phe ordinary numbers with which we are acquainted 
in Arithmetic are expressed by means of multiples of powers of 
lO ; for instance 

25=2x10 + 5; 

4705 = 4 X 10H7 x lo= + 0x 10 + 5. 

This method of representing numbers is called the common 
or denary scale of notation, and ten Ls said to be the radix of the 
scale. Tlic symbols employed in this system of notation are the 
nine digits and zero. 

In like manner any number other than ten may be taken as 
the radix of a scale of notation ; thus if 7 is the radix, a number 
expressed by 2453 rc^pivsents 2 x7® + 4 x7* + 5 x7+3 ; and in 
tliis scale no digit higher than 6 can occur, 

389. Tlie names Binary, Ternary, Quaternary, Quinan', 
vSimary, Si‘[)tcnary, Octenary, Nonary, Denary, Undenary, and 
Duodenary are used to denote the scales corresponding to the 
values twoy three, ... Urdre of the radix. 

In the undenary, duodenary, . . . scales we shall require symbols 
to represv'iit the digits which are greater than nine. It is unusual 
to consider any scale higher than that with radix twelve ; when 
necessary' we shall employ the symbols t, e, T as digits to denote 
' ten ‘ eleven ’ and ‘ twelve ’. 

It is especially worthy of notice that in every scale 10 is the 
symbol not for ‘ ten but for the radix itself, 

390. The ordinary operations of Arithmetic may be per- 
formed in any scale ; but, bearing in mind that the successive 
powers of the radix are no longer powers of ten, in determining 
the carryiru} j^res we must not divide by ten, but by the radix 
of the scale in question. 
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Example 1. In the s<.*a)e of eight subtract 371532 from 530225, 
aud multiply the diiTerence by 7. 

530225 136473 

371532 7 

136473 1226235 

Explanaiion. After the first figure of the subtraction, since wo 
cannot take 3 from 2 ^Ye add 8; thus wo have to take 3 from ten, 
which leaves 7 ; then 6 from ten, which leaves 4 ; then 2 from eight, 
nhich leaves 6 ; and so on. 

Again, iu multiplying by 7, wo have 

3x7 - twenty -one =2 x 8 •• 5 ; 
we therefore put down 5 and carry 2. 

Next 7x74-2-- fifty-one “6x8 + 3; 

put down 3 and carry G ; and so on, 

Emmple 2. Divide 15ft20 by 9 in the scale of twelve. 

I«96 ... G, 

Explanation, jSince 15-1 x T -r 5 - seventeen - 1 x U + 8, 
we put down 1 and carry 8. 

Also 8 X T + < " one hundred and seven e x 9 -t 8 ; 
we therefore put down c and carry 8 ; and so on. 

391. To express a given inlegral ninjiher in any propose/} scale. 

Let y be the given number, and r the radix of the pro]> 08 C‘d 
scale. 

Let fl,, 0 ^, ... be the required digits by which N is to )>e 
expressed, beginning with that in the unit’s place ; then 
N = + a„_ if”- * -f . . . + a r a^r 4 a^. 

We have now to find the values of 

Divide N by r, then the remainder is a^, and the quotient is 

a„r”" ^ + o„_ ,r"-2 4- . . . + ttjf + ap 

If this quotient is divided by r, the remainder is Uj ; 

if the next quotient Uj ; 

and so on, until there is no further quotient. 

Thus all the required digits a«, Ui, aj, ... a„ are determined 
by successive divisions by the radix of the proposed scale. 
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Example 1. Express the denary number 5213 in the scale of 
seven. 

7 )52I3 
7 IJU ... 5 
7 ) 106 ■■■2 

7MG-.1 
2 ... 1 

Thus 5213 -2 X 7* + l X 1 X 7-+2 X 7 - 1-5 ; 
and the number required is 21125. 

Example 2. Transform 21125 from scale seven to scale eleven, 
c ) 21125 
e ) 12U ,..t 
e ) 51 ... 0 
, 3...1 

therefore the reejuired number is 3i0L 
Explanalion, In the first line of work 

21 - 2 X 7 r 1 --fifteen -1 xe-ri ; 

therefore on dividing by e we put down 1 and carry 4. 

Next 4 X 7 f I - twenty-nine - 2 x c -i- 7 ; 
therefore we put down 2 and carry 7 ; and so on. 

392. Hitherto we have only discussed whole numbers ; but 
i met ions may also be expressed in any scale of notation ; thus 

2 5 * 

*25 in scale ten denotes — i : 

10 10*' 

2 5 

‘25 in scale six denotes - + — ; 

6 6 “ 

2 5 

*25 in scale r denotes - -j- — . 

r 

Fractions thus expressed in a form analogous to that of 
orelinarj' decimal fractions are called radix-fractions, and the 
point is called the radix-point. The general type of such 
fractions in scale r is 

b, b* ba 



where 6,^ ... are integers, all leas than r, of which any one 

or more may be zero. 
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393. To express a given radix fraction m any proposed scale. 
Let f be the given fraction, and r the radix of the scale. 

Let 6|, 6^ 6„ ... be the required digits beginning from the 
left ; then 



r 


r» r" 


+ 


We have now to find the values of 6t, 6i, .... 
*' Multiply both aides of the equation by r ; then 


rF=b, 




Hence 6, is equal to the integral part of rF ; and, if we denote 
the fractional i>art by f p we have 



Multiply again by r; then 6, is the integral part of rF^. 
Similarly by successive multiplications by r, each of the 
digits may be found, and the fraction expres^ in the proposed 
scale. 


Example 1. Express ^ as a radix -fraction in scale six. 


7 ^ 7x.3 , I 


1 x3 , 1 


6-3. 


5 1 3 

the required fraction -- = -51.3. 

O O'* O'* 


Example 2, Transform 1606-7 from scale eight to scale five. 
Treating the integral and the fractional parte sof^rately, we have 
5 um -7 

5)264'... 2 

6 )J4 ... 0 4-3 

5 )_?... I . J 

1...2 1-7 

After this the digits in the fractional part recur ; hence the 
required number is 12102*41. 
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Example 3. In what scale is the septenary number 2403 repre- 
sented by 735? 

lA)t r be the radix of the scale required ; then 

7H + 3r + 5 = 2x7*+4x7* + 3 = 885; 

QA 

that is, 7r* -t- 3r - 880 =0 ; whence r = 11 or - — • 

7 

Thus the scale is the undenary. 


394, In any scale of nofaiion of which the radix is r, the sum 
of the digits of any number divided by v -I will leave (he 
same remainder as the ivhole 7iumber divided by r-l. 


Let N denote the number, «<,, o,, a^, a„ the digits be- 

ginning with that in the unir»a place, and S the sum of the 
digits ; then 


lY ^ a, + CE ,r + « + + « ; 

+ + 

A-iS = ti,(r-l)-fH,(r--l)T ^n„_,(r"-i-I)4-a^(r«-l}. 

Now every term on the right-hand side Is divisible by r ~ 1 ; 


tLzl 

■' r-l 


- an integer - / suppose ; 


that Ls, 


I + - — j ; which proves the proposition. 


Hence a number in scale r will be divisible by r-l when the 
sum of its digits is divisible by r-l. For example, in the 
ordinary scale a number is divisible by 9 when the sum of its 
digits is divisible by 9. 


EXAMPLES XL 

1. Add together 352, 21435, 3.W5, 35 in the scale of six. 

2. From 35280013 take 7471235 in the scale of eight, 

3. Multiply 31044 by 4302 in the quinary scale. 

4. ^ Find the product of the undenary numbers 9E83 and 3<7. 
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5. Divide 3166^435 by 6541 in the scale of seven, 

6. Find the square of 3024 in the quinary scale. 

7. Express 75013 in the nonary, and 5210 in the quaternary’ 
scale. 

8. Transform 987504 to the scale of twelve. 

9. Express the octenary nuinlH'r 76543 in the denary ‘cale. 

10, Transform 54321 from s<‘ale six to scale seven. 

* 11 . Express the ducHlenarv nuinlxT (f in the binary scale. 

12. Express a thonsaiul and one in ]>owers of two, and one 
hundreii thousand in powers of cloven. 

13. Express the .sum of the septenary miml)ers 532, 21(Xi, 3261, 

53 in the undenary scale ; also expres-s tlic differenco of tlie ternary 
numbers 2021121 and 1221212 in the same s^alc, and lind the ])nalurt 
nf the txvo results. * 

14 . Find the difference between 53774 in llm ftcale nf K ;in<l 32S75 
in the scale of 9, expressing the result in the denary scale. 

15. Express 13 1 '890625 in scale eight. 

16. Transform lOOl- 12211 froni the ternary to the nonary .scale, 

17. Expres^s the octenary fraction -2037 in the scale of 4. 

27 

18. Expre-AS and a.s ra*lix fraction.^ in scale 6. 

587 

19. Redutc the undenary fraction --- to its lowost terms. 

20. In what scale Is a hundred dcnotwl by 400? 

21 . In what scale is 647 the sfjuarc of 25? 

22. In what wale are the numbers denoUxi by 432, 565, 70S in 
arithmetical progrcs.sion? 

23 . In what wale are the numbr^rs {lenot<*d by 22, 2 '6, 34 in 
eeometrical progression ? 

24. Kind the square root of 443001 in the scale of 5 ; 2434.524 in 
the scale of 7 ; and i985679 in the scale of eleven. 
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Exponentul and Logarithmic Series 

395 . The advantages of common logarithms have been ex- 
plained in Art. 383, and in practice no other system is usejl. 
But in the first place these logarithms are calculated to another 
hisc and then transformed to the bast^ 10. 

In the present chapter we shall prove certain formulae known 
as tlie Exponential and Logaritlu^c Series, and give a brief 
explanation of the ^Yay in which they are used in constructing a 
table of logarithms. ^ 


396 . To expand Oi ascendiiig powers of x. 
By the Binomial Theorem, if ?i> 1, 



By putting i-l, we obtain 



hence the series (1) is the power of the series (2) ; that is, 
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and this is true however great n may be. If therefore n be 
indeftnitely increafled wo have 




•=(>+’+[i+[5+- 


The series 
» usually denoted by e ; hence 




X* 


Write cx for j, then 




Now lot c‘'-a, so that c^log^a; by substituting for c we 
obtain 

, . , a:^(log,o)> _ 

a' = 1 + r log^a + — + 

'Hiis ia the Exponential Theorem. 


397. The series 


I + I 


1 I 
\3 14 


which we have denoted by e, is very important as it is the bi.s4> 
to which logarithms are first calculated. Ix^arithnis to this 
base are known as the Napierian system, so named after Napier 
their inventor. They atxi also called natural logarithms from 
the fact that they are the first logarithms which naturally conit* 
into consideration in algebraical investigations. 

When logarithms are usrd in theoretical work it is to be 
reraeraljered that the base c is always understood, just as in 
arithmetical work the base 10 is invariably employed. 

From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 10 places of decimals it 
is found to be 2-7182818284, 
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EiomjpU 1. Pind the sum of the infinite aeries 
, 1 1 l‘ 



We have e = l+l+i + i+i + ; 

and by putting a: = - 1 in the series for e^, we obtain 

I 1 1 1 ^ 1 



)' 

hence tho sum of the scries ia^^(e +£*''), 

ExampU 2. Kind the coefficient of in the expansion of- 
^ -[a- bx)t-^ 

/ _ Ijr y _ |\r~i 

The coefficient re(mired - — — * o — ; • b 

.r jr- 1 


-bx 


398 . To expand log^(l +x) in aseendimj pou^ra of x. 
From Art. 396. 


(fV- I log^a } 


""a 


In this aeries write I + a; for a ; thus (I + a:)i' 

= I + }/ log, ( I + z) + ^{log, ( I + x)Y + ^{log, ( I + z)}^ + 
Also by tho Binomial Theorem, when i:< I we have 
( I + X)'' := I + y* + 


.(I). 

.( 2 ). 
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Now in (2) the coefficient of y is 

1.2 1.2.3 1 .2.3.4 


that is, 


X* 

X-2+3-- + . 


Equate this to the coefficient of y in (1) ; thus we have 

. z® ar* 

log,(Uz)=.x---+---+ 

This is known as the Logarithmic Series, 

399. Except when x is verj' small the series for lo^^ll -rz) 
« of little use for numerical calculations. We can, however, 
deduce from it other series by theuid of w'hich Tables of Loga- 
rithms may be constructed. 


400. In Art. 398 we have proved that 
3 


log,(l+x)~z-~ + ^ 


replacing x by - x, we have 

By subtraction, 


l /I i z* X* 

logj(l-r)=: -^"2 


, 1+x / X* \ 

'J- 


Put SO that - ; we thus obtain 

I - X n 2« + I 

log.(™ + 1) - log.n=2 4 3 ^. j- + ...}. 

From tills formula by putting n-1 wc can obtain Iog^2. 
Again, by putting n =2 we obtain log^ 3 - log^ 2 ; whence log^, .'i 
is found, and therefore also log^ 9 is known. 

Now by putting n=9 we obtain log^l0-log,9; thus the 
value of 10 is found to be 2*30258500 .... 

To convert Napierian ic^rithms into logarithms to base tO 
we multiply by which is the modulus [Art. 386] of the 
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common system, and its value is - 


393 

,or *43429448...; 


2‘3025B509...’ 
we shall denote this modulus by fi. 

liy multiplying the last series throughout by (i we obtain a 
Ibrmula a<Iapted to the calculation of common logarithms. Thus 

that Is, 


l)-log,o« = 2|- 


>n + U‘ } 


log,„,.. . “ (2nTl ' 3(2?i + l)3 ' 5(2n + U‘ 

From this result we see that if the logarithm of one of two 
consecutive numbers be known, the logarithm of the other may 
be found, and thus a table of logarithms can be constructed. 


EXAMPLES XLI 


1. Shew that 


03 0 « 06 


(2) 


*- 1,111 

“T — — I 

2/‘ ;3 a i7 


2. Expand log v/l in ascending powers of x, 

3. ProvetlmtIog,2-,+j^-^^^^f 

4. Shew that 


5. Prove that 






6, Shew that if r > 1 , 


logVx.-l=logx-l-i-i- 


Shew that 


|og^i±f-log^|-ji = 2(a! + ^ + | +...). 


7 . 



m 


[CUAF. XU 


, 6* 6* 6* 

a=6-2+3-:r + . 


8. If 

express 6 in ascending powers of a. 

9. Calculate the value of ^Je to 4 places of decimals. 

10. Prove that 


log^(l+x-2rS)=x-^ , g 


5x* llx* 


and find the general term of the series. 

11. Prove that t '3 '*^ 1 ^ i ...... j. 

12. Prove that log, 3- 


13. Shew that 

i5z* 1 Tjt* 

log, ( I - Sr + 2x®)“‘ - 3r + • Sr’ T . . 

and find the general term of the series?, 

14. Prove that the expansion of log, (1 f r*) is 

x2 ir^ j:* 

”^"2 " 3 ^ 4 ;f-.j 

15. If x>l, prove that 

i J_ _L -_L ^ _ 

“z-i"2(z-^l)»^3(x-lj’ 



CHAPTER XLII 


Miscellaneous Equations 


401 . Many kinds of miscellaneous equations may be solved 
by the ordinary rules for quadratic equations as explained in 
Art. 202; but others require some special artifice for their 
solution. Th(‘8e will be illustrated in the present chapter. 

r , c 1 ^ ^ ft 

hTamim 1. JSolve 

jr j* - 6 

z* - 0 

Write y for ; thus 


or y*-6y + 5=0} 

whence y o, or I , 

x^-6 „ :r* 6 , 

or = 1 ; 


that is, - .'ir - G ^ 0, or - .r - 6 -^0. 

Thus - G, - 1 ; or JT “ 3, - 2. 


Example 2. Solve 3'" < ' - 5.5 - 28 (3^ ^ 2). 

This equation may bo writtoji 3® . 3*^ - 28 . + 1 = 0. 

By writing y for 3^, w'O obtain 

27y» - 28y + 1 “ 0 ; that is, (27y - I ) (y - 1 ) =0 ; 

whence 1/ '“,).-’ 

Thus 3*=:1 = 3», 

rfhd therefore x- -3, or 0. 
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Kjcamplt 3. Solve - 3 v 2^-“ - 7/ i- 7 = 7 j: - 3. 

On transposition, (2x^ - 7 j') - 3n 2.r^ - 70* 4 7 - -3. 

By putting s 2.r- - 7-r t 7 ^ ro that 2 - 7x t 7 = y*, wo obtain 
{y*-7) - - 3, or y*-3y-4=0; 

whence j/-4, or - 1. 

Thus s - lx r 7 -- 4, or s 2 j.*^ - 7i 4 7 - - 1 ; 

t^ai is, if' - 7/ - 9 - 0, or - 7 j: i 6 =0. 

9 

From the lirat of these (juadratics we obtain r- ,, or ~ 1, and from 
tne sofonu x = '2, or 

It should be niJiimi that in this solution we hitve tacitly assumed 
y to be the po.«Vac value of the exiyession v'2j* - 7j -t-7, so that the 
roots obtained from the solution of v'2jc* ^ 7x + 7 = -1 will only 
satisfy the original eciuation in the moditieil form obtalneti by 
changing the sign of the radical. 

9 

Thus jr , or - 1 satislios 2x^ - 3 s 2x- - 7x r 7 = 7x ~ 3, 


and 

X nr 2, or satisfies Hx* • 

3v2x»- 

7x ► 7 -lx -3, 


EXAMPLES XUI. 

& 

Solve the following equations ; 



1. 

x^+x-* . 

X^ -X 

2, 

X* ' i X ''®’ 

3. 


4. 

8X* + 0.>X*4 8r:0. 

5. 

X.8 ,7 3x4 14 

^^I2'xV4~ iTfS'* 

6. 

4*+8.r9.2^ 

7. 

3x-e 11- 2x ^ 

5-x i0 “4x ~ 

8. 

3v^x-3H^-.8. 

9, 

y-.j +<"-7='’' 

10. 

27xi - 1 ■=26xf. 

11. 

7'^“8-V2lx + 12 = 2V3. 

12. 

4“+i + 16-.0r>,4^. 

13. 

x+2~s/4 + x\^x. 

14. 

M I 

3^ + 3"»=2. 



xui] 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 


MISCELLANEOUS EQUATIONS 
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2x^ -2x + 2s/'Zx^ - lx \ 6 ^ 5x - 6. 


2n X- - tie + 2 + 4a: + 1 - 2x. 


k 4 x ^-- 2 x T7^12r*4-6j;-119. 


3/(3 -X)- 11 -W/--3jr f5. 
./» - / + 3v/2x* - 3 xT2 - ^ + 7. 

/: 


I ^ 00 h 

jr y'i-x 2 \x a a ‘ 


\ 

(« - 6)/* t( 6 - c)/ - tc - fl - 0. 

a[b-c)ji^tb{c-a)x^c{a-h)^id. 

s (I ' x^\b-x~\a rb -*2x. 

I _ J_ 

a-x b - X a -c b-c 

/ — p q 

\ T V J- - ? -7^ -f ■ 

\X-q "^X - p 


V {X - 2) (X - 3) f 5^/ <X- -i- 6x + 8. 

v.r* -j- 4x - 4 i Vx® -t- 4x - 10 ~ 6. 

N X - ft - N X ~ A % 6 - a. 


402. No jiPiienil methods can ho given for the solution 
of simulta noons equations containing two or more unknowns. 
The aiinplor cases have been considered in Chapter xxvi. ; the 
following examples illustrate useful artifices to be employed in 


special cases. 

A\rft»}pf« 1. Solve x+y = 4 (l)» 

{x*+y»){x®i.v*):=280 (2). 


We have x* + y - (j; + - 2xy = 16 - 2xy ; 

and x* + y*- (x-^y)®-3xy(X'+y)-64-12xy. 

By substituting in (2), we obtain 

(I6-2*y)(64--12xy)=280; that is, 3x®y* - 40xy + 93 = 0 ; 

« 3* 

xy=3, or • 


whence 
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Thus whence we obUin ’ 

1 


3, or n 
l,or3r 


xy^ 


31 h whence 
^ 3 ' 


!/-2T. 


Example 2. Solve i^y*:-=22o, arj*2*=7o, a:*y::*~45. 
*By multiplying the three equations together, wo have 


whence ryz -5x3- 15. 

By squaring this equation and dividing by each of the given 
equations in succession, we obtain 

z - 1, j -3* y -5. 


Example 3. Solve the equations 

-r* + +X3 = 48, xy^^rtfz = \2, x 2 ry 2 + 2 * = 84. 

These equations may be written 

x(x + y^:) = 48, y(xry + :) = 12, :(/ i:) = 84. 

By addition, {z -^y -^z){x -i-y +z)- 144 ; 

whence z + yr2=i.l2. 

On dividing each of the given equations in turn by this last 
equation, we obtain 

X - i4, y = ±1, Z -- ±T. 

It Ls clear that the roots must be taktm either all positively or all 
negatively. 


Example 4. vSedve x -f y - r - 14 ( I ), 

y»+2*-x»=46 (2). 

F-fl (■^)* 


From (2) and (3), (y - 2)* - 28, 

Put tt for y - 2 ; then this equation becomes 
ti*-X*.:28. 

Also from (1), u + x = 14 ; 

by dirisionf «-x~ 2; 

whence x=0, and «=8. 

Thu8y-2=8, andy2 = 9 ; whencey=:9, or -I ; 2 = 1, or -9; and 
the solution is x=6, y=9, 2 = 1 ; or x = 6, y = - 1, 2 = -9. 
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MISCELLANEOUS EQUATIONS 


EXAMPLES Xm. b 

1. 3x-2y=lf, 2. a:>+i/»=91, 3. x»-y>-335, 

9j:* -4y*=:209. a:*y + xy*=:84. ~xy* = 10. 


4 . 

j*+jy + y* = 84, 

5. 

a:*+a:y+y*-lS9, 


X +‘Jxy ■\-y-H. 


x-^xy + y-9. 

6 . 

3 12 2 

7 . 

2 3 2 

j-y y*~9 

xy y^~ 


3 2 4 

3' , 


iJ=i. 

^ y 


x*y + fz^20. 

9 . 

i*-7xyT4y*=34, 


1 15 

a: y~i 


2x+y 

x-3y^2z-i-y 

10 . 

T* - xy f =35, 

11 . 

(x+y)»+3(x-y)=30, 


.ry-y* + y = 15. 


xy+3(x-y) = ll. 

12 . 

(x-y)>=3-2i:-2y, 

13 , 

a:® + l=81(y*+y). 


y(j:-y + l) = a;(y-x + l). 


x*+x = 9(y’ + l). 

14 , 

Find the rational roots of 




(1) a:+y=5 [ 

{x*ry'){x*^-f)=A5o\' 

(2) x-y = 2 ^ 

(x*+y»)(a4-^y»)=260/* 

15 . 


16 . 

/x+y 34 

Vx-y Vx+y 15’ 


<y * 


x + y ^ x-y 1.52 
v'x - y six + y 

17 . 

a-*y: = 72, xy^z~AS, xyz"* 

=96. 


18 . 

xyz =30, xyu = 120, xzu 

= 20, 

y3u = 24, 

19 . 

y2 + 2jc = 13, 2a'+a^y = 25, 

*y+y2=20. 
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20 . 

y(:: + 2) = 112, j 

:(x+y} = i32, 

x(y t2)=90. 

21 . 

{jr+<j)(y-6)=2. 

(y-6){s+f) 

-3, (2 + c)(x + (j)-6. 

22 . 

(T-y)(r + r)-63 

^ (y-i“=)(y-i-^)-42, (2+-x)(z4.y)^M. 

23 . 

II 

% 

yz = 

:G, x:-yz-z*=4. 

24 . 

j:(3z.-2y)-42. 

y{x-2:)-4, 

z(x t.'iy) + 34 =:0. 

25 . 

it 


zx T : -rX-2. 

26 . 


x2 - (// . ;)2 

13, xry-z-H. 

27 . 

: + jr = 9!ryt, z- 

y"^5xy:, 

z Sxyz. 

28 . 

x* + y»^j*^g4. 

x^yt; 14, 

xy..z>. 

29 . 

= X* 


‘xz - 12. 

30 . 

y^;-x-9, x* 


yz^3. 

31 . 

^^ry*-2*=m. 

y • z - X -- 7, 

yz~x*. 

32 . 

3^=9*^-*, 16*-^ 

--SJ'-a. 


33 . 

1 

2r-i^l^-i^ 3i 

1 

-9*- 


34 . 

x*-{y-z)*=a*, 





CHAPTER XLIII 


Interest and Annuities 


403. Questions involvin'^ Simple Interest arc easily solved 
by the ordimiry rules of Aritiiinetic ; but in Compound Interest 
the calculations ore often extremely laborious. We shall now 
sliew bow these arithmetical calculations may be simplitied by 
the aid of lopiritlnns. Instead of taking as the rate of in- 
terest tilt* interest on £100 fty one year, it will be found more 
<*onveiiient to take tlie interest on £1 for one year. If this be 
denoted bv £r, and the amount of £I for 1 year by £i?, tre have 

404. To fiTul the inkred and amount of a given sum in a 
if i t en time at comjxmnd interest. 

l^et P denote the princij^al, li the amount of £1 in one year, 
n the number of yea re, I the inteie*st, and M the amount. 

The amount <if P at the end of the first year is PP ; and, 
this is the ])rincii)al for the second year, the amount at the 
end of the an-onu year is Pit x ^ or PIP. Similarly the amount 
at tihe end of the third year is Pi?*, and so on ; hence the amount 
in V years is PIP ; that is, 

and therefore / ~ P( P” - 1 ). 


Example. I'ind the amount of £100 in a hundred years, allowing 
•ompound interest at the rate of o per cent., payable quarterly; 
having given 

log 2- *3010300, Iop3-'47712l3. log 14*3906 = 1-15808. 


The amount of £1 In a (piarter of a year is £ or £j 


The number of payments is 400. If J/ be the amount, we have 


/ 81 \« 
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log J/' = log I00 + 400(log81 -logSO) 

= 2+400(4 logs -1 -3 log2) 

= 2 + 400(-0053952} =4-15808 ; 
whenco M - 14390-6. 

Thus the amount is £14300. 12«. 

Note, At simple interest the amount is £600. 

405 . To jind the prfMnl value and discount of a given sum 
due in a given time, allou'ing compound interest. 

Let P be the given sum, V the present value, D the discount, 
li the amount of £1 for one year, n the number of yeara. 

Since V is the sum which, put out to interest at the present 
time, will in n years amount to P, we have 

r=P7r",’ 

and Z) = P-^ = P(I-/^"). 

AnTuiitiffg 

m. An annuity is a fixed sum paid periodically under 
certain stated conditions ; the payment may be made either once 
a year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 

407 . To find the amount of qh an7iuity left unpaid for a given 
number of years allowing compound interest. 

Let .4 be the annuity, H the amount of £1 for one year, n the 
number of years, M the amount. 

At the end of the first year .4 is due, and the amount of this 
sum in the remaining n - I years is .4P""‘ ; at the end of the 
second year another .4 is due, and the amount of this sum in 
remaining n - 2 years is A P”" * ; and so on. 

J/=.IP»»-‘ + A/?"-* + + AP*+ A/? + .l 

=.<4(1 + 7^ = ^* + ton terms) 


408 . To find the present value of an annuity to continue for 
a given number of years allowing compound intereM. 

Let A be the annuity, R the amount of £1 in one year, n the 
number of years, T the required present value. 
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The present value of A due in 1 year is ; 
the present value of A due in 2 years is AB~^ ; 
tlie present value of A due in 3 years is AB~^ ; and so on. 

[Art. 405.] 


Now V is the sum of the pr^nt values of the different pay- 
ments ; 

V=AR-^ + AB-* + AR~* + to 71 terras 


= A 


1 


R-\ 


Note. This result may also be obtained by dividing the value of 
Mf given in Art. 407, by K”. [Art. 404.] 

Cor. If we make n in^nite we obtain for the present value 
of a ]X'q)etuat annuity 


409. If 771.4 in the present value of an annuity A, the annuity 
is siiid to be worth m years’ purchase, 

A 

In . the case of a jicrpetual annuity 77?.4 =— ; hence 

1 m 

m - - ; 

r rate per cent. 

that Is, the numbt^r of years’ jmrchase of a perpetual annuity is 
obtaimxl by dividing 100 by the rate per cent. 

A good test of the crc?dit of a Government is furnished by 
the ninnls'r of years’ purchase of its Stocks ; thus the 2 y p.e. 
C'<maoLs at 92.J are worth 37 years’ purchase; Russian 4 p.c. 
St(K‘k at DO is worth 24 years’ purchase ; while Austrian 5 p.c. 
.Stock at 80 is only worth 16 years’ purchase. 

410. A freehold estate is an estate which yields a perpetual 
annuity called the rent ; and thus the value of the estate is equal 
to the present value of a perpetual annuity equal to the rent. 

It follows from Art. 409 that if we know the number of years’ 
purchase that a tenant pays in order to buy hia farm, we obtain 
the mte per cent, at which interest is reckoned by dividing 100 
by the number of j^rs’ purchase. 
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EXAMPLES YT.nr 

[The Exatnpfts marictd * may U solved directly by 
use of tlic Tatjles.] 

1 . If in the year 160) a sum of i'lOOO had been left to accumu* 
late for 300 years, find its amount in the year 1900, reckoning 
t.'ompound interest at 4 per cent. fXT annum. GiTcn 

log 101 -2 0170333 and log 1288^-5-440099. 

•2. Find in how many years a sum of money will amount to 
one hundred times its value at Sj i)er cent, per annum c(>rnp<uind 
interest. Cliven log 1055 -3 023. 

3. Find the present value of £6000 due in 20 years, allowing 
compoiuid interest at S per cent, {kt annum, Giren 

Iog2 = -30I03, log3--47:i2, and log 12875-4-10975. 

4 . Find at what rate jier cent, jxr annum £1200 will amount 
to £20000 in 15 years at compound interest, Oiren 

log2--30I03, log3-'47712, and log 12063 -408145. 

5. Find the amount of an annuity of £100 in 15 years, allowing 
compound interest at 4 per cent, per annum. Oiren 

log 1 04 = 01 70.3, a nd log 1 80075 - 5-25545. 

6. A freehold estate worth £280 a year is sold for £7»X)0 ; find 
the rate of interest. 

*7. If a perpetual anmuty is worth 40 yeans' pun-haae, find what 
an annuity of £300 will amount to in 10 years at the same rate of 
interest. Given Jog 10-25 = 1-01072, and log 1280 -3-1072. 

8. Find the present value of an annuity of £900 to continue for 
20 years at 4 J per cent, conifwund interest. Given 

log 1-045 =“01912, and log41 158 =4-6176. 

*9. A man horrows £20000 at .5 per cent, compound interest. If 
the principal and intereat are to be paid by 20 equal annual instal- 
ments, find the amount of each of those ; having given 
log 105 =2-0212, and log 3767 = 3-576. 

* 10 . A man haa a capital of £100000, for which ho roc-eives 
interest at 3} per cwit. ; if he spends £7000 a year, find in what 
time he will be mined. Given 

log2 = -301, log3 -*477, and log23 = l 362. 



CHAPTER XLIV 

Graphical Representation op Functions 

[A considerable portion of this chapkr inay be taken at an early 
stage. For example, Arts. -11 1-4 16 rnay be read as soon as 
Vie student has had su^xient practice m substitutions in- 
t'olving negaiin qmniitUs. Arts. 417-424 may be. read in 
eotmeclion with Easy SimuUaneous Eymtions. Vit 

exception of a few articles Vts rest of the chapter shoidd be 
postponed until the student is acquainted tvith quadratic 
equations.] 

411. Definition. Any expression which involves a variable 
quantity x, and whose value is dependent on that of x, is called 

a function of x. 

Thus Ik + 8, 2x* + 6x - 7, x* -Sx* + - 9 are functions of x of 

the tiret, stu'ond, and fourth degree respectively. [Art. 24.] 

412. The symbol f{x) is often use<l to briefly denote a 
function of x. If y~f{x), by substituting a succeesion of 
nutnerical valuea for x we can obtain a corresponding succession 
of values for y which stands for the value of the function. 
Hence in this connection it is sometimes convenient to call z 
tlte independent variable, and y the dependent variable. 

413. Gonsidcr the function x(9-x-), and let its value be 
reproeented by y. 


Then, when 

X:=0, 

y=0 X 9= 0, 


X-1, 

y = l x8= 8, 


x=2, 

y=:2x5 = 10. 

p, 

x=3, 

y=3x0= 0, 


x=4, 

y=4x(-7)=~28. 


ai)d so on. 
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By proceeding in this way we can find m many values of the 
function as we please. But we are often not so much concerned 
with the actual values which a function assumes for different 
values of the variable as with the uny in which the value of the 
function changes. These variations can be very conveniently 
represented by a gi^hical method which we shall now explain. 

414. Two straight lines XOX', YOY' arc token intersecting 
at right angles in 0, thus dividing the plane of the paper into 
four spaces A'OT, yOA'\ V'OA', which are known as the 

first, a?cond, third, and fourth quadrants respectively. 





Fig. I. 

The lines XVX, YOY' arc u.sually drawn horizontally and 
vertically ; they arc taken as lines of n*ferenoc and are known 
as the axis of i and y respectively. The pint 0 is called the 
origin. Values of / are measured Trom 0 along the axis of x, 
according to some convenient scale of measurement, and are 
called alncisssB, positin values lx*ing drawn to the right of 0 
along OX^ and negative values to the left of 0 along 0X\ 

Values of y are drawm (on the same scale) parallel to the axis 
of y, from the ends of the torresf)onding abscissa*, and am 
called ordinates. These are positive when drawn above X'X^ 
negative when drawm below X'X. 

415. The abscissa and ordinate of a pint taken together 
arc known as its coordinates. A pint whoso cooitlinate^ are 
z and y is briefly spken of as “ the pint (z, y) 

The coordinates of a point completely determine its position 
in the plane. Thus if we wish to mark the pint (2, 3), 
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PLOTTING A POINT 
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take r=2 unite meaeured to the right of 0, unite raeaeured 
perpendicular to the aj-axis and above it. The resulting point 
P is in the first quadrant. The point { - 3, 2) is found by taking 
a: = 3 units to the left of <?, and i/ = 2 units above the z-axis. The 
resulting point ^ is in the second quadrant. Similarly the 
jjoints ( - 3, -4), (5, -5) are repn^sented by R and S in Fig. 1, 
in the third and fourth quadrants respectively. 

This process of marking the position of a point in referen^ 
to the coordinate axes is knoHTi as plotting the point. 

416. In practice it is convenient to use squared paper ; 
that is, paper ruled into small squares by two sets of equi- 
distant parallel straight lines, the one set being horizontal and 
the other vortical. After sci^cting two of the intersecting lines 
as axes (and slightly thickening them to aid the eye) one or 
more of the divisions may b(^ chosen as our unit, and points 
may be rt-adily jdottod when their coordinates are known, 
(.lonversely, if the losition of a jxnnt in any of the quadrants is 
inarkwl, its eoonlinatcs can bo measurwl by the divisions on 
the jKqKT. 

In the following ptiges we have used paper ruled to tenths of 
an ineli, but a larger scale will sometimes bi‘ more convenient. 
tScT Art. 436. 


Krample, Plot the jx.ints (5, 2), ( -3, 2}, ( -3, -4), (5, -4) on 
squanxl paiier. Find the area of the figure determined by these 
jK)int>^, as-s liming the division.^ on the pa|)er to be tenths of an inch. 


Taking the points in the 
order given, it is easily 
Hcen that they are reprt*- 
senUxl hy I\ Q, ii, ‘V in 
Fig. 2, and that they form 
a rectangle which contains 
48 squarw. F.ach of these 
is one-hundredlh part of a 
sqitarc inch. Thus the area 
of the rectangle is -48 of a 
square inch. 
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E XA MP LE S XLIY. & 

[The following emmples are iulended to be done mainlt/ bg adual 
measurefnent on squared paper ; iM«'e possible, they should 
also be verified by cn/cuifliion.] 

Piot the following pairs of points and draw the lino whh-h joins 
them : 

1 . (3,0), (0,6). 2 . ( -2,0), (0, -H). 

3 . (3, -8), (-2,6). 4. (5,5), (-2. -2)- 

5. (-2,6), (1, -3). 6. (4,5), (-1,5). 

7. Plot the points (3, 3), ( -3, 3), ( -3, -3), (3, -3), and find 
the number of squares contained by the figure dotenninwi by thosa 
points. 

8. plot the points (4, 0), (0, 4), ( -4, 0), (0, -4), and find the 
number of units of area in the n.'sulting figure. 

9. Plot the points (0, 0), (0, 10), (5, 5), and find the number of 
unita of area in the triangle, 

10. Show that the triangle whose vertices are (0, 0), (0, 6), (4, 3) 
contains 12 units of area. Shew also that the points (0, 0), (0, 6). 
(4, 8} determine a triangle of the same area. 

11. Plot the points (5,6), ( -5,6), (5, -6), ( -5. -6). If one 
millimetre is taken os unit, find the area of the figure in square 
centimetres. 

12 . Plot the points (1, 3), ( -3, -9), and shew that they lie on a 
line passing through the origin. Name the coordinates of other 
points on lino. 

13 . Plot the eight points (0, 5), (3,4), (5,0), (4, -3), ( -5,0), 
|0, -5), ( - 4 , 3), ( -4, -3), and shew that they are all equidistant 
from the origin. 

14. Plot the two following sericH of points : 

(i) (5,0), (5,2), (5,5), (5, -1), (5, -4); 

(ii) (-4,8), (-1.8), (0,8), (3.8), (6.8). 

Shew that they Ho on two lines respectively parallel to the axis of y, 
and Uie axis of x. Find the c<K)rdinates of the point in which they 
mteraeet. 
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15 . Plot the points (13, 0),{0, - 13), (12, 5), ( - 12, 5), ( - 13, 0), 
( -5, -12), (5, - 12), Find their locus, (i) by measurement, (ii) by 
calculation. 

16. Plot the points (2, 2), ( -3, -3), (4, 4), ( -5, -5), shewing 
that they all lie on a certain Lne through the origin. Conversely, 
shew that for tvery point on this line the abscissa and ordinate arc 
equal. 


Graph of a Punction 

417 . Let j[x) represent a function of x, and let its value be 
denoted by y. If we give to a: a scuies of numerical values we 
get a com^sponding sc'ries of values for y. If these are set off 
as iibscks;e and ordinates respectively, we plot a succession of 
l>oints. If all such [Knuts weft' plotted we should arrive at a 
line, straight or curved, which is knowm as the graph of the 

/(j-), or the graph of the equaiion y—f{x). The varia- 
tii>n of the function for different values of the variable x is 
exhibited I hy the variation of the ordinates as we pass from 
|K>int to jx)int. 

In praetit'o a few points carefully plotted will usually enable 
UH to draw the graph with sutticient accuracy. 

418 . The student who has worked intelligently through the 
preceding examples will have acquired for himself some useful 
pH'liminary notions which w ill be of service in the examples on 
simple gwplis which we arc about to give. In particular. 
l)efore pnKtHxiing further he should satisfy himself with regard 
to the following statements : 

(i) Tlie coonlinates of the origin are (0, 0). 

(ii) The abscissa of every point on the axis of y is 0. 

(iii) The ordinate of evejy point on the axis of x is 0, 

(iv) The graph of all joints which have the same abscissa is 

a line parallel to the axis of y. (e.y. x-2.) 

(v) The graph of all points which have the same ordinate is 

a line imrallel to the axis of *. (e.g. y =5.) 

(vi) The distance of any point P(a;, y) from the origin is 

given by OP^ -x*+ y*. 

o 
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Exathfi^ 1 . Plot the graph of y =a:. 

When x^O, y=:0 ; thus the origin is one point on the graph. 

Also, when x- 1, 2, 3, ... - 1, -2, -3,..., 
j/^1. 2,3, -2. -3,.... 

Thus the grapii pe-^si^-i through 0, and rt^presenU a series of points 
each of whhdi has iLs ordinate equal to its abscissa, and is clearly 
represcntwi by POP' in Fig. 3. 


Example 2. Plot the granli of y -x r 3. 
Arrange tlie T»>lues of x and y as ftUoMr.s : 




By joining these points wo 
ol)tain a line MS parallel to 
that in K\aniple 1. 

The results printed in 
larger and dwqsT tyjx' 
should be sjxvially noted 
and compared with the 
graph. They Uiew that the 
distances O.V, OM (usually 
called the itilcrrepU on the 
QXfcj) are obtained by seiMir* 
ately patting x-- D, y -0 in 
the equation of the graph. 


Kote. By ohaorring that in Example 2 each ordinate is 3 units 
greater than the corresponding onlinale in Example I, tho graph 
of y + 3 may be ot>taine<l from that of y ~x by simply producing 
ea^ ordinate 3 units in the positive dirertiim. 

In like manner the equations 

y --x+5, 

reproaent two parallel imoa on oppcttite aidea of y-x and equL 
distimt from it, as the student may easily verify for himself. 
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Example 3. Plot the graphs represented by the following equa- 

^ 

(j)5r=2a:; (ii) 1 / ^ 2a! + 4 ; {iii)y=2a:-6. 



Here wo only give the diagram which the student should \criiy 
in detail for himself, following the method explained in the two 
preeodinp examples. 

examples XUV. b 

[In Uic following cxnmphs Nos, 1-18 art arxuig^'d in groups of 
tki'te ‘ each group should be npreseni^d oh the w-fiw diagroHi 
as to eihibii cUurly the ixmtiou of the three graphs reh- 
tmly to each other.] 

riot the graplis rx‘presentc<i by the following o(|iiatii>us : 

1. y -r^x. 2. y-r,x~4. 3. 

4. y 5. 6. y=-3a:^2. 

7. y vz^O. 8. y-i-jr-8. 9. y + 4-j. 

10. 4:r-^3y. IL 3y^4a; + 6. 12. 4y + 3a:^8. 

13. 7 - 5 . 0 . 14. y-8-0. 15. 5y-67. 

16. 3744y--10. 17. 474y.=a 18. fw!-2y^a 

19. Shew by careful drawing that the three last graphs have a 
common point whoac coordinates are 2, 1. 

20. Shew by careful drawing that the eqiuations 

X f y-10, y~x-A 

r^resent two straight lines at right angles. 
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21. Draw on the same axes the graphs ar = 0, y - 3, y ~ 11. 

Fintl the number of units of area encloseti bv these Unee. 

22. Taking one*tenth of an inch as the unit of length, fintl the 
artm included between the graphs of x 7, ar = - 3, y - - 2, y = 8. 

23. Find the area inohided by the graphs of 

y = j + y=x-0,' y~ -x-vfi. y--x-6, 

24. With one millimetre aa linear unit, find in square centimetres 
the area of the figure eneloscHl hy the graphs of 

y=2x + 8, y=2j:-8, y=-2x + 8, y=-2x-8. 

419 - The student should now be prepared for the following 
statements : 

(i) For all numerical values of a the equation y- ax n?- 

presenls a struiglit line through the origin. 

(ii) For all numerical values of a and 6 the equation y ~ax 4 b 

n'preaentfl a line parallel to y-ax^ and cutting off an 
intercept b from the axis of y. 

420 . Conversely, since every' equation involving x and y 
only in the first degree can be reduced to one of the forms 
y~ax, y~ax^b, it follows that every simple eqwUion amncciing 
tu'o vnriabks representi a straight line. For this reason an 
exprefsion of the form nx +6 is said to be a linear function of x, 
and an equation such as y-ax -6, oraj:4-6y + c=0, is said to Ik* 
a linear equation. 

Kmmple. Shew that the points (3, -4). (9,4), (13,8) lie on a 
straight line, and find its equation. 

Assume y - ax as the equation of the line. If it passes through 
the first two points given, their ( wjrdinates must satisfy the al)ovp 
equation. Hence 

-4 3a ^ 4 

4 

These equations give “g’ ^ ■' " 

4 

Hence ^ ~ 4x - 3y - 24, 

is the equation of the line passing through the first two points. 
Since x ~ 1 2, y = 8 satisfies this equation, the lino also passes through 
(12,8), This example may be verified graphically by plotting the 
line which joins any tuv of the points and stowing that it passes 
through the third. 
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Application to Simultaneous Equations 

m. It was shewn in Art. 100 that in the caae of a simple 
equation between x and it is jxjgsible to find as many pairs of 
values of x and y as we please which satisfy the given equation. 
We now see that this is equivalent to saying that we may find 
as many [wints as we please on any given straight line. If, 
however, we have two simultaneous equations between x and y, 
there can only bo one pair of values which will satisfy both 
equations. This is equivalent to saying that two straight hnes 
can have only one common point. 

Example. Solve graphically the equations: 

Zx T 7y -27, ar +2y = 16. 



If carefully plotted it will Iw found that these two equations 
reprciietit the lines in the annexwl diagram. On measuring the 
coordinates (>f the point at which they intersect it will be found that 
X 2, y ^ 2, thus verifying the solution given in Art. 103, Ex. 1. 

422. It will now' Ix^ seen that the process of sohnng two 
simultaneous equations is equivalent to finding the coordinates 
of the point (or points) at which their graphs meet. 

423. Since a straight line can always be drawn by joining 
any two points on it, in solving linear simultaneous equations 
graphically, it is only net'cssary to plot two points on each line. 
The points where the lines meet the axes will usually be the 
in^st convenient to select. 
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424 . Two simultaneous equations lead to no finite solution 
if they art inconsistent with each other. For examjjle, the 
equations 

x + Zy=2, 

are inconai3tent> for the second equation can be written 
z-r3y~2|, which is clearly inconsistent with x + 3f/ = 2. The 
graphs of theee two equations will be found to be two |)ara!lel 
a*raight linos which have no tinite point of intersection. 

Again, two simultaneous equations must bt^ indeix'ndcnt. 
The equations 

4jr 1, liir 12y-4 

are not iiKiependent, for the second can be deduciHl from the 
first by multiplying throughout by 4. Thus any ;xnV of 
which will satisfy one equation will satisfy the other. Graphi* 
caliy these two equations repn'stuit two coincident stnvight lines 
which of coarse Lave an unliniititl numbcT of common jK>iuts. 


EXAMPLES XLIV, c 

.S<L>lve the following equations, in each case verifying the solution 
graphically : 


y-2r X 

2. 

y = 3jr+4. 

3. 

y^4x, 





2i - y ^ 1 8. 


5. 

3x + 2y^l6, 

6. 

8y - ,'xjr - IS, 

4x *3y '^6. 


5x-3y = I4. 


4x-3y. 

ir+y-O, 

8. 

ic-y:^3. 

9. 

2y=lw- + I.’), 



Sx - 5y - 15. 


3y- 4x^12. 


1 0. Prove bv graphical representation that the throe points (3, P), 
(2, 7), ( 4 , -7) lie on a straight line. Where does this line cut the 
axis of yl 

11. Prove that the three points (1, 1), ( -3, 4), (6, -2) lie on a 
straight lina, Find its equation. Oraw the graph of this equation, 
shewing that it passes through the goen points. 

12. Shew that the throe pointa (3, 2), {8, 8), ( -2, -4) lie on a 
stra^ht line. Prove algebraically and graphically that it cuts the 
axis of X at a distance from the otigin. 
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426. We shall now give some graphs of functions of higher 
degree than the first. 

ExampU 1, Plot the graph of 2y-a:*. 

(’orresponding values of z and y may be tabulated as follows : 



3 

2-5 2 

I'O 

1 

0 

-• 

-2|-3 



4-5 

\ 3-125 1 2 

1 125 

•5 

0 : 

i 

2 4-5 1 

; 1 



Hcn‘, in order to obtain a hguro on a sufficiently large scale, it 
will be found convenient to take two divisions on the paper for our 
unit. 



If the above points are plotted and connected by a line drawTi 
frtrhantK wc shall obtain the curve shewn in Fig. 6. Tliis curve 
is paUwI a parabola, 

Tlicrc arc two facts to bo spfx.‘ially noted in tliis example. 

(i) Since from the equation we have it follows that 

for every value of the ordinato we have two values of the abscissa, 
< f/wd in mwjMUidr. and opponte in sign. Hence the graph is sym- 
metrical with respect to tlio axis of y ; so that after plotting with 
care enough points to deterniino the form of the graph in the first 
quadrant, its form in the second quadrant can be inferred without 
actually plotting any points in this quadrant. At the same time, in 
this and similar cases Iviginnere are recommended to plot a few 
point-s in each quadrant through which the graph passes. 
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(ii) We observe that all the plotted points lie above the axis of j:. 
This is evident from the equation ; for sinre i* must In* i)ositiv(- for 

all values of x, everj' ordinate obtained from the 
must be {)ositive. 

In like manner the student may sliew that the gra])h of 2y- - x- 
is a curve similar in every R"sj)ect to that in Fig. ti, but lying cntin'Iy 
below the axis of r. 

Note. Some further remarks on the graph of this and the ne\t 
example will be found in Art. 431. 

Example 2. Fiml the graph of y 


Hert' the following arrarereinent will be found convenient : 



From the form of the e<| nation it is evident that every positive 
value of X will yield a jvositive value of y, anrl that as x increaw's v 
also increases. Hence the portion of the curv’e in the first quadrant 
lies as in Fig, 7» and can he extended indefinitely in this quadrant. 
In the present case only two or three positive values of x and y need 
be plotted, but more attention must be paid to the results arising 
out of negative values of x. 
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When y-0, we have — + 2x = 0 ; thus the two values of x in the 

graph which corresjwnd to y:=0 furnish the roots of the equation 

-+2x=0. 

4 

426. If f{x) rcpresente a function of z, an approximate 
solution of the equation f{z)~0 may be obtained by plotting 
the graph of y-f{x), and then measuring the intercepts made 
on the axis of x. These intercepts are values of x which malfc 
ij equal to wro, and are therefore roots of f{x) -0. 

427. If f{x) gradually increases till it reaches a value a, 
which is algebraiwilly greater than neighbouring values on 
either side, a is «iid to be a maxiimim value of/(j:). 

If f{x) gradually decreases till it reaches a value 6, which is 
algebraically less than neighl»uring values on either side, b is 
said to be a minimum value of/(j:). 

When y~-f{x) is tix'ated graphically, it is now erident that 
maximum and miniinuin values of f{x) occur at points where 
the Ordinate'S are algebraically greatest and least in the im- 
nie<liatc vicinity of such points. 

Fzampk. Sfdve the equation 11 ~0 graphically, and fi!id 

the niiiiinuim value of the function x* - Tx - 11, 


Put y -X* 7x -r 11. and find the graph of this equation, 
j X 0 1 I l! ^ II ; 3'5 ‘ ^ I o I 6 I 7 I 

jVi n I 5 i 1 : -1-1-25; -1. I ! 5 I 11 I 


The value.s of x which make the 
function .r* - 7x + 1 1 vanisli are 
th<ise which correspond to 
By canTul measurement it will be 
found that the intoreepts 03/ and 
OS are approximately equal to 
2-38 and 4 02. 

The algebraical solution of 
x»-7x -^11^0 

gives x=:J(7jv-'>)- 

If wc take 2 236 as the approximate 
value of the values of x will 
be found to agree with those ob- 
tained from the graph. 
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Again, x* - 7jf + 1 1 = 0 Now muHt be poaitivo 

far all real valut's of y except ii^ which caeo it Tanwhos, and 

the value of the functiou rdiiu-es to which b the loaet value it 
can have. ^ 

The prapli sliews that when y~3 u, y ~ -1’25, and that this w 
tiio algebraically ktist ordinate in the plotted curve. 

428. 'I’he following example shews that points selected for 
graphiail represt-ntation must sometimes be reetrictod within 
certain limits, 

Ezam^f, Find the jrraph of r* ^ i/* - 38, 

The equation may be u ritten in either of the following forma : 

(i) y^iV36-jr*; (ii) y,^i^/36-y•. 



In order that y may be a real quantity we sec from (i) that 36 - x* 
must be poaitivo. Thus x can only have valuea between - 8 and 4 6. 
Similarly from (ii) it is evident that y must also lie between - 6 and 
tB. bkween these limits it will be found that all plotted points 
will lie at a distance Qfrom the origin. Hence the graph is a circle 
whose centre is 0 and^osc radius b 0. 

This b otherwise cviilent, for the dista nce of any point P(z, y) 
from the origin b given by OF“V'x*4y*. [Art. 418,] Hence tho 
equation x‘4y^=::36 asserts that lito graph consbts of a aeriee of 
points all of which arc at a distance 6 from the origin. 
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Note. To plot the curve from equation (ii), we should eclect a 
Bucoession of value* for y and then find corresponding values of a:. 
In other words we make y the independent and x the dependent 
variable. The student should be prepared to do this in some of the 
examples which follow. 


EXAMPLES XLIV. d 


1. Draw the graphs of y-x^, and x-y^, and shew that they 
have onlv one common chord. Find its equation. 

2. From the graphs, and also by calculation, shew that y = ^ 
cuts X ~ - IT in only two p<jmts, and iind their coordinates. ° 

3. Draw the graphs of 

{i)y*^-4r; (ii) ^ 2r-^; (iii) 


4. Draw tlie graph of y~x-. Shew also that it may be 
dwluced from that of y j**, obtained in Example J . 

5. Shew (i) graphically, (ii) algehraieally, tliat the line ir-2£ - 3 
niCH ts the curve y - — ~z - 2 in one jX)int only. Find its coordinates. 


6. Find graphically the roots of the following equations to 2 
places of decimals ; 

(i) -+af--2=0; (ii) (ui) 

4 

and verify the .solutions algebraically. 

7. Find the minimum value of jr*-2x-4, and the maximum 
value of d ‘ 4^ - 2 j:*. 

8. Draw the g-wph of y = (j: -!)(-'■ - 2) and find the minimum 
value of (/ - \)(x~ 2). Measure, as accurately as you can, the values 
of X for which - 1) (a- - 2) is equal to 5 and 9 respectively. Verify 
algebraienllv. 

9. Solve the simulUncous equations 

jS+y’^lOO, a: + y = U; 

and verify the solution by jilotting the graphs of the equations and 
measuring the coordinat<» of their common points. 

10, Plot the graphs of a;*+y*- 25, 3x+4y = 25, and examine 
their relation to each other whore they intersect, ^'erify the result 
algebraically. 
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429. Infinite and zero values. Consider the fraction 

X 

in which the numcnitor n has a certom valiie, and the 
denominator is a quantity subject to change ; then it is clear that 
the smaller x becomes the larger does the value of the fraction 

- become. For instance 

X 

^ .1 = UV, -^ = 1000a, -_^ = 1000000a. 

10 1000 UlOOOOO 


By making the denominator x sufficiently small tlie value of 

the fraction - can be made as large as we please ; that is, if x is 

made less than any quantity that can be named, the value of 
will become greater Utan any quantity that can be named. ^ 

A quantity leas than any assignable quantity is called zero 
and is denoted by the svTuboI 0. 

A quantity greater than any assignable quantity is called 
infinity and is denoted by the symbol x . 

\N'e may now say brietly 


ivhen X the mine 


of ~ is 


X . 


Again, if x is a quantity which gmdually increases and finally 
becomes greater than any emignable quenitily the fraction becomf'S 
smaller than any assigtiable quantity. ()r more brielly, 


when x=^ x , the value of is 0. 


430. It should be obsc‘n*ed tliat when the 8yml)ols for zero 
and infinity are used in the sense above explained, they an; 
subject to the rules of signs which affect other algebraical 
symbols. Thus we shall find it convenient to use a t“onci8o 
statement such as " w hen x='f0,y = Tx”to indicate that when 
a very small and jyymtive value is given to x, the corresponding 
value of y is very large and positive. 

431. If we now return to the examples worked out in Art. 

425, in Example 1, we see that when x=±x,y=:+x ; henc(^ 
the cur\e extends upwards to infinity in both the first and 
second quadrants. In Example 2, when y=:4-x. 

Again y is negative between the values 0 and - 8 of z. For iJl 
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negative values of x numerically greater than 8, y is positive, 
and when x~ - ao ,y~ + . Hence the cun'C extends to infinity 

in both the first and second quadrants. 

The student should now examine the nature of the graphs in 
E-xainples xliv. d, when z and y are infinite. 

Kxa m pk . Y ind the gra ph of xy ~ 4 , 

The ecjuation ina}’ be written in the form 
4 

y--- 

from whh'h it a])[)ears that when x -- 0, y - x , and w^hen j - x , y =0. 
Also y is jxisitive when r is ]K>sitive, and n^ative w hen x is negative. 
Hence the graph must lie entirely in the first and third quadrants. 

It will Ik' convenient in thi.s ease to take the positive and negative 
values of the variables sejmratelv, 

{!) Pmiilcr values : 


r : 0 i I i 2 ; 3 

4 

5 6 ... X 

y 1 cc 1 4 ^ 2 j ! 

^ 1 

i i 

: -8 i i 1 ... i 0 

i ; ^ i 1 



Graphic-ally these values shew that as we recede further and 
further from the origin on the j-axia in the positive direction, the 
▼i^uos of y are positive and become smaller and smaller. That is, 
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tho graph is continually approai^hing the x-axia in (rucli a way tliat 
by Ukiwg a suflSciontly groat pt^sitiyo value of x we obtain a point 
on tho graph as near svs wo pkuAo to tlie jr-axU but never actiialiy 
reaching it until x - x . ijirniUrly, as x U'ootuiv^ smaller and snmller 
the graph appmachi's nioi-e and more nearly to tlio jKisitivc rm! of 
tho y-axis^ tiovcr actually nadiing it as long as r has any finite 
jKwitivo value, however small. 

( 2 ) yfgaiivf valiux : 


.t 

.Oj-l;-:! 1 -3 

-dl-o! ... ;-x 

y 

U x; -4 - u . 

-1 ■-•Hi ... i-o 


Tlie portion of the obtiin*' 1 from tliese values is in the third 
quadrant as shewn in Kig. Id, and ixactly similar tf) the portion 
already trac<Hl in the (irst quadnint. It should be noticed that as 
X pa<wc3 from + 0 to - D the v.aluu V>f y cftangtM fnun r * to ^ . 

Thus the graph, which in the first <juadrant has run away to an 
inKnite distanec on the {xwilivc side of lh»* y ails, reappi'iirs in tho 
third quadrant coming from an inliiiite distiimA^ on the iK'gatjve side 
of that axis. Similar nmiarks a 5 )plv to the graph in its relation to 
the jr a.vis. 

432. When a cun'e continually appro;iche.H nion* and mure 
nearly to a line without actually meeting it until an infiniu* 
distance is reached, sueli a line is said to lx* an asymptote to 
the eurvT. In the above case each of the axes is an asymptote. 

433. K very equation of the form y ■ , <jr Xfj — c, when.' c is 

constant, will give a grapli similar to tliat exhibit^'d In tlie 
example of Art. 431. 'fhe rt'sulting cune is known a.s a 
rectangular hyperbola, and has many Inb'reHting proiierties. 
In particular wc may mention that from the form of the equa- 
tion it is evident that for every {Kiint (r, y) on the curve there 
is a corresponding point ( -x, -y) which satisfii's flic efjuation. 
Graphically this amounts to saying that any line threiigh tlie 
origin meeting the two branches of the cunm in P and P' in 
bisected at 0. 

434. In the fiimpIcT cases of graphs, sufficient accuracy can 
usually be obtained by plotting a few fioints, and there is little 
difficulty in selecting points with suitable coordinates. But in 
other cases, and especially when the graph has infinite branches, 
more care k need^. The most important thinj^ to obaen’e 
arc (1) the values for which the funkion f{z) becomes xero^or 
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infinite ; and (2) the values which the function assumes for 
zero and infinite values of x. In other words, we determine 
the general character of the curve in the neighbourhood of the 
origin, the axes, and intinity. Greater accuracy of detail can 
then be secured by plotting points at discretiwi. The selection 
of such points will usually be suggested by the earlier stages of 
our work. 

I'he existence of symmetry about either of the axes should 
also be noted. When an equation contains no odd powers of V, 
tlic graph is symmetrical with regard to the axis of y. Similarly 
the ab^nce of odd powers of y indicates symmetry about the 
a\is of z. Compare Art. 425, Ex. 1. 

2a: +7 

Example. Draw the graph of y ^ P®g^-] 


ZX +i X 

Ue have latter form being convenient for 

infinite values of a:. ^ 

fi) When y = 0, 

„ y^x, J 

■. the curve rute the axis of x at a distance 5 from the origin, 
and iTKH^ts tlic line x-4 at an infinite distaiK'e. 

If z Ls pn«itivo and very little greater than 4, y is very great and 
j>i>iitivc. If X is pudtivo and very little less than 4, y is very grf-at 
find negative. Thus the infinite points on the graph near to the line 
x-4 have positive ordinates to the right, and negative ordinates to 
the left of this line. 

(ii) Ulien x-0, y- -1*75,1 

„ x^x, y:^2 : f 

the curve cuta tlie axis of y at a distance - 1*75 from tin) origin, 
.ind meets the line y~2 at an infinite distance. 

Hy taking pasitivo values of y very little greater and very little 
less than 2, it appears tliat the curve lies above the line y--2 when 
O' - -f X , and below this line when x = - x . 

The general character of the curve is now determined : tlie lines 
P()'P' (X ::^4) and QO'Q' (y -2) are asymptotes ; the two branches of 
the curve lie in the compartments PO'Q, PV'Q\ and the lower 
■ branch cuts the axes at distances - 3-5 and - 1-75 from the origin. 
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To examine the lower branch in detail values of a* may bo selected 
between and -S-n and between -3’5and4. 


I " H- 

-16' 

-8 

-6| - 3 - 5 ] 

-ij 0 j 

2 j 

! 3 

i-l 4 

uR- 

; ! 

I 1 25 

1 

'75 

i ! 

I '5 1 0 

-1 j-l-Tnl 

-5'5' 

1 -13 

1 

!...t - X ; 



The upper branch may now bo dealt with in the same way, 
selecting values of z between 4 and * . The graph will be found Iti 
be as represented in Fig. 11. 

435 . When the equation of a curve contains the square or 
higher power of y, the calculation of the values of y correspond- 
ing to selected values of x will have to be obtained by evolution, 
or else by the aid of logarithms. We give one example to 
iilustnite the way in which a table of four-Hgure Ic^arithq^ 
may be employed in such cases. 



XLIV] USE OF LOGARITHMS 

Eiamylf, Draw the graph of y^~x{9 -x*). 


m 


For the sake of brevity vve shall confine our attention to that part 
of the curve which lies to the right of the axis of y, leaving the other 
half to bo traml in like manner by the student. 

When x^O, y=0 ; therefore the curve passes through the origin. 
.i\gain, y is positive for all values of x iK^tween 0 and 3, and vanishes 
when x=3 ; for values of x greater than 3, y is negative and con- 
tinually increase.^ numerically. 


X 

(i 

1 


3 

4 

5 

6 



0 

■> 

4 

9 

If, 

2,') 

36 


1) - x* 

9 

8 


0 

- 7 

- 16 

- 27 



0 

8 

10 

1 

0 

-28 

! 

-SO 

-162 


log y® 


1 

1 


1-4472 

1903i 

2'2095 





‘3:i33 1 

2 

•4824 

■6344 ' 

■7365 


y 

D 

0 i 

2 I.j i 

1 

1 « 

-3-04 

-4-31 

-5-4o 



These points will be suf- 
fuient to give a rough ap- 
proximation to the curve. 
For greaUT accuracy a few 
intermediate values sueh as 
X l-f), 2 :), 3'r> should 
Ik‘ taken, and the resulting 
curve will Ik> as in Fig. 12, 
in which we have taken 
tuv-knlfut of an inch our 
linrar unit. 



* In taklntt lo«arlthn» of the successive values of y*, the negative sign is 
flisii^rdcd, but care In' taken to Insert Uw proper signs in the last line 
w|lch give* the successive values ot y. 
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Measurement on Different Scales 

438. Tot convenience on the printed page we have sup|xi«-d 
the paper to be ruled to tenths of an inch, generally using one 
of the divisions as our linear unit. In practice, however, it will 
often be advisable to choose a unit much larger tluin this in 
erder to get a satisfactory graph. For the sitke of simplicity 
we have hitherto measured abscissie and ordinates on the s*iine 
.s^ale, but there is no netTssity for so doing, and it will often be 
found ooavenient to measure tlie variables on different scales 
suggested by the particular conditions of the questioi». 

2^ 

As an iiiusiration let us take the graph of given in 

Art. 42.5. If with the &ime unit as befon; wc plot tlte graph 
of y = 1 *, it will be found to be a curve similar to that drawn on 
page 415, but elongated in the direction of the aatis of y. In fact, 
it will be the same as. if the fonner graph were stndciM-fi to 
twice its length in the direction of the y axis, 

437. Any equation of the form y-ux*, where a i.a «*n.stunt, 
will repreaent a parabola elongated more or less acconling to Ihc 
value of a ; and the larger the value of a the mom raj)kiiy w ill 
y increase m com|iarison with x. \Vc might have very large 
ordinates corresjxuiding to veiy* small abeci^wie, and the gnqjli 
might prove quite unsuitable for practical appli«ition«. In 
such a case the inconvenience is obviated by measuring lh<‘ 
values of y on a coniuderably smaller scale than those of /. 

Speaking generally, whenever one variable incivju«>s much 
more rapidly than the other, a small unit should be chosem for 
the rapidly increasing variable and a large one for the otlu'r. 
Further moditications will be suggested in the examples whicli 
follow. 

438. On the opposite page we give for comparison the gra|»hs 

y-x* (Fig. 13), and y-Sx* (Fig. 14). 

In P5g- 13 the unit for x is twice as great os that for y. 

In Fig, 14 the z>unit is ten tim(« the y-unit. 

It win be useful practice for the student to plot other similar 
graphs (m the same or a larger scale. For example, in Fig. 14 
the grs)^ of y=]6ix* and y-2x’ may be drawn and comi)ared 
witii thatofy-Sz*. 
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EXAJUPLES XUV. e 

1. Plot the graph of Show that it ttmsisU of a con- 

tinuous curve lying in the first ami thiril {juail rants, crossing the 
axis of jr at the origin. IKxlueo the graphs of 

(i) y -x^; (ii) 

2. Plot the graph of Verify it from the graphs of 

and y-x*. 

3. Plot the graph of y ~ shewing that it consists of two 

tranches Iving entirely in the first and second quadrants, hxnnune 
and compare the nature and i)<)sition of the graph as it approaches 
the axes. 

4 . Discuss the general character of the graph of y where a 

has some constant integral value. Distinguish Ix-lween two <'A.ses 
in which a has numerical values, equal in magnitude but opjwisile 
in sign. 

5. Plot the graphs of 

I , 10 

(i) + (»0 

\'erify by deducing them from the graphs of y ami y ■ 

6. Plot the graph of y - 3x. Examine the character of the 
curve at the [x>ints (1, - 2), ( - 1, 2), and shew graphically that the 
roots of the equation x^-3x -0 are approximately - 1732, 0, and 
I 732. 

7 . Solve the crjuations : 

3x-f-2y~10, xy - 10, 

and verify the solution by 6nding the coord in all's of the points 
where their graphs interw'ct. 



and thus verify the algebraical solution of the equations x* i xy =: 15, 
y*txy~!0. 
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9. Trace the curve whose equation is shewing that it 

has two branches, one lying in the first and third quadrants, and the 
other entirely in the fourth. Find the equations of its asymptotes. • 


Plot the graphs of 



10. 

1 

y ^ 

11. 

Ux» 


1 - X 


1 -X 

12. 

x*-15 

13. 

(x-l)(x-2) 

^ x-3 

14. 

fX + I 

15. 

x* + 5x+6 


^ X*tI 

16. 


. 17. 

lOy^x® -.'jx* +x -5. 

18. 


^ X^rlO ^ Xto 

21. 

(r 2)(x-3) 

22. 

{x-l)(x-2)(x + l) 

^ X - 0 

4 

23. 

- x^ - r>x - 4. 

24. 

4y*^x*{.5-x). 

25, 

x(3-x)(x-8) 

^ .r^'+o 

26. 

^ if ^5 

27. 

j x^(4n-x*) 

^ .w 

28. 

100 

29. 

.y : x(x>-64). 

30. 

5y®~x*(36-x*). 


31 . Plot the graphs of y "T®, and of y -2^* +a: ~ 2. Hence find 
llic roots of the e(j nation ar^-lr^-xf2-0. 

32. Find graphically the roots of the equation 

j^-4x«-5x+14=0 
to three significant figures. 
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439 . Besides the iiistunoes already given there are several of 
the ortUnary’ proceases of Arithmetic and Algebra which lend 
themselves readily to gniphieal ilhjstration. 

F^r example, the gmph of ;/ j:* may be used to furnish 
numerical square roots. For since x each ordinate and 
corresponding abscissa give a number and its square root. 
Similarly cube roots may be found from the graph of y 

\^ExampU I. Find graplucally the cube root of 10 to 3 platres uf 
decimals. 

The required rtxrt is clearly a little greater than 2. Honoo it vriU 
l>e enough to plot the graph ofy--r* taking .r 21, 2*2, .... The 
corrwpunding ordinates are 9-20, lOTu 

When jr-2, g-S. Take the axw through this point and let the 
units for j: and y be 10 inchw and -o iru li respectively. On this 
.scale the portion of the graph diffeft but littk* fwio a straight line, 
and yields results to a high dt^gree of accuracy. 



Fig, IS. 


When y ~ 10, the mcMurcd value of x will bo found to be 2’LM. 

KrampU 2. Shew graphically that the expreasion 4r* r 4x - 3 is 
negative for all real values of i between *r) and ~ i r», and positive 
for all real values of x outside thew limits. [Fig. Ifl,] 

Puty “4at2 +4x-3,and pro< eedasin the example given in Art. 427, 
taking the unit for j four times as groat as that for y. It will bo 
found that the graph cuts the axis of x at points whoso abseiasa? 
arc '5 and - l-.o ; and that it lies below the axis of x between these 
points, lliat is, the value of y is negative so long as jr Ilea between 
•5 and - 1-5, and positive for all other values of x. 
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Or we n)ay proceed as follows : 

Put yj and -4x + 3, and plot the graphs of these two 
<*cjuation.s. At their points of intertsection and the values 

of X at tlifso jwintfl are fouml ttj be *5 and - 1*5. Hence for these 
values of / wo have 

4x*:^ -*4x + 3, or 4x»+4i-3=0, 

'1 bus the roots of the equation 4jr* +4z - 3 = 0 arc furnished by tlie 
ftbsoissio of the oommon p4iintfl of the graphs of and - ix + 3. , 

Again, between the values -5 and -1-5 for x it will be found 
graphioally that is less than y^, hence y^ -y^, or 4 j::* + 4x- 3 is 
negative. 



Hoth .wolutiuns are here exhibited. 

The upper curve is the graph of y=4x*; is the graph of 
y 4x1-!!; and the lower curve is the graph of y = 4x* + ir - 3, 

440. Of the two methods in the last example the first is the 
more din'ot and instructive ; but the second has this advantage : 

If a number of equations of the form x*=jM:+g have to be 
solved graphically, y-x* can bo plotted once for all on a con- 
venient seale, and can then be readily diawa for 

different values of p and q, 

• Kquations of higher degree may be treated similarly. 
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For example, the solution of such equations as 
x^- px-rq, or X* - fix* - * c 

can be made to depend on the interseetion of with other 
graphs. 

Exarnpk. Find the real roots of the equations 

(i) x3-2'5x-3-0; (ii) x^-3x42 -0. 

'Here we have to find the jwinU of intersin tion of 

(i) y^x*, (ii) y^x^. 

y=2:u-43; 

Plot the graphs of these equations, choosing the unit for x five 
times as grmt as that for y. 



Fig. 17. 


It will be seen that y -2'5x f 3 meets y=jf* only at the point for 
which x-2. Thus 2 is the only root of equation (i), 

Again y = 3x-2 towhx^ y = at the point for which x-l, and 
cuts it where z~ ~2. 

Corresponding to the former i>oint the equation x* - 3x +'2»0 has 
two equal roots, 'fhus the roots of (jj) are 1, 1, - 2, 
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441 , In Art. 421 we have given the graphical solution of 
two linear simultaneous equations. As the principle is the 
same for equations of any degree, the few examples of this kind 
on j)age8 419, 428 have been given without special explanation. 
It may, however, be instructive here to shew the graphical 
solution of some of the equations discussed in Chap. xxvi. 

t'xampU. Solve the following equations graphically : 

(i) ] (ii) = 

j-!/-35r xy = 3.jr 

(Compare Art. :103, Kx. 2.) (Compare Art. 204, Ex. 1.) 



Fig, x8. 


Here xy - 3.^ is rc'presentcd by a rectangular hyperbola [Art. 431 ] ; 
t -y-2 w the lino QS^ and i* +y*=74 is represenU'd by the circle. 
The roots of (i) are the coordinates of Q and S : that is, 
a:™7,y - 5; or -5, -7. 

The roots of (ii) are the coordinates of F, H, and S ; that ia, 
4-3, y^7; x--7,y^5i z=-7,j/=-5; x=-5. y=-7. 
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EXAMPLES XUV. f 

1. Draw the graph of y-j* on a scale twi<‘c as large as that in 
Fig. |;L and employ it to find the squara of -72, 1-7, 3-4 ; and the 
Si^iiaro roots of T 'jt), 0-29, 9 61. 

2. Draw the [rranh of ^ = v J» t-aidng the unit of y fiiTe times as 
§n>at as that for a . 

By means of this curve cheek the values of the square roots found 
in Kxampic I. 

3. From the graph of ij -x^ (on the scale of the diagram of 
Art. 439) find the values of 0 and 9-8 to 4 s^nificant figures, 

4. A boy who was ignonint qf the rule for cube root requm^l 
the value of n 14 71. He plotted the graph of y V, using for x 
the valuea 2-2, 2 3, 2-4, 2 5, and found 2’4r) as the value of tho t tiln*, 
root. Verify thh process in detail. From the same graph find the 
value of \ 13- 8. 

5. Kind graphically the values of x for which the exprcfcwion 

- 2/ - 8 ranislies. Shew that for values of x bc'tween tlmae limiM 

the fexpresaion is negative ami for all other values positive. Find 
tho Icait value of the e.vjjrtcssiun. 

6. From the graph in the preceding example shew that for any 

value of a greater than I the cqualion cannot have 

rc-ai root3. 

7. Shew graphically that the c.xprwBion jr* - 4u: -t 7 is poaitiva 
for all nat values of x. 

8. On the .same axes draw the gfaph.s of 

y-x^, j/^-x + 6, y x-Q, y -x-ffi, y~ - x-6. 

Hence discuss the roots of the four equations : 

x^ x-6 j*-rx-6-=0. x* + x-*6^-0. 

9. If X in real, prove graphically that r>-4x-x* is not greater 
than 9 ; and that 4x* 4x - 3 is not leas than 2. Between what 
values of x is the first expression positive? 

10. Solve the equation x*~3x^4^0jr-8 graphically, and shew 
that tho function x^ - 3x* - fix + 8 ia positive for all values of r 
between - 2 and 1, and negative fitf all values of x between 1 and 4. 

11. Shew grapliically that tho equation x^-fpx-ff ~0 haa only 

one real root when p is po.Hitivc. ^ 
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12. Trace tiie curve whose equation is y=:2*. Find the 
ftjjproxitnate values of 2*'” and 2*'*^ Express 12 as a power of 2 
approximately. 

Prove also that log;, 2fi-9 t logj 38 - 10. 

13. By repeated evolution find the values of 10^, 10*. lO", 10^* 
By multiplifalioii find the values of 10^, 10*^, 10^, 10’*^, 10'^* 
I'sc these values to plot a portion of the curve »/ = 10^ on a large 
scale. Find '‘Orrcet to tliree place.% of dcciinaLs the values of log 3, 
log i’68, log 2-24, log34'3. Also by choosing numerical values far 
(i and 6, verify the laws 

log idt = log a - log 6 ; ^ ~ ^ b. 

[By vMntj jxiper rukd to tenths of an inch, if 10 i». and 1 in. be 
taken as units for x and y respcdii'tiy, a dio^ojwi^ scale will yivt values 
of X correct to three deciincd places ernd loluea of y correct io tico.] 

14. (’alculatc the values of j(9 - a:)* for the values 0, 1, 2. 3, ... 1> 
of J-. Draw the graph of j:{ 0 - x)* from x - 0 to x-9. 

If a very tliin elastic rod. 9 inches in length, fixed at one end, 
swings like a jKmdulura, the expression x(9-x)* measures the 
tendency of the rod to break at a place z inches from the jxiint of 
su»|K'iisioii. From the grapli find wdicre the rod is most likely to 
break. 

15. If a man spends 22s. a year on tea whatever the price of tea 
is, w hat amounts w ill lie receive when the price is 12, 16, 18, 20, 24, 
2S, 33, and 3ii (amte resjwictively? Give your results to the nearest 
ijuarter of a pound. Draw a curve to the scale of 4 lbs, to the inch 
and 10 pence to the inoh, to .shew' the number of poimda that he 
WduUl receive at intermediate prices. 

16. The reciprocal of a number is multiplied by 2-2“) and the 
prtHluct is addc'd to the number. Find graphic lly wliat the number 
must be if the re.su Iting expression has the least possible value. 

17. Shew graphically that the expression 4x3 4 2x-8-7b is 
fio.-iitivo for all real values of x except such as lie betw een 1-2.3 and 

1-75, For what value of x is the expression a miniomm? 

18. Find graphically the ival roots of the equations : 

(i) x^4x- 2-0. (ii) x=-7xt6^0, 

19. Draw the graphs of 

+ y ^y = 12, 2*“y* = 32, 

oti the sAnn‘ axes. Hence find the solutions of the following pairs of 
simulUiMxiuH equations : 

(i) x4-y-9i\ (ii) x^-y»-32r (iii) x*-y=-32V 
xy~12j* x+y-9jl’ xy = 12l* 
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20. Dww the graphs of y-j* and -4 on the same axes, 
and find the roots of the equation jr^ - SU* + 4 = 0. 

Shew that tJie expression 3^ - 3j4 + 4 is negative for values of x 
less than - I, and [Hwitivo for all other values of jr. 

21. From a graphical consideration of the following pairs of 
simultaneous equations : 

. (i) (ii) x+y~ay 

xy-bl" xy-b\" 

explain why (i) has either /our solutions or none, while (ii) has two 
solutions or none. 

22. Draw the graphs ofy-x’and y -j:* - ;lx ~ 3 on the sainr axc'». 
Hence find the roots of the equation x^-jr*-3x + 3 U to three 

plates of decimals, and discuss the sign of the expressi^ju 
r* - - 3jr + 3 for different values of jt. 


Practical Applications 

442 . In all the cases hitherto considered the equation of the 
cune has been given, and its graph has been drawn by tirst 
selecting values of x and y which satisfy the etjuation, and then 
drawing a line so as to ])as8 through the plotted points. We 
thus detemiine accurately the position of as many points a.s we 
please, and the proct'ss employed assures us that they all lie on 
the graph we are seeking. We could obtain the same n^sult 
without knowing the equation of the curve provided that we 
were funiisht'rl with a sufficient numlxT of convsjxjnding vaiuf s 
of the variables arrurately rMlculakd. 

Sometimes from the nature of the case the form of the equa- 
tion which connects two variables is known. For c.xiu«ple, if 
a quantity y is directly proportional to another quantity x it 
H, evident that we may put y -ax, where a is some constant 
quantity. Hence in all cases of dinxt proportionality betwtH u 
two quantities the graph which exhibits their variations is a 
straight line through the origin. Also since tw*o points ani 
sufficient to determine a straight line, it follows that in the 
cases under coasideration we only require to know the jxwition 
of one point besides the origin, and this will be fumish(‘d by 
any pair of simultaneous values of the variables. 

Exampk 1, Given that 5-5 kilograms are roughly equal to 12-I2r> 
pounds, shew graphically how to express any number of pounds in 
kilograms. Express 7 1 lbs. in kilograms, and 4^ kilograms in poun^^. 
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Here measuring pounds horizontally and kilograms vertically, the 
reijiiired graph is obtained at once by joining the origin to the 
point whose coordinates are 12-125 and 5*5. 


5 10 12-125 

Fig, 19 . 

By measurement it will bo found that 7^ lbs. = 3-4 kilt^rama, and 
4^ kilograms -^9-37 lbs. ■ 

Krtimpk 2. The e.xjK^nses of a school are partly constant and 
partly proportional to the number of Ixjys. The e.\pense.s were 
ib-Vi for 105 Ixjya, and £742 for I2S. iJraw a graph to re^irescnt 
the cx[H'n.s<‘s for any number of boys ; find the expenses for 115 boys, 
and the numl)cr of Iwys that can la? maintainc<l at a co.st of £710, 

If exiH’nses for j Iwys arc represented by iy, it is evident 
that X and y satisfy a linear equation y^-ax-rb, where a and b arc 
( onstants. Hence Ihe graph is a straight line. 


As the numbers are large, it will be convenient if we begin 
measuring onlinates at 600. and abseiss® at 100. This enables us 
tr» bring the requisite portion of the graph into a smaller compass, 
'I he points P and ^ are determined by the data of the question, and 
the line PQ is the graph required. 

Ry mea-surement we find that when x=115, y-690; and that 
when y-710, z--l‘20. Thus the required answ'ers are £690, and 
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443 . Sometimes oorresponding values of two variables are 
obtained by observation or experiment. In such eaw'S the daU 
oannot be regarded as free from error; the position of the 
plotted points cannot be absolutely relied on ; and we Ciumoi 
c'oirect irregularities in tiie graph by plotting other points selected 
at discretion. AH we can do is to draw a cun^e to lie as evenly 
as possible among the plotted |K)ints, passing through .some 
jvrhajw. and with the rest fairly clistribut<‘d on eitijer side of 
jhe curv'C. As an aid to drawing an even continuous curve a 
thin piece of wood or other flexible material may 1 k‘ bent into 
the requisite ciir\ e, and held in })osili(>n while tin* line ia drawn.* 
When the plotted jioints lie approx imaUdy on a straight Hm*. 
the simplest pirn is to use a pieix* of tracing jWjKT or O'lluJoid 
on which a straight line ha.H lxx*n drawn. When this li:\.s Ikhii 
placed in the right jwsition the extremities caii lx* marki'd (Ui 
the squared i>a|HT. and by joining the.se ])ointH the approximate 
graph is obtoined. 

Example I. The following table gives statistirs of the population 
of a certain countri', where P is the numlx-r of niillioiis at the 
beginning of each of the years .q’ici ili<‘(l. 

I Year ! ISHO j 18^> ^ lS-10 ' IS,'»0 i iWiO ^ IStM [ 1870 1H80 ; 

^ P 20 22 1 ' 23 0 20 0 31-2 3S 2 * -110 -lO d | 

Ijct t be the time in years fnaii lS3t). Plot tlie values of P 

vertically arul tho.se of t horizontally .^nd exhilat th(* relation l^etween 

and f by a simple curx'C pawng lairly cveiilv among the pIolKnl 
points. Find what the populatioii vi.es at Urn ixtginiiing of the 
years LSiS and 1875. 

The graph w given in Fig. 21 on the opposite page. The popul.i- 
tioas in IH4S and 1875. at the points A and B rrs|>cetivcly, will be 
found to be 27*8 milliou-s and 45-3 millions. 


KiampU 2, (.’orrc.sponding values of x anil // are given in the 
following table : 


i ^ 

1 

4 1 6'8 

® 1 

Of) 


144 

i ^ I 

4 

8 1 12-2 

\A3 

153 

20 

24'8 


Supposing these values to involve crrorB of observation, draw t-ho 


aph approxima 
dween x and y. 


and rlotermine tbo ruo.st {Mrolublo equation 
0 Fig. 22 on p, 440.] 


• One of " Brooks* Flexible Cunes ” will be found very uscftil. 
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After carefully plotting the given points we see that a straight 
line can be drawn passing through three of them and lying evenly 
among the others. This is the required graph. 
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A.wuming y -tur -r6 for Its equation, we find the values of n and 6 
hv selec ting two jwira of siinultaneous values of x anrl y. 

Thus substituting jr “4, y S, and / - 12, j/ ~ 20 in the equation, we 
obtain (I - 1-0. 6-2. Thus the equation of the graph is y - l-oi’ ^ 2. 


444 , In the last examine as the graph is linear it can lx* 
produced to anv extent within the limits of the and so 

any value of one of the variables being detennim'd, the corre- 
sponding value of the other can k* read off. When large vahu'S 
are in question this method i.s not only inconvenient l)ut unsiife, 
owing to the fact that any divergent from accunuT itj the 
portion of the graph drawn is increased when the cum’ is 
produced kyond the limits of tlio plottwl jxjints. The follow- 
ing e.xaraplc iliustratea the method of procedure in such ca<ses. 

Examj^e. In a certain machine P is the force in jwunds reqtnrcd 
to raise a weight of W |K)und.s. The following corresponding values 
of P ami W were ohtainwl ex ftcrimen tally : 



308 

3-9 1 68 

8-8 

9-2 

« 

11 

13*3 

V 

21 

36 25 1 66 2 

87*5 

103*75 ! 

120 

152 5 


By plotting these values on squared paper draw the graph con- 
necting P and IK, and read off the value of P when IK — 70. Alfxi 
determine a linear law connecting P and IK ; find the force necessary 
to raise a weight of 310 lbs., and also the weight which could be 
raised by a force of 180-6 Ibe, , 
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As the page in too small to exhibit the graphical work on a con- 
venient scale we sliall merely indicate the steps of the solution, 
M'hich is similar in detail to that of the last example. 

Plot the values of P vertically and the values of IP horizontally. 
It will be found that a straight line can be drawn through the points 
corresponding to the results marked with an asterisk, and lying 
evenly among the other points. From this graph we find that when 
ir-70, P:=l. 

Assume P-aW -i h, nrul substitute for P and W from the values 
corrosiKmding to the two ixiints through which the line paascs* 
lly solving the resulting oc^uations mc obtain a = -08, ^ = 14. Tliu.s 
the linear equation connecting P and IF is P- O^IF + 14. 

This is called the Law of the Machine. 

From this equation, when IF -310, F- l’C-2, and when F"I80'6. 
IF 2240. 

Thus a force of 2(5-2 lbs. w ill r^ he a weight of 310 lbs, ; and w hen 
a force of 18<J'6 lbs. is applieci the weight raisc*d i.s 2240 lbs. or 1 ton. 

Note. The c'cjuation of tlie graph is not only useful for determin- 
ing results diftieult to obtain graphically, but it can always be ased 
to check rt^sults f[>und by niea.su rement. 

445 . Tile oxiiinple in the last article is a simple illustration 
of a metliod of procidun* which is common in the laboratory or 
workshop, the object bt-ing to determine the law connecting two 
variables when a irrUiin numlH^r of simultaneous values have 
bet'n determined by exiR^rirnent or observ’ation. 

Though we can alway.s draw' a graph to lie fairly among the 
plottoel |K>int3 correajKinding to the observeel valu(“S, unless the 
graph is a straight line it may bo difficult to line! its equation 
ex«'pt by some indirect method. 

For example, supiKwe x and y are quantities which satisfy an 
iM|uation of the form jry -ax + 6y, and that this law has to be 
disoovereii, 

^y writing the equation in the form 

, L 1 

-+ - = 1, or <Ta+m’ = l ; 

y ^ 

where t’--. it is clear that u, v satisfy the equation of a 

y ^ 

straight line. In other words, if we were to plot the points 
corresponding to the reciprocals of the given values, their linear 
connection would bo at once apparent. Hence the values of 
a and b could be found as in previous examples, and the required 
in the form xy-ax + by could be determined. 

X.A. f 
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Again, suppose x and y satisfy aa equation of the form x"y = c, 
irbere « and c <are constants. 

By taking Ic^ritbms, we ha've 

n log I -I- log log c. 

The form of tUi:^ equation shews that log z and log y satisfy 
the equation to a straight line. If, therefore, the values (rf log z 
and logy are plotted, a linear gmph oan be drawn, and the 
coostauU H and c can bt‘ found as before. 


Kxampif. The weight, y grammes, lU'ccHsar)' to produce a given 
(leriection in the middle of a beam supported at two poi!its, r renti- 
nietres apart, is detemiinwl experimeotally for a number of values 
of X with H'sults given in the following table : 


X 

50 

(>0 

■ 70 

80 

: fto ! KM) 

9 , 

270 

m 

1<J0 , 

00 

5 47 ' 32 


Assuming that x and y an- by llic ctiuation j”y r, 

find n and r. 

From pages 378, 37H we obtain the annexed 
▼ahios of log I and log y corres|K)nding to the 
obscTTod values of j and y. Hy plotting these 
we obUtn the graph given in Fig. 23, and its 
equation is of the form 

« log X log y log (. 


logj- 1 

i‘^ y 

I Gftft ! 

2 431 

1-778 1 

2-176 

1-845 1 

20(10 

1903 

1-778 

1 964 

1-672 

2-000 

1-510 


To obtain n and r, choose turo cxirrnic poirU* through which ihe Um 
p(mcs. It will bo found that when 

log X I'6-12, hig y ^2-6, 
and when log x - 2i , log y I -2 1 . 

Sabstitoting these vahno, we have 

2fl^ n> l ft42 U>g r (i), 

1-21 ft >21 

/. 1-39 -0-4.>S» 0; 

whence » 304. 


from (ii) log c 6'.'iS fl‘21 

.w'59; 

c -,3ft X 10*, from the tables. 

Thus the required equation is ^ 3ft x 10*. 

The student should work through this example in detail on a 
k^er scale. The adjoining figure was drawn on paper ruled to 
tenths of an inch and then reduced to half the original scale. 
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EXAMPLES YT.TV g 

1. Given that 6-01 yards-o u metros, draw the shewing 
the ei'iiiivalent of any number of yanU when ex|)rt‘ss<xl in metres. 

Shew that 22-2 yards -20-3 inelnxs approximately. 

2. Draw a graph shewing the relation between equal weights in 
grains and grams, having given that IS-1 grains - 147 grams. 

Express (i) 3 .5 grams in grains. 

[ii) 3 09 grains as a decimal of a gram. 

3. If 3-26 inches are ctjuivalcnt to 8-2S centimetres, shew how 
to determine graphically the numlxT of inche.s corresponding to 
a given nuinUT of centimetres. Obtain the numlxT t)f inches in 
a metre, and the number of ccntiinetrcs in a yard. What is tlie 
(Xiuation of the graph 1 

4 . The following table gives approximately tlic circumfenmii^ 
of circles corr^ landing to different radii : 


C 1 U-7 i 

20-1 31'4 : 44 1 52-2 

r ! 2'5 i 

3-2 1 5 7 ' 8-3 


Plot the values on squared paper, and from the graph determine 
the diameter of a circle w hose cin umferenit; i.s 121 inches and the 
circumfepence of a circ le whose radius w 2-8 inchtxs. 


5. For a given temperature, C degns’s on a Centigrade arc ccjual 
to F degrees on a Fahrenheit thermometer. The following table 
gives a series of corresponding values of f and C : 


1- 

-10, 

- 5 

0 

5 

10 

15 

2.5 

40 

1 ^ ■ 

*■' 1 

23 I 

32 , 

I 41 

[ 50 1 

59 1 

77 

104 


Draw a graph to ahow the Fahrenheit reading corresponding to 
a given Centigrade temperature, and hnd the E'ahrenhcit readings 
corresponding to 12-5’ C. and 31 C. 

By observing the form of the graph find the algehraical relation 
between F and C. 

6, For a certain bfK>k it coats a publisher £100 to prepare the 
type and 2s. to print each copy. Find an expression for the total 
in pounds of x copies. Make a diagram on a scale of 1 inch to 
1000 copies, and 1 inch to £100 to show the total cost of any number 
of c<^Ka up to 5000. Read off the cost of 2500 copies, and the 
numlw of copies costing £525. 
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7. At different agra the mean after- lifetime (“ expectation of 
life") of males, calculated on the death rates of 1871-1880, was 
given by the following tabic : 


A(!0 6 

; 10 1 u 

1 18 1 22 1 26 

27 : 

! ExjX'ctation ; .50-38 

1 47-60 1 44-26 j 40-96 , .37-89 34-96 

34 24 


Draw a graph to shew the exjicetation of any male between tl^e 
ages of 6 and 27, and from it dcU*rmine the exix^cUtion of persons 
aged 12 and 20. 


8, In the Clergy Mutual Assurance Society tlie premium (If ) to 
insure f lOO at different ages is given approximately by the folkwing 
table : 


1 Age 

' 2tt - 22 ( 

25 :m ; 35 i 40 

1 45 50 ! 55 

! P 

, 18 i-9 : 

20, 2-3! 2-7; 3-1 

1 3-6 4-4 5-5 


1 1 lustra te the .same statist i<“S grajjhically, and estimate to the 
nearest shilling the ])rcmi!ims for j)fT)*ons aged 34 and 43. 

9, If ir is the weight in ounct'S re({uired to stntch an ela.-tic 
ttring till ila length i.s ( in ( Iks, plot the following values of H’ and I : 


W I 2-0 I H-To : (i-2o j 7 o j 1() i 11-25 | 
I I 85 I S-7 ; y-l ! 9-3 ; 9-7 : 9-9 i 


From the grajih determine the unstretche<l length of the string, 
and the weight the string will .supjwrt when its length w 1 foot. 

10. In the following table P and .4 (expressed in hundreds of 
pounds) repre.scnt the Principal and corrcsj^xinding Amount for I 
year at 3 |>er cent, simple intcix'st. 

! P i 2-3 ! 2-7 ^ 3-t) I 3-5 ; 3-9 | 5-2 | 7-6 ' 

I A j 2-3C9 I 2-781 j 3-000 - 3 (>05 , 4-017 | 5-356 j 7-828 

Plot the valuea of P and .4 on a largo scale, and from the graph 
determine the IVineijMtl which will amount to (i) t‘329, 12#. ; 
(ii) tT>97. Si. 
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u. Tilo highest anti iowest gainetl in an PKaniiniition ara 
297 and l;J2 re^jiectively. Theso have to bo redumi in auch a \\uy 
that tho maiiiniitn lor the f>a}KT (200) shall be given to the lirst 
raiulkiate, and that Ihoa* sliall bo a range of IfK) murks but worn the 
Hrst and ladt. Find the equation U'twei>n the aitunl marks 
gained, and y, the correaiKjnding marloi whtni redmud. 

I>rav the graph of t!tis equation, and read oil' the marks \shieli 
shoukl U> given to candidates who gaimsl 2(Rh 2C2, 161i marks in the 
examination. 

12. A bt.>dy sUrting Mrith an initiil velocity, and aubjei t to an 
aeeeleration in the tlinx-t on (jf motion, i.as a velocity of e fcvl jx*r 
seeo!id afU'r t seconds. If i't»rrcs[K)nding vahns of r ami t are given 
by the annoxed tabic. 




2d ; 33 { 37 | 

' 41 

45 I 


12^341^' 

0 : 7 i 8 

! ^ ! 

10 ; 


plot the gr>ph exhibiting the vehx'ity at any given tinn*. Find 
from it (i) the initial velmnty, (ii) tlm time which ha-s ulupstHl when 
the velocity ia 2S feet |)er becoiuL Also lind ll» eqiutiiun bctwwu 
V and f. 

1 3. The connc' tioii l'ctwe«‘n the ureas of e(|U!latcral trianglu.s and 
their bases (io (vvrtv*»pinding units) is given by the follow ing table ; 

i Area j U I Td VM) | 6 93 ' 10-82 | la oO ; 

i Base ' I 2 3 : 4 1 ft ' 6 ^ 

I ; : ^ : 

Illastrate theso results grapiii^villy. and determine the area of an 
equilateral trir.ngle on a of 2-4 ft. 

14. A IxkIv fdling frfv-ly tnnler gravity tlixips s h-*! in t nec-ondn 
from the time of starting. U f orr('S}Kmding values of ,t aiul t ut 
intervals of half n aernnd are iis follows : 



■ft 1 1 1 1-ft I 2 1 2-ft 1 3 ! 

1 1 1 [ j . i 

3 'ft 

4 1 

9 1 

I 4 1 16 ; 36 ! w 100 114 i 

! 196 

' 256 : 


draw the cun c connecting « and f, and fmd from it 

(i) the diitanre through which the bo<ly has fallen after I-S". 

(ii) the depth of a well if a stuno takes 3-10* to reach tlic 
bottom. 
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15. A hfxly iR projected with a given velocity at a given angle 
to the horizon, and the height m feet reached after i seconda w 
given by the equation /t= (Wt-16P. hind the values of h at 
intervals of |th of a Mxond and draw the jiath described by the 
IkmIv. Kind t!io maximum value of h, and the time after projection 
Indore the bcsly reaches the ground. 

1 6. The hecjicr of a hotel finds that when he has G guests a tlay 
his total daily profit in P pounds. If the following numbers are 
averagers obtained by comijarison of many days’ accounte detennii^ 
a Minj>le ndatiou lR*tween P and G. 


"1 

21 i 27 

29 

32 

i 

30 

1 ‘‘ I 

1 

-1‘8I 2 

i 3-2 

i 4-0 

6'6 j 


I'or what number of guests would he just have no jirofit? 

17. A ni.an wishes to place in his eatalopue a list of a certain class 
of fishing mds varying from 9 ft. to 16 ft. in length. Four sizes have 
la'eo niiide at prices given in the f('ll<iw'ing tible : 


9 ft. 

11 ft. 9 in. 

14 ft. 4 in. 1 16 ft. 

1 

2ij, 

1 31.S. j 38 j, 


Oraw a granli to exhibit prices for rods of intermediate length.*, 
;!'.d from it deU^rmine the probable prices for rods of 13 It. and 

r* t>. S in. 


18, ITic folhming table gives the sun’s po.sition at 7 a.ra. on 
difTerent dates ; 

Mar, Aji. :i ; A|). 'JO j May S ; Hay 27 jjunp 22 |Jub' IS Aug, i ;Aug. 25 I 
^ K. ; sj" K, ■ sr)’ E. ; Kft" E. 02" Iv ■ 05* E. ' 04* E. 91’ E. | S5’ E. j 

Siicw thew n'sulLs graphieally, and estimate approximately the 
Sim’s pfwiliun at the same hour on .June 8th. 

19. At a given temperature p lbs. per square inch represents the 
pressure of a gas whii h oec npios a volume of e cubic inches. Dra'w 
n curve connecting p and e from the following table of corresponding 
values : 


P 

|36 

30 ' 

2rv7 1 

1 22-5 ' 

20 ' 

18 

1 164, 1 

15 

c ! 5 : 

0 : 

7 1 

S 

9 

10 ’ 

1 11 1 

12 
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20. Plot on squared paper the following measured values of x ami 
y» and determine the most probable equation between x and y : 


i X 1 3 * 5 8-3 1 11 

13 1 lo'O I 18-6 

23 ; 28 1 

] !/ 2 : 2-2 3-4 ' 3'8 

- 4 ‘ 4-6 5-4 

;6-2 7-25 


^ 21. Corresponding values of x ami y are given in the following 
table : 


X 1 3-r 6 ^ 9 o 

; 12o Ifi 

19 1 23 

y ; 2 2-8 4-2 . 5 3 

fit; S3 

9 10 8 


Supposing these values to invr»lve ermrs of obstTvati'm, draw the 
craph appwxiniately, and determine the most probable equation 
l)etwei'n x and y. Kind the com‘et value of y when x UK and the 
correct value of x when y ~2 S. 

22. The following eortrsponding values of x and y were obtained 
► x peri mentally : 


X k-5 1'7 30 

I 7 - 

S-7 : 9-9 

10-6 1 ns 

y 148 186 265 

326 : 388 ' 4.36 

.529 ">62 

'fill 1 6.52 


It Is known that they aro connevtwl by an ecpiation of the firm 
y--ax^b, but the values t)f x and y involve errors of measimmient, 
Kind the most probable values of a and h, and estimate tlie em>r in 
the measured value of y when x 9-9. 


23. In a fertain machine P is the force in pounds requirwl to 
raise a weight of W pountls. The following corresponding values of 
P and IK were obtained experimentally : 


P 

2-8 ' 3 - 

4-8 1 .V5 j 6-.5 

7.3 

8 1 9‘.5 1 10-4 

11-75 

W 

s 20 ' 25 ^ 

31-7 i 35-8 • 45 

1 52'4 

57-5 1 65 i 71 

H2-5 


Draw the graph connecting P and W, and rc*d off the value (d P 
when W - 60. Also determine the law of the machine, and find from 
it the weight which could be raised by a force of .31-7 lbs. 







xuv] EXAMPLES XLIV. g 449 

24. The following values of x and some of which are slightly^ 
inaccurate, are connected by an equation of the form j/ - ox- 4- h. 


X 

i 

1-6 ] 3 

3-7 4 0 1 5'7 1 6 6-3 7 

y ■ 

3-25 I 

4 1 5 

6 u 1 7-4 1 t)-25 ; 10'5 ! 11-6 j 14 ^ 15'25 


Hy plotting these values draw the graph, and find the most 
j»robable values of a and b. ^ 

Kind the true value of x when y - A, and the true value of y 
when I ll. 

25. The following table givea corresponding values of two 
\ aria hies x and y : 


j X 1 2-7o i 3 j 3-2 ; 3-0 ' 

1 

4 o ' A-3 i 6 : 7 : 

8 

10 

1 y 1 11 i 9'8 ; 8 ’ fi-o 

; 61 ; 

0-4 ! 5 : 4-3 ‘ 41 

4 

3-9 


These values involve errors of observation, but the true values arc 
known to satisfy an (-(luation of the form xy-ax-^by, Draw the 
graph by plotting the jwints determined by the above table, and 
lind the most prol)able vahusi of a and 6. Find the correct values of 
y corT(‘Sj)OtuUng to x -.l o, and x -7. 

26. Observed values of x and y are given as follows : 


X 

100 j 90 1 70 j 60 I bO 1 40 

y 1 

30 1 31-08 1 33-5 | 3i) b6 ; 37-8 ^ 40-7 


Assimiing tliat x and y are connected by an equation of the form 
xy” f , find a and c. 

27. The following values of x and y involve errors of observation : 


X 1 66-83 j 63-10 

.W-88 

51-52 48-53 

44-16 

40-36 

y j 144-5 1 ir>8-.-> * 

1-7-S 

i 208-0 ; 236-0 ' 

264-9 1 

309-0 


If X and y satisfy an equation of the form x^y-c, find « and c. 
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MisoellAseoas Aj^tUcatioos of Linear Graphs 

446 . When two quantities x and y an* so related tiiat a 
change in one produces a propt^rtional change in tlu? other, their 
variations can always bo exprosaod by an equation of the form 
y ~(xx, wheio a is some consUuit quantity. Hence in all such 
cases tljo graph which exhibits their variations is a straiifht hue 
through the oriyin^ so that in uidcr to draw the graph it is only 
nocesstirv to know- the jxxsition t)f one other point on it. Sudi 
cxampK*8 as deal with wa^rk and time, flistanw and time (wdien 
the spiad Ls uniform), quantity and cost of material, principal 
atid simpl'- intort'st at a given nUe )M‘r ctmt., may all be illus- 
trated by linear graplis through the origin. 

ExAHCr.K I. At % a.m. A itturU froiu P to ryde- io Q u'htch i-* 4H 
miles distant. At the same, timr H sets out from Q to meet .1. // d 
rides at 8 miUs an hour, and rests half on hour at the end of er*ry 
hour, while B walks un»/orw»/y at 4 miles an hour, find graph itally 

i'l) the. time and place of meetifiy ; 

(ii) the distance beticeen .4 and ^ 11 a.m, , 

(iii) <.'/ u’hat time they are |4 miles fl/wrt. 

In Fig. 24, on the opposite jiage, let the positif)n of P be ch»w«-!. 
as origin ; let time tx> mcasurisl horizontally from 8 a. ns. (I ineh t** 
I hour), anrl let dLstance bo measured vertically < 1 inch to 20 iniles). 

In 1 hr. A rides 8 mi. ; therefore the fwint D (1,8) niark.s his 
position at 9 a.m. In the next half-hour he makes no advnn's^ 
toward.^ Q: thertdorc the corresjssnding jxsrtion of the graph 
DE. The detaiU of A's motion may now Ins complctc<l by the 
broken line PDEFGHKX. 

On the vrrtiial r..\H mark PQ to rcpreiX'nt 48 mi. and mark thf' 
hours on the horootstal line through Q. At 9 a.m. li has walk^sl 
4 mi. towards P. Meassiring a distance to represent 4 mi. down- 
wards wo get the point R, and QR produml is the graph of B's 
motion. It cuts d’s graph at X. Hence the point of mwting is X. 
which is 28 mi. from P, and the time is 1 p.m. 

The diltanco between A and B at any time is shown by the 
diffcronce of tho orflinates. Thus at 11 a.tn. their dlstanre apart i.s 
MG, whteh repreoenta 20 mi. 

Lastly, NT represents 14 mi. ; thus d and B arc 14 mi. apart 
at 11.30 a.m. 



lUS ArPLICATION 


I' r rt'1 ■ rrrh 




152 


ALGEBRA 


[chap. 


Example 2. /I, B, flMrf 0 ru« d mcf of 30() yarih. A and C start 
from scratch, and A cot'crn the distance in 40 seconds, beating C hy 
00 yards, B, with 12 yards' start, beats .4 by 4 seconds, Supposiny 
the rates of running in each case to be uniform, find graphicaity the 
relatict positions of the runners when B passes the winning pofit, 
find also by How many yards B is ahead of A when the latter has 
run three‘fourths of the course. 

In Fig. 25 lot time W incusuml horizontally (O o inth t*» 10 
spcoiula), and distanro vcrliially {1 ini li to 00 yanU). 0 w tlu' start- 
id^ piiint for .4 ami C; take OP equal to 0-2 inch, represcaning 
12 yanU, oti the vertical axia ; llien P ia B's starting i>oint. 

.4’t? grapli is drawn by joining 0 to the jxiint which marks 40 
><x-onds. From this jx^mt measure a vertical dUOmc-o of 1 i?irii 
downwards to Q. Then sinc«> 1 inc h represents Ik) yards, Q is <."s 
p-osition w'hen A is at the winning iKwt, and OQ ia f’s graph. 

Alimg the time-axis take I S ineU to R, nqnescmtmg 36 stvoiuls; 
then PR is B's gr.aph. 

Through R draw a vertical line' to nuvt the graphs tif .4 and c' in 
S and T rc«j)ec tively. Then S and T mark the [s>sition.s of A and 
V w hen B passes the winning jxwt. 

Uy inspection RS and ST repreaertt 30 and .54 yards resiHs tively. 

Thus H is 30 yards ahead of A, and .4 is .54 yards alnvid of 

Again, since ..4 runs threefotirths of the eourst' in 30 stnonds, the 
difference of the corrc-sjwntding ordinates of .4's and B's graphs afo-r 
30 seecjnda will yive the distance Ix^twcTn .4 and H. l>y mea-Htire- 
ment we tind VW -- 0-4.5 inch, which represcMits 27 yards. 

The student is recnraniended to draw a ligun- for himself on ii 
scale twice as large as that given in Fig. 2.5. 


447. When a variable quantity y is |>artly constant and partly 
proportional to a variable quantity x, the a]geb^aic^al o^laticai 
between x and y is of the form y ax rb, where a and 6 a to 
constant. TTie corresponding graph will theitd'on? ho a straight 
line ; and since a straight line is wjnipleUdy deOTinined when 
the rxjeitions of two |K>int6 arc known, it follows that, in all 
problems which can be illustmted by linear graphs, it is suffien’ent 
if the data furnish for each graph two indejKmdent pairs of 
simultancou.s values of the variable quantities. 

Some easy examples of this kind have already been giveti on 
page 4.T7 and in Examples xuv. g. Wo shall now work out 
two more examples. 
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Example 1, I t a ccrUiin isttihlishmetU clcrh are paid an 
hiitial talary far the first yenr, atui this is annually incnased by a 
fixed bonus, the initial salary uiui the bonus being different in different 
tkpartinenis. receives £130 his lUOi year, and £220 in his lO^h. 
B , »« Miolher (Upnrtffte>U, receives £UU »tt Aw year ai^ £180 in his 
lyOi. Drato yraphs to shew their mlaries i« different years. In 
tefnU year do th^y rereive eq^tal stilurirsl Also find in what ymr .1 
rams the same salary as that reerimi by H for hin 2 h^ year. 

In Fi^. 28 Iol tweh hopiMnUl division n*prest*nt 1 year ; and lot tho 
avhrica be nu^aaiirttl vorUeally, lo;;itniin^ at 130 , with 1 division to 
roprosent £ 2 . 

if tho salary at tlio en<l of x yrars i?; donoO d by £y, it u evident 
tliat in each east' we have a relation of the forin y -fr-r 4 h, whore 
>> and A are consuuit. Thn.s the Mu iaiioris of time and salary may 
1 h' reproAontod by linear graphs. 

Sinne no Iwitis is n*'’i'ivtxl for the lirst year, x -9, wheti 7 130, 

and X ~ 18, when 1 / 220. Thus thg points P and Q are rletennined, 
and by joininj; thorn we ha\e the graph for -I’s r-alary. Similarly 
the graph for /i's saliry is found by joining P' (4, l l<)) and Q' 
(12. ISO). 

These lin>'.s jiave the same'' ordinate and ahsrissa at L. whore 
X = 16, y^2l)0. Thiw .4 and B hii\e the same snlirv when I'ach have 
senre*! 18 years, that w in their lT‘h year. Again B's salary at the 
end of 20 years is given by tho ordinate of M, which ia tho ‘•ame as 
that of Q wliiuh rt'presents .Ts sidary after years. 

Thus A’s salary for his I()d: year is ocpml to Ii\ sal o v h r his 
2 htycar. 

Example 2. Tr'V) r«;/M of rnoiwy are pul out «/ simpl i,it>rrsf at 
different raUs p r 'vj/. In th-^ Jird rase the Amounts ai the *tid of 
fi years and lo yenrs are £ 2 iW nml £3,}0 resp’rtiMy, In lh<' r<<'on’l 
rav the Anuiunts for o years and 20 ymrs are Utdti and £420. ft raw 
graphs from whwh the Anumds nuiy fee re/id off f<rr any year, and 
find the year in trA'M the Brxnrifyal .rlth nrrrnul hdeted ledi tunnunt 
to the same in the two can s. Also from the graphs read off the {fihir 
of each BrincifrB. 

WTnm a sum of money is .it simplo interrut for any number of 
years, wo have 

Aaiwint ~ Principal s Interest, 

where ' Principal ’ i« con.stant, and ‘ Interwit ’ varies with the nuinlsT 
of years. Hence tho variations of Amount and Time may lie 
repreaented by a linear graph in which x U taken to denote tho 
number of years, and y the number of ixninds in tho enrres pom ling 
Amount. 

Hero aa the diagram U inconveniently large we shall merely 
indicate tho steps of the wdution, which U similar in detail to that 
of the last example. The student shotil*! draw h» own diagram. ^ 
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Measurt* Time horizontally (1 inoh to 10 years), and Amount 
vertically (I inch to £40) beginning at £260. 

The first graph is the lino joining L (6, 260) and M ( 15, 35()). The 
st'iHuul graph is the line joining U (5,330) ami M' (20,420). In 
each of these lines the ordinate of any point gives the Amount for 
the numlxT of years given by the tH)rn.‘8i>onding atec'issa. 

Again LM, LW intersect at a point P where x-'}'). y-450. 
Thus each Ihrincipal with its Interest amounts to £450 in 25 years. 

SVhen r-^O there U no Interest: thus the Principals will bo 
obtaiue<.l bv reading off the values of the intercepts made by the 
two graphs* on the y-axis. These are £200 and £300 respectively. 

Note. To obtain the result y ~ 200 it will be neoesKary to continue 
the y-axis downwards sufficiently far to shew this ordinate. 


EXAMPLES XIIV. h 

1 . At noon A starta to walk at 6 miles an hour, and at 1.30 p.m. 
H follows on horseback at 8 miles an hour. When will B overtake 
.1 ? Also find 

(i) when *4 is 5 miles ahead of H ; 

(ii) when A is 3 mill’s Ix-hind /). 

[Take 1 inch horizontally to represent 1 hour, and 1 inch vertically 
to represent lU miles.) 

2. Ry measuring time along OX (1 inch for 1 hour) and di.slance 
along OY (1 inch for 10 mile's) shew how to draw lines 

(i) from 0 to indicate distance travelled towards Y at 12 miles 
an hour ; 

(ii) from Y to indicate distance travelled towards 0 at 9 miles 

an hour. 

If these are the rates of two men who ride towards each other 
from two places 60 miles apart, starting at noon, find from the 
graphs when they are first 18 miles from each other. Also find (to 
the nearest minute) their time of meeting. 

3. Two bicyclists ride to meet each other from two places 95 
miles apart. A starts at 8 a.m. at 10 miles an hour, and Ii starts 
at 9.30 a.m. at 16 miles an hour. Find graphically when and where 
they meet, and at what times they are 37jf miles apart. 
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4. A ami /i start at the same time from London to Blis worth, 
A walking 4 miles an hour, B rifling 9 miles an hour. B reaches 
Bliiworth in 4 hours, and immediately rides back to London. After 
'2 hours’ rest ho starts again for Blisworth at the same rate. How 
far from London will he overtake A, who has in the meantime 
restofl t).| hours? 

5. At what distanco from London, and at what time, will a 
train which leaves London for Rugby at 2.33 p.m., and goes at the 
rate of 3o miles an hour, meet a train which leaves Rugby *t 

1. L") p,ni. and goes at the rate af 2.’5 iniksi an hour, the distance 
1 h‘ tween liondon and Rugby l>eing 80 miles? 

Also liiui at what times the trains are 24 miles apart, and how far 
a|j;irt they arc at 4.9 p.m. 

6. /I, H, and C st‘t out to walk from Bath to Bristol at 5, 6, 
anrl I miles an hour respectively; C starts 3 rainutes before, and B 

7 niinutes after A, Draw graphs to shew (1) when and where A 
fivcrtakes (' ; (ii) when and where B overtakes A ; (iii) C's position 
ndative to the others after he has walkwl 4.7 minutes. 

(Take 1 inch horizontally to represent 10 minutes, and 1 inch to 
the mile vertically.] 

7. X and Y are two towns 3o miles apart. At 8.30 p.m. A starts 
to walk frf>m X to Y at 4 miles an hour ; after walking 8 miles he 
ff^ts for half an hour and then completes his journey on horseback 
at 10 miles an hour. At 9.48 a.m. B starts to walk from Y to X at 
3 miles an hour ; find when and whore A and B meet. Also find 
jit what tinies they are fij miles apart. 

8. A ean beat B by 20 yarxls in 120, and B can beat C by 
10 yards in .70. Supposing their rates of ninning to be uniform, 
linti graphieallv how mueh start A ran give C in 120 yards so as to 
nm a <lea<i heat with him. If A, B, and C sUrt together, where 
are .•! and C when H has run 80 yanls? 

9. A. B, anfl C run a race of 200 yards. A gives B a start of 

8 cards, anfl (' starts some aef'onds after A. A runs the distance in 

2. ") seronda and beats (' by 40 y^irda. B beats A by 1 second, and 
when he has hetm running 15 seconds, he is 48 yanls ahead of C. 
Kind graphically how many seconds C starts after A. Shew also 
from the graphs that if the three runners startcfl level they would 
run a dead heat. 

[Take I inch to 40 yards, and 1 inch to 10 seconds.) 

10. A cyclist has to ride 75 miles. Ho rides for a time at 9 
miles an hour and then altera his speed to 15 miles an hour covering 
tljp distance in 7 hours. At what time did he change his speed? 
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11. A And B ride to meet eAch other from two towns X and Y 
which are 60 miiee apart. ,4 startij at 1 p.m., and B aUrts 30 minutes 
later. If they meet at 4 p.m., and .4 gets to Y at 6 p.m., find the 
time when B gets to X, Also lirul the times when they are 22 mih's 
apart. When .4 is half-way between X and Y, where is /f? 

12. Tlie distance from Loiuhuj to Bristol is 119 niiles ; if I were 
to set out at noon to cycle fruiu lA>ndon, riding 20 mik\s the first 
hour and decreasing my pu'e by 3 ndles oach eucawsive hour, llnd 
gmphicaJly bow long it would take me to rench Bristol. Also find 
approximately the time at which I should reach Faringdon, \vhii h 
w 48 miles from Bristol, 

13. At 8 a.m. A begins a ride on a motor car at 2() miles an hour, 
and an hour and a half later B, starting from the saini* ^miiit, hdlow s 
on his bicycle at 10 miles an hour. .\l'ter riding 36 miles, .4 re^sts 
for 1 hr, 24 min., then ridw back at 9 milt's an hour. Find gni}dii- 
cally when and where he meets B.' Also find (i) at what time the 
riders were 21 miles a{)art, (ii) how far B w ill have ridden by th<5 
time .4 gets back to his starting |)oint. 

14. I row against a .stream flowing l l- miles an hour to a i rrlain 
point, and then turn back, stopping twn nulcs short of the place 
whence I originally starU'tl. If tho whole time occupied in rowing 
is 2 brs. 10 mins, and my uniform speed in still water is 4| miles an 
hour, find graphically how far upstream I went. 

[Take 1-2 of an inch horizontally reprewuit 1 hour, and 1 inch 
to 2 miles verltrally.) 

15. One train loaves Bristol at 3 p.m. ami reaches London nt 
6 p.m. ; a second train leaves lymdon at 1.30 p.in. and arrives at 
Brutol at 6 p.m. ; If both trains arc supposed to travel ntuformly. 
at what time will they meet? Shew frum a graph that the time 
does not depend upon tlie distance ladwct-n lamdon anri Bristol. 

16. .At 7.40 a.m. the ordinary train starts from N'ffrwich ami 
reaches London at 11.40 a.m. ; the ex{>re»w starting fnun bjudnn 
at 9 a.m. arrives at Norwich at H.40 a.m. ; if both trains travel 
uniformly, find when they meet. Shew, as in Kx. 1.'), that the time 
» independent of the distance between I/)ndon and N'orwich, and 
verify this conclusion by solving an algebraical equation. 

17. A boy starts from home ami walks to school at the rate of 
10 vartla in 3 B(xx>nds, and U 20 MTonds bx) soon. Tho next day he 
walks at the rate of 40 yards in 17 seconds, and is half a minute 
late. Find graphically the distance to the school, and shew that he 
wonkl have been just in time if he had walked at the rate of 20 yards 
in 7 setxmds. 
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18. Tlic nnnual exp(‘t)KC8 of a Convalescent Home are jMirtly 
tonsUnt and partly propurtional to the numlxT of inmatoe, The 
exjH’nscs \v(‘rc i; 1184 fur 2 :i patients and for 16, Draw a gr;iph 
to shew the exp(niscs for any number of patients, and find from it 
the cost of iiiaintaininj^' lo. 

In a rival rsLibli.diiiU'nt t!je exjX'nscs wore £375 for 5, and £445 
for 15 jjatienU. Kind gra phi [ally for w luit number of patients the 
L-ost would I)c tlie .same in the two cases, 

19. A IxxJy is moving in a straight lino witli varying velocity’. 
The vehxity ul any in.itaiiL is made up of the constant velocity^ with 
which it wins jirojircU-d (nitiKurosl iu fext per second) diminished bv 
a n^tardation of a wiistant iniuiU-r of feet per second in evtsy 
Nt‘cond. Alter 4 .sec onds the veheity was 32d, and after 13 second's 
it was 140. Draw a grajih to .diew the velocity at any time while 
the liody is in motion, 

A «( ond Ixxly jiroji'< t«l at tl^' san;C time under similar c-onditioiis 
lia.s a veha ily of 4.5<> after .5 secomU', and a velocity of luO after 15 
seconds. Shr*w grajijucally that they will both come to rest at the 
same time. Also liml at what time the second b(xly is moving 100 
feet JKT se((#!!fl faster tliaii the first, and determine from the graphs 
the veku ity of prnjci tidU in ciu li civ^c. 

20. To provide f )r his two infant aofis, a man left by his will two 
sums {)f jinmey a-s .sc^jmrate inv^stmctits at dilferent rates of interest, 
<in tlie is)ndition that the principal sums witfi simple interest were 
to l)e jmid over to Ids sons wh(-n th.e amounts were tlie same. After 
5 y'-*rrt the lir!>t num ainounUil to £4.51, and after 15 years to £533. 
Alter 10 years iIk' si*cond .sum innounte^l to £432, and after 20 years 
to £544, Drew graphs from wliic h the am*>nnts may lx» read off for 
any year, and find after how many year?, the sons were entitled to 
roteivo their legat ies, 

.\lso (leUTinine from the graphs wi:al (he uiiginal sums were at 
t!i<' f.oh<T'.s fhvith. 

21. In a r ertaiii e:;ii!uin:»ti<>n the highe.^t and lowest marks gained 
in a Latin paper were L5:l and 51. These have to bo reilueed so tliat 
the maximum (120) in given to the lli>t candidate, and the minimum 
(30) to the Itjwi’st. 'I'his is dono by mluoing all the m.vkfl in a 
certain ratio, and then im tr.a.sing or diminisliing them all by the 
jwme number. In a Greek jxiper tbo highest and lowest marks 
were 1(51 .ami 50 ; after a ; imilar adjustment the.se become 100 rikI 
40 rexpodivoly. Draw graphs from which all the rothued niark.s 
may lx> read off, aiul find the marks which should be finally given 
to a tandiilate wlio sssuxal 102 in Ixitin and 126 in Greek. 

Shew also that it Ls i>os,sib|e in one rjuje for a candidate to res-eive 
e(p»al marks in the two subject^ lx>th before and after reduction, 
are tlie original and reducecl marks in tliis case? 
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Uiscellaneous Graphs 

1. Plot the graphs of 

“ 3 ( j - 4), 3y - 1 “ ar, • 

obtaining at least five {joints on each graph. Find the coordinates 
of the jx>int where they meet. 

• 2. Draw the grajihs r('j)n‘sente<i by 

and find the coordinates of their p(»int of intersection. 

3. By finding the inlenejits on tlie axes rlraw the graphs of 

(i) loj - Jdf/ -() ; (ii) ]2r • 2 If/*-. U. 

In fi) take 1 inch f ir unit, and in fii) take six -tenths of an inch as 
unit. In eadi ta.se explain why tlie unit us convenient. 

4. Solve y . Idi' - X, “.r • y lVj grajdiiciilly, 

[Unit for /, one inch ; fir y. one-tenth of an inch.) 

5. From the graph of the expression find ib value 

when JT - 1-8. Also find the value of x which will make the expression 
equal to 2t >. 


6. With the same units as in Kx. I draw the graph of the 

function ^ — ■ From the graph fin<l the value of the funttion 

when j- -I'S; also find for what value of jr the function Ixromcs 
equal to 8. 


7. Shew' that the .straight linca given by the erpialions 
9y - hi c 6 - 0 , hi f 2y s. 1 0 0, r - 3y 11, 
meet in a point. Find its coonlinates. 


8. Draw the triangle w'hose .side* are given by the cipiations 
3y - z = 9, z + 7y - II, 3/ f y 13 ; 
and find the coorrlinatcs of ita vertices. 


9. Shew graphically that the values of z and y which aatiafy 
the eqtiatkma 

5j “2y-18. ' r>y.-8 7z, 

also satisfy the equation z + y - 2. 

10. Draw the graphs of (i) y - z*, (ii) y = 8z*. 

In (i) take 0-4' as unit for z, O as unit for y. 

In (ii) r z, o r y. 
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11. On the samp scale as in Ex, 10 Oi) draw the graph of y = 

Shew that it may also be simply deduced from the graph of 
Kx. 10 (ii). 


12. Plot the grajjh of taking 1 inch as unit on both axes, 
anti u.sing the following values of';c. 

U-4, -0'2, -01, 0, 01, 0-2, 0-3, 0-4. 


1 3. Draw the graph of x y*, from y ~ 0 to y = 5, and thence find 
the ^qllare rtwiLs of 7 and 3 (5. 

ITuke 0-2 ' as luiit for x, T as unit fur y.] 


14. Draw the graph of y-Tt-rx-x^ for values of x from -2 
to r3, and from the figure obtain appruxijiiate values for the roots 
of the oijiiation o * x - r* 0. 

[Take 1" as unit fur x, U-2'' as unit for y.] 

15. Draw the graphs uf 

(i) ox+hy-fKi, (ii) 6y-x -24, (iii) 2x-y = 7; 
and shew that they represent three line's which meet in a point. 


16. If 1 cv^ t. of cufbs^ wsts £0. 12.f., draw a graph to give the 
of aiiv numlsT of ixnmds. Head off the price (to the nearest 

jK'nnv) of 13 lbs., 21 lbs., 23 ]\)S. 

17. If W eggs cost 4.?., find graphically how many can be bought 
for half-a-crowji, and the cost of 26 (‘ggs to the nearest penny. 

18. If I cwt. of sugar costs £1. 6.v, s/,, draw a graph to find the 
price of any numlier of pounds. Find the cost of 26 lbs. How 
many jannids can lx; Ismght for 4*. lOf/. ? 


19. S^dve the following equations graphically : 

(i) .r^-y^ --53, (ii) x^+y*=]00, 

y-x--o: x+y-14; 

(iii) . (iv) 

2.r t y “ 11 ; 4x 3y = 12. 

i .\pproximate r(Kita to Ix! givtsi to one place of decimala.] 


20. S<dvo the equation 3 4 6r=J:^ graphically, and find the 
maximum vahm of the expression 3 c6x - x*. 

21. A basket of 63 oranges is bought for 4^, 2ff. Draw a gnspli 
to ahew the pri<« of any other numl)er. How many could be bought 
lor 3*. 4d. ? Find the price (to the nearest penny) which must be 
l^id ft»r 36 ancl for oranges respectively. 





ALUKBKA 




22- If the wages for a « lav's work of 8 houra are 4^t. Od., draw a 
graph to shew the wages for any fraction of a day, and (iiid {to I lie 
lUMroxit |M'nny) what ought to tx' jiaid to men who work 2i, 
tij hours respect ivciy. flow iiuiny hours' work might bo cxjioctvd 
fori'. UV/.? 

[lake 1 inch rcprciscnt I hour, and ono-tentli of an inch to 
represtml I jionny.] 

23. Draw the graphs of ami !lr- 1. fty moans of Uieiu tind 
approximate values for the roots (d r* - !tr - U 0. 

24. If il men can n«p a !iehl of acres in a given time, find 
roughly by means of a graph the iiniuber of acrea which could 1)0 
riMped in the same time by ir», lio, and li men resj tec lively. 

25. The liighest marks gained in an examination were 13b, and 
these are to l)o rai.stsl so that tiie maximum is 200. Jshew Ijuw’ thi< 
may be* d‘>ne by moans uf a grajili. and rr.ul off, to the neanvit 
integer, the final marks of eandidates who acuixMl (J1 and 40 
resfjcctively. 

26. Draw a graph which will give i lie b'.^uare roots uf all nuniU'rs 
In tween 2") and dfi, to thrt'o jilai cs of decimals. 

[Plot the graph of y /*, beginning at the jioint (o, 2“>} with lU' 
ami 0- o' as units for z and y respei lively,] 

27. 1 want a ready way of (imiing ap|»roximateIy 0-806 of any 
number up to lU. Justify the following construction. Join the 
origin to a point P whojw' coorJinate.s arc 10 and 8 00 (I imh lieing 
taken a.s unit] ; then the ordinate of any |)oirit on OP is 0 8(56 of 
the Dorresponding abechua. Head oti frurn the diagram, 

0 866 nf.1. 0SG6 of Go, O-GGG of 4-8, and ■ of 5. 

O-.SiW 

28. A starts from Ixmdon at mxm at 8 miles an iiuur \ two hours 
later B starts, riding at 1 2 niiles an hour. Kind graphically at what 
time and at what (iLdance from london B overtakes .1. :\t what 
times will A and B be S mih-s a|)artT If C rides after 71, atarting at 

3 p.in. at 1.3 miles an hour, find from the gru]>hs 

(i) the distaneoa iK-tween .-I, B, and C at p.ni. ; 

(ii) the time when (' w 8 miles Ix-jnnd B. 

29. If 0 and Y represent two towns 43 milea apart, and if A 
walki from Y to 0 at 6 miles an hour white B walka from 0 to Y at 

4 miles an hour, both starting at noon, find graphically their time 
and place of meeting. 

AUk> read off from the graphs 

(i) the times when they arc I.*) mitea apart ; 

(ii) B\ distance from Y at 6.13 p.ra. 
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30. At 8 a.ra. A starta from P to ri<le to Q which is 48 mile# 
distant. At the same time B sete out from Q to meet A. l£ A 
rides at 8 miles an hour, and resta half an hour at the «id of eveiy 
hour, while B walks uniformly at 4 miles an hour, find grapbieaily 

(i) the time and place of meeting ; 

(ii) the distance Ijctwcen A and at 11 a,m. ; 

(iii) at what time tlicy are 14 miles apart. 

31. The following tabic givcH statistics of the population of 
csTtain r ountry, wljere P is the number of millions at the beginning 
of each of the years specilittl : 


Year ; 18,30 | 1835 

1840 

1845 

1850 

1855 

1860 

1 20 22 

24^ j 

28 

31 

36 

41 


U‘t / U- the time in years from 1830. Plot the values of P 
vertically and those* of t horizontally and shew the relation between 
P and t by a simple curve i)a,s«ing fairly evenly among the plotted 
p< lints. Kiiiri Mliat the population w.-us at the beginning of the 
years 1S47 and 18A8. 

32. The salary of a clerk is in creased each year by a filed sum. 
.\tUT tl years’ servir o his salary is raise<l to 1128, and after 15 years 
to i2W. Draw a graph from which his salary may be read oiSf for 
any year, aiui detorinine fnun it (i) his initial salary, (U) the salary 
he should receivi* for his 21st year. 

33. 1 )ra w the graphs of y - j"* and 2y = x -j .3 on the same diagram. 
iH'din e the roots of the etpiatiuii 2r* - .c - 3 = 0. 

34. Taking I inch as unit, plot the graph of taking 

the following vahios of x : 

<h -4. i-G, i'S, j: 1, ±I'2, 1-1-4, ±1-6, ±1-8, i2. 

Find the turning points, and the value of the maximum ct 
minimum ordinates between the Uroita given. 

35. FVoni tlio grapii in Kx. 34 find to two places of decimals the 
roots of r* - ,3x - 0. 

36. Solve the following pairs of equations graphically : 

(i) xty-Ufi, (ii) x-y-X (iii) j:’+y*“13, 
xy^36; xjf=G. 
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37. All india-rubber cord was loaded with weights, and a 
measurement of its length was taken for each load as ta hula t i'll. 
Plot a graph to shew the relation between the length of the cord 
and the loads. 



What was the length of the coni unloaded? 


38. A inamifacturor has priccil a t'ertain set of lathes ; the hugest 

sells at and the smallest at £40. He wishes to iinTeaw* bis 

prices so that the largest will sell at £200 and the snmll(‘st at £.V). 
By means of a graph tind an algebraical n-latiun Ix-lwec'ii the new 
price and Uie old price (V). and tind to tbe nearest pound the 
new' priies of lathes originallv pricecl at £150, at £125. lOi., and at 
£78. 

39. The mean tetnjierature on the tirst day of each month, on an 
average of .50 years, hail the folhjwing values ; 

Jan. I, 37' ; May 1, .'>() ; Sept, 1, .50' ; 

Feb, 1, 3K' ; .Tune 1, ,57'; (ht. I, 54 ; 

Mar. 1, 40'; July 1. 02'; N<jv. I, 40^; 

April 1, 45'; Aug, 1, 02'; Dec. 1. 41". 

Reprt'sent these variation.s by rnean.s of a smooth curve. 

[The flifferenee of length of diffennit months may lie negleete<l.| 

40. The price in pence of a standard Troy oun^r nf silver f)n 
Januaiy- Ist in each of the ten years 1H‘J 1-1000 was 

4.5, 40, 3H, 29. 30. .'ll. 28. 27. 27, 28. 

Draw a smwth curve shewing its value approximately at any time 
during these ten years. 

41. A manufaeturer wishes to stock a (rrtain article in many 
siees ; at present he has five si 2 es made at the prit'es given b<'low : 



Draw a graph to shew suitable prii-es for intermediate sizes, and 
find what the prices should be when the lengths are 30 in. and 40 in. 
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42. A party of tourists set out for a station 3 miles distant ami 
50 at the rate of 3 niiltjs an hour. After going lialf a mile one of 
them has to return to the starting point ; at what rate must he now 
walk in order to reaeh the station at the same time as the others? 

43. A motor ear on its way to Bristol overtakes a eyeliiit at 
p a.m. ; the ear rcaelies Bristol at 10.30 and after waiting 1 hour 
returns, meeting the evellst at nfX)n. Supposing the speeds of ear 
and evi-list to Ixi uniform, llud when the cyclist will reach Biisto], 
Also eoin}>are the sfXMxl.s of the car and cyclist. 

44. Two trains start at the same time, one from Liverjtool to 
Manchester, and tfie other in the opposite dins tion, and running 
,'U'a<liIy eomplete the journey in -12 min. and .">6 min. res])cetivelv. 
llow long is it from the moment of stiarting Ix-fore they me<‘t‘' 

45. The Oihle l>elow shews the di, ‘Stances from IxDndon of certain 
station.s, and (he times of two tr;fin.s, one up and one down. .Suppos- 
ing eAch run to lx* made at a ror.stant s|X?od, shew by a graph the 
(iisUnce of eacli train from Lomlop at any tiuie, using 1 inch to 
represe nt 2d miles, and 3 inches to rejirescmt an hour. 

l)i>.tatice 

in miles. 

l/mdoii. I 4.30 p.in. 1.0 p.m. 

oj Willesclen, arrive j | 4,3S ... t 

dejxirt I 1 4.42 ... I (No intermediate 
tki Northampton, arrive \ .A. 10 ... | stop.) 

dejKirt ^ O..V4 ... j 

113 Birmingliam, 7.0 ... j.O p.m. 

At what |H>int do they one anot her, atui how far U each from 
London at 5.30? Which of llie ihrct! runs by the stoppiiig train is 
the fastest? 



1 

2 . 

5. 
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5 . 
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10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


mscmANEons examples vi 

{Addiiional on forttmlie are marked by a^terish.] 

Simplify 6 - (6 - (u t i] - [6 ~ (6 - ti ~ 6)] r 2^}. 

Find thf sum of 

rt +6 -2{f +d), rfl), and c+d-A{a fft). 

Multiply l>y X .|y. 

If j- - 6, y =4. ; ' titul the value uf f 3y t Z. 

Find thei'4juAri' of 2 - 3^* -r*. 

Cl *r ^ 3 i- -I 
-So ve — ; r — , 2, 

i-l z-H 

Find the H.t'.F. of - 2a - 4 and - a* - 4, 


S..lve iir"-n\ 

i) 4 I 


Two which form a numbrr, rhanp? places when 18 

U abided to the numlxT, and the sum of the two numlK-rs 
thus formed is 44 : find the di;,nts. 

If a - 1, 6 - - 2. c 3, d ■' 4, tind the value of 
rdfa -t) 

I 'iff {r 


Subtract - z* - :® from the sum of 


1 

3 





and 


3 * 


I- 


Write down the culx; rif t ^ Hy. 


Simplify 




f .y , 

xy^f^x 


*1 o 4 j. x I 

Solve ^(2 jc - 7) - “(z 8) - +4. 


Find the H.C.F. and L.C.M. of 

X* 4^7* ■ 2r 4 and x* 4^ 3x* - 4. 
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17. FimI the square root of 4^* ■~2a) -t Ita*(7 -4a}. 

18. Solve j 

' 44 

19. .'MmpUfv ( " 

\x •* a X - a J x~ T itx 

''19a. "4^ .,.5/ ' terms of 6 and k, (ii) b in terms of 


a aiul k. Find ali^ the value of 


V ): - C>b 


in terms of a and b. 


20. W In* 1 1 I i>i juitUsl to the numerator and denominator of a 

tertain fraetion the r(y>ylt l-i equal to ; and when 1 is 

subtrai led from its numerator and denomluator the result 
is e(ju;>l to 2 : find the frac tion. 

21. Shew that the sum of 12« etii-f, -7a-6 + f, and a-6-Gt', 

is six liti'.t'.s ihf .sum of i.'ja -i- 136 - Sc, “13a“I36-r, and 
liu 6 ; KJf. 

22. llividox=-ryrY*jy“byx - ‘y. 


23. .\<ld together IH 


f2r I^2.v 
\ 0 




24. Find the factors of 

(I) lOr* f 7f)i- ■ (2) 729j:<-y*. 

„ ^ , 2x-l .^^3 .. 4r-IlK 

25. 5«|ro .1- 

26. I’ind the value of 

i'ta - 36) (cj -6) - 6{3a '-e(4a -6) -6*(a +c)}, 

when a ^0, 6- - 1, f 

27. Find the H.C.F. of 

7x^ - 10.C* - 7x + 10 and 2a:» - X* - 2x + 1. 

- Ixy f 12y* . - 5jy +4y^ 


28, Simplify 


x* + 5xy + 6y“ ’ j*+xy-2y‘ 



m 

29. Solve 


au;eur,\ 


3fibx+ y~ !)6^ 

iabx-h'iy ~ 176 f 

*29a. If / ami are eoruiected by the foriimla y --- mx find m aikI 
f it / - o when y -• lO ami if an im n'a.sc of 1 in the value uf x 
leada to an increase of 3 in the value of y, 

30. Find the two times betwwn 7 and S o’clock when the hands 
of a w atch are sejmrated hv 1"> minutes. 

31. Ifo 1.6- i,\(* = 3,d - - 4, find the value of 

V (f* - 46 * (i* - A 6^ . u ^ ({. 


32. Multiply the pnnluct of -y* ntul • y by - Sy^. 

33. Simplify by n ti^pving brackets 

(»* “ [ - itkt^ - 4<i - 1 1; 

- [ - *J - - ( - 4o^ (><i- ~ 4<;)} - {S<j " 1 1 

34. Find the remainder when .lx* - - 3x* -x rH is rliveh'd 

by X ~ 4. 

35. Simplify . 

” J-y x‘ y* y 


36. Solve 


> “1 


37. Find the square root of Ix^ - K’x* iikH r 9x* - 42x i- 49. 

38. Solve -tXKJx - -401 - ■I 'lix - - (M).!. 

39. t ind the L.C.M. of r* -ry^, 3x* ^ 2xy ~ yr, and x* - x*y + xy^, 

•39a. A nian’.s total income is £x. On the first £10t)of this he pays 
no ta.v. He is also aliowcsl one-tiftli of his total income fr»f 
of tax. On the remainder he fsiys inaime t^ix at 2s, io 
the pound. Shew* that hia total tax if in ^ivon by 


9 4.1 

IW*^' 


Tranaform this formula so that x is the subject, and Ikhi e 
find Im income if ho pays £24. 1 "w, Orf. in tax. 


40. \ bill of 2-1 ipiineas Is paid with rrowns and half j{ujneas, 

and twice the numlx'r of half-guineas exceeds three 
that of the crowns by 17 : how many of each aro used ? 

41. Simplify 

{a -!-6 ^c)>-(a-6 + r)* + {a f 6 - r)* -o 4 6 + r)». 
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42. Find the remainder when a*-3a®i-f 2a*6*-6* is divided 

by a* - o/t + 2/j*. 

43. If o - 0, 6 = I, c -- -- 2, d - 3, find the value of 

(;W)r - ihcd) V c(®6c - -f 3. 

44. Find an expres-nion which will divide both 4 j:*+3z- 10 and 

f 7z* - 3^ - without remainder. 


45. 


46. 


47. 


43. 

49. 


Simplify > 


- a- h 


3;^ 


2 1 

i 1 ’ 

a “ I 


Solve 


. 3-y- 
'"6 

0.r -r 8y ~ 43j"y ) 
fLr^(V-42j‘yf' 


216* 


Simplifv 7 . 

* ' X \ X (r~2)(/ -3) 

Find the L.C.M. of Sj^ -SS r* -j- .Wr + 30 
and 13^^30. 


50 . A lM>y s[)ent half of money in one shop, one- third of the 

remainder in a W’et>nd. ami one -fifth of what he had left in a 
third. He had one .shilling at last : how much had he at first ? 

51. Find the remainder when ar’ - - Tj’ -3r- 11 is 

dividwl by - iii -r 4. 

5 2. Simplify 4 I ft - 1 (^> j j * ( 2fl - {;) r 2 {b - r )| . 

26 3 

53 . If ft “ 7 o - 6 “ 1 » f . prove that 

lo 4 

^ 3^1 

{a -sb){\a 4-ft) Vft - b - — -r=- - 
\ ft - r* 


54. 

55. 

56. 


57, 


58. 


Find the L.C.M. of j* ~ 7r + 12, 3i^ - dr - 9, and 2x* - 6 j: -- S. 

Find the sum of the squares of ax + by, hr -ay, 
by ~ ax ; and (*x preas the result in factors. 


kSolvc 


14 4 8 16 * 


t,. ai-b 1 f ft-6 II 

‘‘’■“P'-fy „TT6i -„.Tr4. -2 -.-1/ ■ 

Solve r - (3x- ‘ (2x + 97) +^ (l +0 • 
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59, 

"59a. 

6f0. 

61. 

62. 

63. 

64. 

65. 

66 . 

67. 

68 . 

69 . 
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•69a. Exprens y in terms of i, given that 

Kind tlie values of x and z when y~\. 

(Oxf. and Canib. Sdi. Certif.) 

70. The united ages of a man and \m wife are six timea the united 

Ag(-s of their ehildn-n. Two years ago their unitefl ages wero 
ten times the umt<‘d ages of their ehildren, and six years 
hence their imiUKl age^s will lie three times the unite<l ages 
the eliddren. How many c hildren liave tlioy? 

71. Kintl the sum uf 

- 2 I 1 

^-'.V y*. - y ir - r. mu’ 


72. 

73. 

74. 


75, 


76. 


From ({a * h){a ~ r} - {a b){h-x)} subtract - b)- 
If n - 5, b 4, r It, find the value of 


\ iiahc f (6 i- C)* T (c ra)'-^ r (a + 6)® - (o r ft r cf. 
Find the factors of 

(1) 3j:>+(k*-18t)j. (2) fl* + 2a6-r6»-^a+i. 

.Sf tl ve px = 

y t 


=9y\ 

~r I ’ 


Simplify 




77, Solve ! 

J* • i 


1 2j- i:> 

2(x * 7) '2i‘ 6 ■ 


78. 


Itodueo 


.r* r* 2r f 2 

~2*^~7'‘T“ 


to its lowest terms. 


79. Ad<i togetlier the fractions : 

1 I 

2i'* - 4x i 2 2jf* + 4x f 2 


and 


_L 

1 - ■ 


*79a. The in jx-nec (C) of a telcplione [x'r quarter is given by 
the formula C .4 i uk, where u is Uic miml>er of calls made 
4tul A Mid I: are ooiiitMitN. The coat is£l. 16,^. lid. for 53 caUs 
and £2. 3d. iat IStt cads. Find A and i\ and tlie cost of 

75 calls. 

A mtain auhwriber ealeulatea that the average cost to 
him per call baa boon 3d. How many ealU has he made? 

(Ixind. Matric.) 
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80 . A number consists of tbn'c digits, the right-hand one being 

zero. If the left-hand and middle digita lx* interchanged the 
number is diminished by 180 ; if the left-hand digit k' Imivcd, 
and the mhidle and right-hand digit bo inUTi-hangtHl, tlie 
tmmbor is iliminishcil by 3,16 ; hnd tho number. 

81 . I h\ide I - oj - r* - r* - jr* by I - x - “ x*. 

io 2‘2<> 9 ■ 15 

82 . If /> ' 1 * 9 “ » hnd the value of 

<?)N y > ^ 

83 . Multiply ~ - or* -r^ r 9 by ^ jr r 3 . 

84 . Find the L.C.M. of 

( 0 * 6 -iiA*)*. 2 a*-.Vj- 26 *, and 2 ( 2 a*Ta 6 )*. 


85. 


Solve 


22-j^ 
j Si 


4x f 4 


3 

3r - I ■ 


86 . 


Rodute 


- Uj* ^ 16 

;Lr^ - ±r* ^ Ifw - 48 


to its lowest terms. 


87. Find the square root of 

4a* r9 ^ 0 * T 12a(a* + 1) r 18. 


88. Solve y-r^:'aJrb ] 

2a 36 I 

89. Multiply 

3..4y + iIXby 10.-3y-^. 


•89*. If a body w thrown airtight up in the air. the force acting 
on it, F Iba, wt., w given by the formula + where 

r feet a second is the velocity, and k and tv are oonatants. 
It is found that the forre in k) Iba. wt. when the velocity ^ 
iO ft, a sec. and is £M) lbs. wt. when tho velocity is 20 ft. 
a sec. Find k and ir, and hnd the velocity when the for(« 
it 48 lbs. wt. 
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90 . 


01 . 


92 . 

93 . 

94 . 

95 . 

96 . 

97 . 


98 . 

99 . 


A bag contained five pounds in shillings and half-orownB ; 
after 17 shillings and 6 half>crowns were taken out, thrice 
aa many half-crowns as shillings were left : find the numbw 
of each coin. 

Find the value of 

5{a - 5) - 2{3a - (o + b)} -f- 7{(d - 2i) - (5a - 26)), 
when a~ - - 6. 


Divide 3^-^ -5a:* t 7a:* - Hr - 13 by 3 j:- 2. 


Find the L.C.M. of 

Mp^rpqrf), and 

Resolve intfj factors ; 

(l)a*-86>*. ' (2) -r*+2r-l+ji:*. 


Solve 


x+a 

77b 


a* +3a 

or -f a r 6 


Simplify 

irxiW-m^c* y<-7y* i8y*-I2y 

^^6,Vk-yiaW‘ LV-2y-60 

Solve 7j--9y+4z~16 ') 

r-f-y 

3 

Or - 3y + 4: - ,5 



Sim(dify 



y-r>y-6 ^y-2\ 

^-6y + r> yi2/ 


Find the square root of 

U*-V2iib-e^^4af+%*+c* 
4<i* + 9r* - 1 2<iC 


• 99 a. An isnacelM triangle hR,s a base of length 2n and its height fa A. 
On each aide of the triangle a square fa drawn external to the 
triangle. Prove that the area of the complete figure thus 
form^ fa 6o* T 26* + ah. 

If this area fa 28 square inches and if the base of the triangle 
fa of length 4 inches, find the value of h. (Lend. Maine.) 
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100. The express leaves Bristol at 3 p.m. aiui reaches London at 0 ; 
the ordinary train leaves London at 1.30 p.m. and arrives at 
BrUtol at 6. If both trains travel uniformly, 6ml tho time 
when they will moot. 

101 Solve (1) -ftr + ’7rxr--l0=r - r5. 

' x-2 3-1 


lOfi. Simplify (1) — 


tJ* 


ax “ a* - «x (j * t a^x* + ar* 


( 2 ) (1 




1 




103. t'ind the square root of 


also the cube root of the result. 


104. Ihvide 1 -ir by I -3z to 4 terms. 

105. I bought a horse and carriage fur £7") ; [ gold tho horse at a 
gain of o per cent., and tho carriage at a gain of 20 pt^r («nt., 
making on the whole a gain of 16 per cent. Kind the original 
cost of the horse. 


106. Find the divisor when (4/d r 7oA * .'ii*)* is the dividend, 
8 (a - 26)* the quotient, and 6* (9a + 1 16)* the remainder. 

107. Solve (1) 5x{x -3) 2(z - 7). 


( 2 ) 


108. Ifx^a-6 


(j- l)(z-2) 


(a -6)* 


ind y 


x-2 x-1 
n > h ajb 


a*-b 


4(a+A)’ ' 4 

prove that (x - a)* - fy - 6)* -■ 6*. 
109. Find the square rrmt of 


*109a. The aiirfacc area of a rireolar cone is given by A - nr* 

where i in. is the slant height, r in. is the ra<liiis of the base, 

and V is tho number ■ Find tho radiu.s of the base if a cone 

of Kurfaco area 03 1 sq, in. has a slant height of 5 in. 
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no. 

111 . 


112 . 

113. 


Solve 


3a 


a* + (U + jr* x{a^'^a^x^ + x*) 


Subtract from 

a:*+j:-I2 x*-x-12 

and divide the difference bv 1 + ■ ^ 

X* + 7z + 12 


Find the H.C.K. and L.C.M. of 
2j:* + (6rt - J(V/)x -3(kiA and - (9a -f 156)a: + 45a6. 
Solve ( 1 ) 2fj:* - nhx - i'lM ~ iedx. 




X* 8x-l 
V-y ' 4 (x’^’ 


114. If o ~ 1, 6 2, c -- 3, d - 4, jind the value of 


6® -r f* -r(a - ^>)(^> r f) 




115. I rode one-third of a jouniev at 10 miles an hour, one-third 
infin' at 9* anrl the rest at S miles an hour ; if I had ridden 
half tl»c journey at 10, and the other half at 8 miles per 
hour, 1 should have b«m half a minute longer on the way : 
what ilistaiue did 1 ride? 


116. The prtxluct of two factors is {3x ‘2y}® -(2x-i-3y)’, and one 

of the factora is z -y, tine! the other factor. 

117. If a t 6 ~ 1, prove that (o* - !)*)*=«* +/>* -oA. 

118. Resolve into factors : 

(1) X* + j/* -i- .lry(x +y). (2) - «* - m (m* - n=) 4 - n(ni - »)*. 

119. Solve (1) x^-y>--28^ (2) x^ - 6xy + lly‘-91 

x*+jry4-y*-7 | x-3y = l/ 

120. Find the square root of 

(fi - A)* - 2 (a* +A*}(a - A)* +2(0* + A*}. 

X -- 
X 

f A*c - abc ~ab* and ox* +aA -o* - Ax*. 


121. Simplify the fractions ; 


1 

0 + r 

04-1 

122. Find tho H.C.F. of 
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X and 3 / are connected by the equation y = ojc* + 6 , anc^t is 
known ^at y = 10 when x = 2 , and y = 1 when a: = - 1 . Find 

the value of y when x - - - . 

Also hud what values of z make x and y equal. 

121 A constituency has two- thirds of its number (’onwTVfltivcs : 
in an election 25 refused to vote, and 60 went over to tha 
Liberals ; the voters were now equal, How many voter* 
were there alUigether? 


124. Solve 


125. Simplily 


126. Divide 


I* 2ax 

U) v>(a -&)- V- 

b « + 6 

0 ■> 

( 2 ) ^^*'-6 

^ y 


(I) 


0* 


c-a-- 

')-('■ 






(Xrl)‘-(X-I)«' 


^ (a - 1) X* - (2a 1 ) i* - (a> + ^0 - 6 ) X - 3a T 8 
by X* - 3x ^ 0 ^ 2. 


127. R«H>Ive into factors : 

(1) X* fSxy -24y*+x-3y. 


(2) Z^-y 


128. 

129. 

130. 

131. 


Find the square root of - 37 to three tenus, 
x-r> x -6 x-l x -2 

8 ol„ ( 1 ) 

(2) flx T 1 -fry + 1 -ay i-5x. 

Find the H.C.F. of 3 x> + ( 4 a - 2/j)x - 2 af> + a* and 
f (2a -6)x* -(2oi -a*)x -0*6, 

Simpbfy 


(t) 


(£*)• (iV W 


( 2 ) 




©'1 


* 1 31 1. Prior to the last match of the cricket fteason two bowlerti, .4 
and B, hare each taken x wickets and a total of 2 % runs has 
been scored off each of them. In the last match, A takes 
1 wicket for y runs and B takes 9 wickets for z runs. After 
the last match the avenges of the two bowlers are still equal. 
U. the ratio of total mm scored 06 the bowler to the taUl 
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nomber of wickets he has taken is the same for A and J5. 
Express the ratio of z to y in terms of x. 

Shew that z = 3y if z— 83, and also shew that, if x exceeds 
83, then z is less than 3y. (Oxf. and Camb. Sch. Certif.) 

132. At a cricket maU'h the contractor provided dinner for 24 
persons, and fixed the price so as to gain 12^ per cent, 
upon his outlay. Three of the cricketers being absent, the 
remaining 21 paid the fixed price for their dinner, and the 
contractor lost 1*. : what was the charge for the dinner? • 


133. Provo that x(y +2) is equal to a, if 
y . a - 2 


y+1 

134. Find the cube root of • 

lira r54x - 112 


\ and y-— ■ 

108 48 8 


X x* x^ 

135. Find the H.C.F. and L.C'.M. of 

X* - 2aj^ - fl*jr + 2«* and x^ 2ax^ - a'/ - 2a*. 


136 . 


Simplify 

ibja a~4b 
86 -e a a “ 36 a* - 



137. Resolve 4n*(J* -t 18a6*) -(32<2* -06*r*) into four factors. 

1 38 . Solve ( 1 ) WSx - 1 “ s Tfur -- 2!;l. 

(2) wO, — -84. =140. 

x >y X -r 2 y rZ 

139. shew that the diflerrnro between 

X X X . a b c 

— 4-- — r + — and 4 

x-o x-o x-c x-o x-6 x~c 

w the same whatever value x may have. 

140. Multiply x^ 4- 2y^ + 3:^ by x^ 2y^ - 3:^. 

*140a, The sum of the first « whole numbers is given by the formula 
S^ -^n{n + 1). Find the value of m if the sum of the first n 
whole numbers U 120. 
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Ml. 

142. 

143. 

144. 

145. 

146. 

147. 

148. 

149. 


Walking raik» an hour, I 8t«t ij boun after a friend 
whose pace is ^ miles an hour ; how long shall I be in over- 
taking him ? 

Eipress in the simplest form : 


8* + 4^) X 16^. 




Find the square root of 




\z-l Xfl/ 


1 \ r«-l u + 

f 1/ ■ 


In* - 2ay + a - y j | a* t ' a* - ay ■ y* / 
Find the value of 

(!) v8 + vM-vT8rv4H. (2) \'35 TUv/8. 

x-A i-a 2(0-6) 

Solve (1) n* 

x-a x-6 r-(o+6) 

(2) 2i*3y = ljl 

4x»r&/y^9y*r:ll/ 

Shew that 

(6ir)*-o> (cra)*-6* 

{a^b) c h*c-a c+o-6 

» equal to 2(a t 6 t-c)* f a* r6* -♦ c*. 

Divide a~z+ 4o^j^ - 4a^x^ 

by ai i 2a^x^ -x^. 

Find the square root of 

(fl-l)< + 2(a<*l)-2(a*4 l)(a-I)*. 


I49a.* The area of the surface of a right circular cylinder of height A 
and diameter d is ^ d^A Find to the nearest millimetre 

the diameter of a cylinder whoso height is 3 metros and whose 
surface is 20 square mctiys in area. (Lend. Matr^.) 



150. 

151. 

152. 

153. 

154. 

155. 

156. 

157. 

158. 

159. 

160. 

161, 
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How much are pears a gross when 1 20 more for a 8o?ereign 
lowers the price 2<i. a score? 

Shew that if a number of two digits is six times the sum of 
ila digits, the number formed by interchanging the digits is 
five tiraee their sum. 

Find the value of 

1 1 I 

(a-6)(/)-r) (6 -c)(3-c) (c-a){h-a)' 

Multiply 


12+41ar^3Gx* 
4-7/ 


by 5 - 2a 
1 


26x-8r2-l4 
^ 3-4z 

1 


If z - - - 1 , prove that j* -f — - 3, and ^ 3 — 4. 


<'* n"xf4 = 3‘""=>' 

(2) 2x^-3t^=:23i 
2zy-3y*=.3 f' 

Simplify 

(1) 1K'20-3vo-^‘ 

Kind the H.C.K. of (p* - + (3p - l)i 1) and 

p(p + l)j»^(p= 2p^l)f-(p-l). 


V ’ V z®/ z* 


Reduce to its simplest form ; 

111. "“ V 

Find the square root of 

(1) 1-2*"^^ r4*". (2) 9" -2. 6” + 4". 

A clock gains 4 minutes a day. What time should it indicate 
at 6 o’clock in the morning, in order that it may bo right at 
7,15 p.m. on the same day? 

4 

If z = 2 + ^/2, find the value of z* + ^ . 
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162. Solve 


ALGEBRA 


^X-b~ s'^ 


(2} 


^/! ^x + n /1 -z 

S^l rX- Vl -X 


163. Simplify 

a» h* f« 

(6 - o)(c ~a) ^(c - 6 ) (a - 6 ) |o - c )(6 -c) 

16Ar. Find the product of ^v5. 5 v and divide 

8 - 4^ 0 3^ 5 - / 

^54-1 ti T\^ t 

165. Raeolve 9x*y* - 576y* - 4x* - 256x* into six factors. 

166. Simplify 

1 _ - * _ 

/!) . X(X-2q) 

(x - o)(x - nj ' (j^ - B*}(x fa)* 

“ m - n ' L 7(r + a) ' ] 21xy* ' 4{m* -n*)f J 


167 . .Simplify (I, 

(2) s H 

168 . Find the H.C.F. and LC.M. of 

2ar*-x»-l, 2ox^-.^r*-x-I, 25z*-10x*^I. 

1 69. Solve ( 1 ) 0 * X r V 2ax f x* h. 

(2) x,l>i,^ = 8, 

7 ' ‘s 

170 . The price of photojfrapha is rais«<l 3 #, per dojscn, and cue* 
tomers consequently receive seven less than befon* (of a 
guinea : what were the prices chargeil? 

1 71. If ^ y 3, prove that a* + 0. 

172. Find the value of 

x + 2a z-2a 4a6 


ob 
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173. Reduce to fractions in their lowest terms : 

(1) + i—Vi 

y z) \^x* + y»+22-J3^-y2-3a; a;4.y + 2 y^ ■ 


174. Express as a whole number 

(27)* +(16)* 

175. Simplify 


2 ^ 
{8}-^ (4)-^’ 




(2) - 56.^3* 


176. Solve 


(j) ^ -fii _ a:+6a 3- + 5a 

T“iia x-4a x-4a^ X - ^ 

(2) 3x*+xy-f3y>^8l ) 

8i*-3ry + 8^^17jj ‘ 

m r.. , ^ ' 'Zab^x^ +b*x* 

. rmd the square root of . 

' «*”* -f 2 h ”' j ’' -r J*” 

178. Simplify 


(1) — xvoex-.,- X— 

s/a v6 fl-i 


(^) 


(9" 


3s F» / 


179. A l)oat’» crew can row 8 miles an hour in still water ; what is 
the speed of a river’a current if it takes them 2 hours and 
40 minutes to row 8 miles up and 8 miles down? 

180. lfo- 4 !»-yj. 63.y>-rr, f -^-xy, prove that 

a*-/x* ;r(arrhy+f?). 


181. Find a quantity such that when it is subtracted from each 
of the quantities a, i. c, the remainders are in continued 
proportion. 


182 . 


Simplify 

(0 

( 2 ) 


/x+y — 


X 




2(7x-4) J-IO 2(4j;-i) 
ex*-7x-t2^ar*-x-2" 4 jJ-1 ‘ 
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183 . 

184 . 

T35. 

186 . 

187 . 

188 . 

189 . 

190 . 

191 . 

192 . 
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1 93f, If p be the difference between any quantity and its reciprocal, 
q the difference between the square of the same quantity 
and the square of its reciprocal, shew that 

194. A man started for a walk when the hands of his watch were 
coincident betwwn three and four o’clock. When ho 
finished, the hands were again coincident between five and 
six o’clock. What was the time when he started, and how 
long did he walk? 


195. 

196. 


If rt be an integer, shew that 7*”+* + 1 is alwa 3'8 divisible 
by 8, 


.Simplify 


(-:)■ 


(-;)■ 



• 1 96a. Write the formula jS’ ~ - {2a + ?i - Id} as a quadratic equation 

for n. Find the numlx-r of terms of the series 2 -f o-r8 4 ... 
uhii'h add up to 155. 

197. Find the value of 


( 1 ) 


7^.V-5 7-.1v5 
r-3v'5^7^;V5' 


(2) 


vT-f X “HS '^1 -X 
s'l + x - "V^l -X 


when X 


Jh_ 

h'ri’ 


198. If a th f r • rf- :2,«, prove that 

4{ab +«/)* - (o* -5* “ r- 16(<'t -a)(jf - -c)(5 -d), 

199. A man buys a nunil)er of articles for £1, and sells for £1. U. 
all but two at 2d. ajiiece more than they cost; how many 
did he buy? 

200. Find the square root of 

2 (HIx* + - 2 4- y*) (.l-c - y)> + (3x - y)*. 

201. If r;a::y : 6 ::c, prove that 

(5c + oa + ab)^ (r* 4 Y + :*) {hz 4- cx f oy)* («* 4- 5* 4- c*). 

202. If a man saves £10 mom than he did the previous year, and 
if ho saved £20 the first year, in how many yeare will his 
savings amount to £1700? 

203. Given that 4 is a root of the quadratic x*~Sx 4 - 9 = 0 , find 
the value of q and the other root. 
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A per^TV having 7 miles to walk increasee hia speed one bile 
an hour after first mile, and finds that he ia half an hour 
less on the road than he would have been bad he not altered 
his rate. How long did ho take? 


205. If (a+6 - a + 6 + f)y=(<»-6+e)3=(a+h - c)ir, 


shew that* _ + 

y z w X 

206. Find a Geometrical Progression of which the sum of the first 
two terms is 2|, and the sum to infinity 4^. 


207. Simplify 


('iJ 

"(-r 




208. A man has a stable containing 10 stalls ; in how many ways 
could he stable u horet^? 


209. In boring a well 400 feet deep the cost is 2s, 3d. for the first 
foot and an additional penny for each subso<}uent foot: 
what is the cost of Ix^ring the last fof)t. and also of boring 
the entire well? 


210. If d, jJ are the roots of x* ^pz - 77 - 0 , shew that p, 7 are the 
mots of the e<^uatiun 

-f (a - al?)x - c^(a 4-/J) =0. 

211. Multiply together the duo<jenary numbers UM and 


212. If - — - -- ; determine the ratios x:y:z. 

y z z-y ^ 

213. If a, 6, c are in H.P. shew that 

\a b c/\c b aj b* ac 

214. Find the number of permutations which can be made a!) 
the letters of the words 


(1) Consfrptzncfijf, (2) Acamania. 
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215. Expand by the Binomial Theorem (2o-3x)*; and find the 
numericaUy greaU‘8t term in the expansion of (1+a;)", 

if x = "» and n~7. 


216. When x=;*— . find the value of 

4 

li 2 j- 1 

ntn f ye z* - x* -ca -ab 

' ’flip 1 > (jj _ (y „ (.j ^ _ gj „ gj ^ 

218. Solve the equations ; 

(1) {x»-,lx-t2)* -:!1:*-5 x + 22. 

(2) (^.^y.4(^.y=i2. 

219. Prove that 

(y-:)> + (jr~y)* + 3(x-y)(x-r){y-:)-(x-:)». 

220. Out of 16 cotuionanta and 5 vowels, how many words can be 
formed each containing 4 consemanLj and 2 vowels 7 

221. Ifh-aiaa harmonic mean bctw'cen c-a and d - a, shew that 
d - c is a harmonic mean betwwn a ~c and b-c. 

222. In how many ways may 2 red balls, 3 black, 1 white, 2 blue 
be selected from 4 red, 6 black, 2 white and 6 blue ; and in 
how many' ways may they bo arranged 7 

223. Tho sum of a certain number of terms of an arithmetical 
serieu ia 36, and tho first and last of these terms are I and 
1 1 respectively : find tlio number of terms, and the common 
difference of the series. 

224 . Expand by tho Binomial Theorem : 

(1) ( 2 - 7 )*; (2) ( 1 -^*) to 5 terms. 

^ 25 . In what aoale is tho denary number 418 repreaonted by 1534? 
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one e 1 r ^ j c j I f 

226. Simplify — ~~ X — nr. ^ — = ; And find the taIuo of 

3^/27 4n'15 7v43 

giTpn that v5 “2'236. 

227. By the Binomial Theorem find the cube root of 128 to six 
placca of decimals. 

228. There are 9 boob of which 4 are Greek, 3 are Latin» and 2 
are English ; in how many whyA could a selection be made 
«o as to include at least one of each language! 

229. Simplify 

(1) 

rt - j: « 

O 1 - j V ^ _ y - j • 

230. Form the quadratic equation whose roots are 5 i 6. 

If the rrjots of 0 arc two con.secutive iiitegem, 

prove that p* 4v - I 0. 

231. Subtract 4-72I7.1 from 7fm in the scale of eight, and find the 
square root of /<JH404 in the ktiiIp of twelve. 

232. Find log,^ 128. logt ^ 12N, !og^ J ; and having given 

log 2 - • 3^) 1 0.3 W a nf 1 i^)g 3 • - 4 77 i 2 J 3 , 
find the logarithm of 00001728. 

233. A and B start from the same pr)int, B five days aflcr A ; A 
travels 1 mile the first day, 2 miles the second, 3 milea the 
third, and so on ; // travels 12 miles a day. W'hen will 
they be together? Kxj>lnin the double answer. 

234. Solve the ecjuations : 

(1) 2'r=8V^l, .3'-*; 

(2) 2* 2x4*. z+yf 2 - 16 . 

\ 

235. The ram of the first 10 terms of an arithmetical series is te 
the sum of the first 5 terms as 13 is U> 4, Find the ratio of 
the first term to the common difference. 
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236 . 


Find the greatest term in the expansion i 


237. five gentlemen and one lady wish to enter an omnibus in 
which there are only thrw vacant places ; in how many 
ways can these places be occupied (1) when there is no 
restriction, (2) when one of the pla(“es is to be occupied by 
the lady? ^ 


238. Given log 2 = -301030, log 3 - -477121, and log 7 = -845098, 6nd 
the logarithms of -00.5, 6-3. and 
Find X fmm the equation 18*^ .-(54v/2}****. 

239. If F and Q vary respectively as and t/i when z is constant, 

and as and when y is t-onstant, and if z = P + Q, find 
the equation Is-twt^n r, y. : ; it being know-n that when 
y G4, r * 12 ; and that when y'-4:--16, x~2. 

240. Simplify 

■ , 1.^3 13 , 143 , 77 



241. If the nuniljcr of [M-rimitationK of » things 4 at a time is to 
the numljcr of combinations of 2n things 3 at a time as 
22 to 3, find n. 


242. If - i- “ - — ^ f — , prove that 2A is either the arithmetic 

a r 'Ifi - (t 21} - c 

moan between 2a and 2c, or the harmonic mean between 
0 and c. 

243. If "1?^ denote the runi}>er of combinations of n things taken r 
t-ogethcr, prove that 

Find (I) the cliaractcristio of log 54 to base 3 ; 

(2) log,, (■012’0^ ; (3) the number of digits in 3“. 

Given Iog„2 a‘30103, Iogjo3 =^-47712. 


244 . 
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245. Write down the {r + l)tt» term of (2(ir* and cxprcaa it 
in its aimpleet form. 

246. At A meeting of a Delating Society there were 9 speakers ; 
5 spoke for the Ooverniuent, and 4 for the Opj^tion. 
In how many ways could the speeches have be<m made, 
if a member of the (lovemmcnt always 8{)CAks first, and 
the speech^ are alternately for the Government and th« 
Opposition? 


247. Form the quadratic equation whose roots are 


a + 6 + -t-h* and 


a +6-fVtt*+6* 


248. A point moves with a speed which is different in different 
miles, but invariable in the same mile, and its in 

any mile varies inversely ks the number of miles traveliud 
before it wmmences this nule. If the secx)nd mile be 
described in 2 hours, find the time taken to describe the 
nth mile. 


249. Solve the equation.** ; 

(1) j*(4 -r) -o) •fo*(a -b) -0, 

(2) (x*-pr rp*)(7r+P7 fp*) 


Prove by the Binomial Thcvm'in that 


. 33.5 3 . 5 . 7 

J + II— 

4 4 . 84 . 8 . 12 


ad inf. ~ y^8. 


250 . 



ANSWERS 


I, a. Paoe 4 



70. 

2. 

125. 

3. 

10.5. 

4. 

343. 

5. 
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6. 

3-J. 

7, 

12. 

8. 

70. 

9. 

6. 

10. 

108. 

11. 

7. 

12. 

144. 

13. 

48. 

14. 

189. 

15. 

200. 

16. 

27. 

17. 

1000. 

18. 

3. 

19. 

1. 

20. 

567. 

21. 

4. 

22. 

12.5. 

23. 

81. 

24. 

1. 

25. 

243. 

26. 

.512. 

27. 

.5. 

28. 

4006. 

29. 

64. 

30. 

90. 

31. 

24. 

32. 


33. 

81. 

34. 

W. 

35. 

8. 

36. 

2401. 

37. 

.50. 

38. 

3. 

39. 

48. 

40. 

16. 
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1. 

700. 

2. 

680. 

3. 

06. 

4. 

135. 

5. 

15. 

6. 

(HI 

7. 

162. 

B. 

0. 

9. 

0. 

10. 

3000. 

11. 

98. 

12. 

22.5. 

13. 

3. 

14. 

I. 

15. 

5i. 

16. 

2. 

17. 

36. 

18. 

160. 

19, 

Ij- 

20. 

40. 

21. 

0. 

22. 

72. 

23. 

2048. 

24. 

81. 

25, 

iR. 

26. 


27. 

1 

64' 

28. 
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1. 

4. 

2. 

fi. 

3. 

8. 

4. 

36. 

5. 

3. 

6. 

8. 

7. 

8 

8. 

0. 

9. 

32. 

10, 

60, 

11. 

0, 

12. 

'«• 

13. 


14. 

'>3- 

15. 

If 

16. 

0. 

17. 

3‘ 

18. 

“3- 

19. f 

I. 20. 

3. 

21. 
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1. 

10. 

2. 

0, 

3. 

7. 

4. 

11. 

5. 

21, 

6, 

6. 

7. 

18. 

8. 

36. 

9. 

6. 

10. 

14. 

11, 

85. 

12. 

96, 

13. 

36. 

14. 

0. 

15. 

0. 

16. 

12. 

17. 

24. 

18. 

43. 

19. 

4. 

20. 

8. 

21. 

12. 

22. 

0. 

23. 

I. 

24. 

6000. 

25. 

17. 

26. 

16. 

27. 

18. 

28. 

0. 

29. 


30. 

49. 

31. 

1 

32. 

3 

33. 

0. 

34. 

li 



i 

4* 


16* 
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I. e. Page 9 

1. 20. 2, 2, 12, 30. 2. 3. 8, 11-25. 15. 3, 6. 

4. 4-48, 17-76, 27-52, 40. 6. 504. 8. Tlie first by 24. 

10. 21,0. 12, 196. 

n. a. Page 12 

a. -£12. 2. 4. -2. 3. 20. 4, -6°. 

5. -Sfoet. 6. 24,-4. 7. .4, C, B with -^4, 0, - 2 pointa 


n. b. Page 14 


1. 

47(1. 

2. 

24jr. 

3. 

396. 

4. 

151c. 

5. 

-26/. 

6. 

-406. 

7. 

- I7y, 

8. 


9, 

-206. 

10. 

2/. 

11. 

0. 

12. 

- 16/. 

13. 

-a 

14, 

"i/- 

15. 

0. 

16. 

2ah. 

17. 

.r*. 

18. 

- i4«*x. 

19. 

-2U\ 

20. 

-16x». 

21. 

0. 

22. 

- I9x*. 

23. 

- 43rt6crf. 

24 

11 

25, 

8 

r«. 

26. 

-36. 

27. 

-.c*. 

28. 


29. 

■ V' 

30. 





m. a 

. Page 18 




1. 

0. 


2. 

4a + 46 1 4c. 


3. 0. 



4. 

4j' + 4y + 4z, 

5. 

3a 

f56-2c. 


6. 6-r. 



7. 

39a -56^ 4c 

8. 

.V. 



9. 3«j-- 

- ' 

r3c5. 


10. 22p -I 89 ~ 20 r. 11. ah. 12. -2<V,/.. vr/|. 

13. iktb-rbc. 14. P^J^gr^rp. 15. ftr. 

16. 20n. 17. ljyT2zx. iJ. Ilrt/j-n6^*. 

19. I.3r. 20. 

m. b. Page 20 

I, abc, 2. jr* f i:y 3. a* t ^ah - 25*. 

4. y? + 2x + 2y. 5. .Iz^+iry-y*. 6. 4J!^ * 4/ f 2. 

7. i* + 7*. 8. ir)j»-32z-18. 9. 15.r*-4i^+3x-l. 

10. a* + 6» + c*. 11, a»f6> + c* + «/». 12. ^ + + 

13. ftj»-3a*. 14, 3a^-2y»-2.ry-4y:-3j-4. 

15. -J*+z*-f2y*+y. 16. 17. 2a% 

18. 19. i' + 6» + f*-3a5r. 
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20. 

x* + x*y + 7y+3j^. 

21. 

^-a-h 

4 3 

22. 

-Sa-ift. 23. 

7 2.1 

-jo+gJ-jC. 24. 

3 4, 15 

25. 

3^"3*y + 2^‘ 

26. ;o' + ?ai 
6 0 

- 1 - 

27. 

2 1 . 

28. 

29. 


30. - _|_ 1 ^^2 ^ ^3 

- 4 


rv. a. Pace 23 


1. 

~ 2ri - '2r. 2. 

.^i - r»h - 4<'. 3. 

13x+18y-i9:. 

4. 

-/5n+306-k. 6. 

llx-43y- 1(J2. 6. 

12aA - I06c - I0c<f. 

7. 

2I(i-13/^-3.V. 8. 

llx + 26y + 22:. 9. 

'hcr'M. 

10. 

‘M-2f<f + 2rt«-2/W. 

11. 

-cd-ac-bd. 

12. 

2xy. 13. 

-3x^-x*-2x + l. 

1 3, 5 

14. 

- 12x*y + 21xy« + 15xyr. 15. 

16. 

17. 

f> 10-, 1 
-•>'■" 3 

18. 

+ 19. 

20. 

5 13 

0 6 ^ 


IV. b. Page 24 

1. 7^y-7y2 + lH«. 2. - 12j-y + 8.?^y-21rv^. 

3. -12+ 9ciA f 6o*6*. 4. - 2fi^bc t 6/(Va + ikhh . 

5. - 12<i*6 + l.Trti* - .W. 6. - I6j*y + lO.ry* - 2jy, 

7. WM + I6rt*ft. 8. »r*-9x + 9. 

9. J^ f3x*+ fir ^7. 10. - 17oV* M3.r» ^ 20. 

n. 2x*-2r. 12. 6x*i/ + 2ys. 13. 

14. 3x» + lOrV-10try». 15. 4x« ~ 5x» -2i^ - x + 2. 

16. -4fl» + 45»-2r*+10riAr. 17. - +2x< +x« -x® ^2x -2. 

18. 4fl*-7a<-5a» + 0a*-a-7. 19 . -fxPft - 14<76* 

20. -a*+22«»6-10aA* + 25>. 21. 2x* - ^ xy - ^ .v*. 


99 < f 7 I 

22 , 


23. 
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Ktscellaneous Examples 1. Page 25 

1. (Dirii*: 2. 2o ^ iV 

3. ^1)21; <2)108, 4. (1) II ; (2) 18. 5. 7.r*-iar*. 

6. S*js-2fl. 9. 11. 2«-(36+r>r). 

12. 47; 12. 13. f-y. 15. 36. 16. 0. 17. «*/>. 

18. 7-2:. 20. Try. 21. 8. 23. 4«. 24. 118. 

25. 30 B.c, 26. 2r^ - 2r. 28. - (<‘ -d). 

29. niilra south of 0. 30. 27* + 77-3. 

V. a. Page 29 

1. 2. 2«>i". . 3. 4. 307*jf*. 

5. VjV;*. 6. 7. -hiVA 8. ItVj^A. 

9. 2S/|»A^ 10. M*7*y*. Jl. thiVV- 12. (ific-ryz. 

13. i:vi^fe*7<. 14. 2Srt"6M. 15» 40.IV7S. 16. 30f/^7*y3. 

17. 27'y*, 18. ^l«*7*y“. 19. <|V>* i o’6*c. 

20. 20rP^^V* 28aW. 21. 107^+67*y. 

22. n^b - ah'j^ <j%*. 23. r 

24. 2Ua*6r^ ■ 1 2<i W - 8<i 25. 1 "xr^y ^ .'LHy* ~ 2 1 jr^y\ 

26. 487^y^ - 407y * odr»y^. 27. (vjHV 7aV.V». 

V. b. Page ,32 

1. 3tK 2. -48. 3, 5. 4. 21. 5. 16. 

6. -12. 7. -9. 8. -24 . 9. -168. 10. 4S0. 

11. -16. 12. 37.7. 13. :^n\. 14. 140. 15. -Him. 

16. .V8». 17. -180. 18. -otl. 19. -imw. 20. -224. 

21. 40. 22. -63. 23. MS. 24. - 13t). 25. -54. 

23. .3. 27. 1. 28, 0, 29. 20. 30. -13. 

V. c. I^aoe 3,3 

1. 3fl'7*. 2. \iaW. 3. ~a^h\ 4. -607^y*. 

5- 6. -5j»y*:*. 7. - .367*y»: - 48./^*. 

8. n^/V -aW, 9. 37»x3jy^37:. 10. -nh*r * afjf*. 

11. a»Mc - o6»c* 12. I4a*ii* i2fia*b*. 

13. l.Vy*-187»y* f24j*y*. 14. 667*y<+40rV* 

15. -487*1^7* + 967V:* 

17. 917^/ + ia5r*y*. 18. - iMyV 4 lO/^y*:*. 

19 . -«W4aVc* + aW. 20. - <i»6‘r f rt*6Y 
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21. 

- 3«* + ^ oA “ 6ac. 

5 . .5 10 

22. 

23. 

1 , 1,3. 

24. -2(iV + ^a‘i‘, 

25. 

^ a*2* - ^ 

26. I'.r’y-j-y. 

27. 


28. 


V. d. Page 34 

1. 

jc*t15jt.W. 2. 

a^-25. 3. A* -17x^70. 

4. 

+ 3j: - 70. 5. 

x*-34:-70. 6. ^* + 174-70. 

7. 

x*-.30. 8. 

.r**4x-32. 9. 

10. 

11. 

4^ -2¥r). 12. -T*rl8jr-4:). 

13. 

aJ + .'ix+e. 14. 

-r»^14j-4n. 15. 4-* -25. 

16. 

17. 

4^r^J--306. 18. 4^-J-3S0. 

19. 

i* - 266. 20. 

-jr*r42j:-441. 21. 2x* + 1.3 j: -24. 

22. 

2/^ -13^-24. 23. 

2j:* - lUtT). 24. 2z*“7x-5. 

25, 

6r* ^ 1 U - 35. 26. 

0x*-|Ij:- 35. 27. 10^®+3jr-I8. 

28. 

10j>-3x-1S. 29. 

9r>-25y*. 30. 9i* - 30jrj/ 2y , 

31. 

a*^aA-6A*. 32. 

a* rflA-56A*. 33, 3«*-30flA-4SA^ 

34, 

a*-4«6-45A*. 35. 

rax ~bx ~ ab. 36. 4^ - 04‘ - bx - ah. 

37. r* - 2ar + 3Az - 

38. «V-AV. 

39, 

^*y*~(i*A*. 

40, 4/jV-yj‘. 


V. e. Pack 36 

1. 

a* + 2oA 1 6* - r*. 

2. a>-4A»T4A(’-c*. 

3. 

a«+a*6>+6*. 

4. jr*i4j^y T3j"y*i-12^, 

5. 

1^-44^ f Jir + 16. 

6. x*^y. 7. 

8. 

(i*+4a*x* + 16x*. 

9. W-27A*. 10. x*-o^ 

11. z« + 2z>-7z»-8j^12. 

12. 40^-4^ f4j-. 

13. a«+aV. 

14. 4*-2r*-4j:>4-19i*-3l4-rl5. 

15. 

a* + 4<iA*. 

16. 84^ -27^’. 

17. 

~ ar* + 4jr*y - jr*y* - 4j‘y* - y*. 18. fl* - + 2a*6* + A*. 

19. 

ar^-Siy+y*. 

20. fl*6*+c*<i»-a»c*-ASrf». 

21. 

76oV-28aV + I.W 

.12flA’. 22. 81x*-256a<. 

23. 

a‘-25a^»-10aA»-A*. 

24. ^ + 34y+y»-l. 

26. a*+6*+c*-3o6f. 

26. j*+y*. 27. 
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28. 


31. 


33. 

35. 


a«- 2 a 8 + l. 

4 ® ^ 72 “- 12 * 

„ j 4 jfl X 

4 36 IG 


29. 


a*x^+27aV. 30. ^*+24^+j^*. 

1 , 5 , 1 1 

32, 

„ 9^ 3 ^ 1 , . 2 . 

34 . 

36. \a*ri*. 

4 


I. ^2^30- -40. 

4. x**U-o. 

7. 4 7^-44. 

10 . a^-l. 

13. a* -4a -32. 

16. <i^ + 6a-f-9. 

19. ^-tur-ea®. 

22 . x* + 2 fy- 8 y*. 

25. rt*T6aA-96*. 

28. 2.t^-r-l0. 

31. :U*r2jt-l. 

34. 8x*-6r-9. 

37. Oz^-ajry lV. 
40. 2i^^-9«>, 


V. f. Page .38 

2 . X*-r 5 j- 6 . 

5. r*-2j-63. 

8 . x* + ir- 8 . 

11. a* + 4a-45. 

14. n»-5V 
17. a* -121. 

20 . r*+ajr- 30 a’. 
23. z*-49y>. 

M. a* +i>aA - 506 *. 

29. 2r*-9x + 10. 

32. 4j*t8j'-5. 

35. 

38. 9J^ + 12ry-r4y*. 


3. z*-j-7j--30. 

6. I*- 18^+80. 

9. x*-4. 

12, a* + 9a -36. 

15. a* -r 7<i - 78. 

18. rt*-16a+64. 

21. x*-daK 
24. .r* - Oiry + 9y*. 
27. a>-17a6+72/.=. 

30. 2x*-3jc-9. 

33. &r*^rw-21. 

36. 4z* - 20r ^ 2.5. 


39. 4x*t4j 3^-3.V‘ 
41. 2jr* + .'jox - 25a*. 42. 4x* t 4«j i a*. 


VI, a. Page 42 


1. 


2. 

-.Ir. 

5. 

jry*. 

6. 

-a*. 

9. 

aV*. 

10. 

3x»y*:». 

13. 

■Vi*. 

14, 

7a*A^. 

17. 

-86^x. 

18. 

lOy*. 

21. 


r4x*. 


23. 

-3x*^ 

Hi, 24. 

.3x-4. 

27, 

-a-f-A + c. 28. 

a -6 -6*. 

30. 

-2xy 

+ 4r*y- 

3/. 

31 


2y*. 



fl * * 3 » 
34. -^a*/* 


3. 

- 5r*. 4. 

6x. 

7. 

4ar, 8. 

4fl*6V*. 

11. 

4x*. 12. 

6a*. 

15. 

-1. 16. 

- 7nA*, 

19. 

X ~ 2y. 20. 

I*- 3x-l. 

22. 

10x^-8x* + 3r. 


25. 

,3x^t4x, 26. 

2x*y-3x3f*. 

29. 

- j* f 3xy f 4y*. 


31. 

2o-36+4<*. 


33. 

3x-2y-4. 


35. 

2 *1. 

• fl -0 -r. 

3 6 
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VI. b. 

1. x + 2. 2. x-4. 

5. 3j; + 1. 6. r+S. 

9. Txr + l. 10. x + n. 

13. + 14, 3x-7. 

17 . 4 «+ 3 r. 18 . 5 a -X. 

21. 6xf5y. 22. ax+3y. 

25. 0x* + 9x + r>. 

27 . 3 r 3 «+a*. 


Page 44 

3. a -6. 4. a -24. 

7. 5x + l. 8. x + 7. 

11. x + 5. 12. Sx + l. 

15. 3x-5. 16, 4x-7. 

19. 3aT4f. 20. 3a-5f. 

23. x*t14x. 24. 4x*-x. 

26, 2a® -5a +3. 

28. 8 - 36x + 54r®-27x®. 


VI. c. Page 46 

1, x-4. 2. yrl, 3. 2m -3. 4. 2fl®-3a. 

5. x®-x+I. 6. a*-3a + l; rcm.a-6. 7. a*+3a+2. 

8. ; rcm.3x+4. , 9, j»-2x5tX + 1. 

10. j^-3x®T2jr- 1. 11. 10x®-3x-12; rem. 7X-45. 

12. 7y® v.5y-3; rem. -39yi27. 13, 2i-®-5i--f2. 

14. .'i - 7 m - M®. 15. X* ox +6. 

16. x®-2x-r3: rem. 3Ix-lo. 17. 12T8x-rx*. 

18. 7x® r>xy r 2y*. 19. X* - xy i-y® ; rcm. x*. 

20. x^-x-y. 21. a*ia®6®+5«. 

22. X® - x^y -x^y® - r®y® 4- jy* -y‘. 

23. + 2x'y* - 3x*y^ - 6x*y* + 2x*y* + 4xy®® + y'*, 

24. a' ^ ^ hr\. 25, x« - x*y r xy< - y®. 

26. ^ riV>> 4 a*6® - (i*b* + a®6» + 6'®. 

27. a' - 'M* + ~ 2rt*6» + 5*. 28. 1 + a * a* 4 2x - 2ax -f 4x». 

29. 30. 

ft 1 3 1 

31. Of*. 32. 

J.) 5 2 o 4 ,> 


33. fi.r -ly-i. 


, 1 . 9 ,j ** j 


Vn. a. Page 40 

1. n * 6 - r. 2. 0. 3. a + 35-4f. 4. So-fi-f. 

5. -2«-4/>-2f. 6. -fi + 6-f. 7. 6 -h. 

8. X y. 9. 2a - 25, 10. -2x - 6y. 11. x -o. 

12. 2«-6-rf. 13. -3f + 4y. 14. -x + 2y + 6:. 

15. -5x. 16. -2r)X + 2y. 17- Ux-36y. 

18. 2x-2z. 19. 2fl. 20. o. 
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Vn, b. Page :>0 

I. 3a. 2. a. 3, 6o + 26-2c-2rf. 

4. ir-3y + i2z. 5. 6. 6. 21«+6. 

7. 26-^4<‘. 8. -a* + 8i*-9c>. 9. -2a ^ 66 t2c - 2rf. 

10. 4a+6 + c. 11. -50r. 12. -I la -26. 

13. -a+6T5f. 14. -2« + l06-lIf. 15. -2270 + 21^ + 84. 

16. 2a-V2erS4d. 17. 3a +4^. 18. - lOa. 

iV 4a. 20. 0. 21. "a -26. 

5 

22. 12j-30y. 23. 24. 0. 

vn. c. Page 52 

1. (a ^2)x< + (6-5)j» + (26-3)jr^-o. 

2. (5a-6)z*-(36-4)x»T(<--2)jr-a6-7. 

3. (9a-7)jr*+{5a-3)ir*-(7-2/^)j-2. 

4. (2c-a>).r*^(l~36)4:^^(4</ 3a6)/. 

5. - (a* +6)x^ - 126 - 5) - (3 - 

6. - (a6 - 7) j* - (a6c - 7}x* - (3c^ - 5a)/. 

7. “(c -a*)x* -(6 ^5 -a)/^. 

8. -(a-rr7-36*)jr^-(6 4.V^)x. 

9. {a -6)/* - (6 >2<')r*-(6 4<-^rf)/. 

la (.7a - 4r) r* - (3a - 66 + 7f ) /« ^ (2a - 76) /, 

II. (.3a-2f)/*r(a^86)/^-(8or96}x. 

12. (66^I)/*-(a-26)z<-(2a*3f)x. 

13. (a +6)j:^ - (a r6)j* r (a -6) j. 

vn. d. Page 53 

1. (a -c)/* ^(6 - (2< + 1)/. 

2. (l-6)2* + (fl*l)/" + (6-l)/-l. 

3. (a* - 5a ^ 2)x* + (2a - 6)/* - (a + 5) j. 

4. (a -^+ I)/* + (6 + 7 + 2)/-/- r + 3. 

5. (p + 7- + ?)/*-(? + 9)/ V?. 

6. ac 2 * + (3a t- 6c) x* + (26 + f) j + 2. 

7 . OCX* - (2a +6c)z* + (3a + 26)x - 36. 

8. apx ^ + { aq - hp ) i ^-{ bq + rp ) x ~ rq . 

0. 26x*-(36 - 2c)x*-(6 + 3c)x-r. 

10. ox»-(a+26)** + (26 + 3c)x-3r. 
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11. “(2a +3i>)x* +{6 -a^)2: 

12. z*“(a»T26)/< + (2ac+t«}2*-c*. 

13. fl»j‘ + {6a“l)a:< + (9-26)x>-&*. 

14. X* - fa* + (2ac +6> + 2<i)x* “ (2W +c*)a:* +ci*. 






vm. a. 

Page 57 





1. 

3. 

2. 

.5. 

3. 

4. 

4. 

6. 

5. 

2_ 

6. 

5. ' 

7. 


8 . 

3. 

9. 

5. 

10. 

7. 

11. 

3i 

12. 

2. 

13. 


14. 

4. 

15. 

3. 

16. 

5. 

17. 

I 

18. 

-2* 

19. 

I. 

20. 

Ij. 

21. 

2. 

22. 

1 . 

23. 

4 

24. 

6|. 

25. 

5 

S‘ 

26. 

7 

12‘ 

27. 

8 ' 
21* 

28. 

U:- 

29. 

12. 

30. 

15. 

31. 

4.1 

32. 

-4. 













vm. b. 

Page 59 





1. 


2. 

4. 

3. 

7. 

4. 

4. 

5. 

3. 

6. 

1. 

7. 


8. 

3. 

9. 

1.5. 

10. 

13. 

11. 

13. 

12. 

5. 

13. 

1. 

14. 

16. 

15. 

10. 

16, 

.30. 

17. 

5. 

18. 

1, 

19. 


20. 

1. 

21. 

1. 

22. 

*> 

23. 

3. 

24. 

I. 

25. 

4. 

26. 

3. 

27. 

3. 

28, 

3. 

29. 

I. 

30. 

4. 

31. 

7. 

32. 

3. 

33. 

4. 

34. 

4. 

35. 

1. 

36. 

I. 

37. 

2. 

38. 

o 

39. 

I. 

40. 

2^ 









vm, c. 

Page 62 





1. 

2(). 

2. 

I. 5. 

3. 

8. 

4. 

16. 

5. 

25. 

6. 

17. 

7. 

13. 

8 . 

10 . 

9, 

7. 

10. 

4. 

11. 

1 

“7* 

12. 

1 

7 

13. 

5. 

14. 

7, 

15. 

6. 

16. 

10. 

17. 

6. 

18. 

8. 

19. 

7. 

20. 

2.5. 

21. 

3^ 

22. 

8. 

23. 

12. 

24. 

5. 

25. 

5. 

26. 

12. 

27. 

4 

r 

28. 


29. 

8. 

SO. 

66|. 

31. 

7. 

32. 

7. 

33. 

2, 

Si 

12. 

35. 

27. 

36. 

5. 


t 


E.A. 
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Vm. d. PaOK 64 


1. 

2|. 2. 

6. 

3. 

10. 

4. 

-6. 5. 


6. 

li- 

7. 

-13. 8. 

3 

8‘ 

9. 

If 

10. 

u. 

4 

y 

12. 

2 

“21 

11 

1|. 14. 

"3' 

16. 

If 

16. 

12. 17. 

3f 

18. 

2i- 

19. 

t 20. 

t 


21. 

3 

r 







IZ. A. Page 66 


1. 

y-ar. 


3. 

56. 4, 

3rf-2f. 

5. 

21:. 

6. 100 -X. 

7. 

^ 8. 
a 

20 -r. 

9. 

.5 

o'*' 

10. 

X 

11. 

x + ll. 12. 

r-20. 

11 

90 -jr. 

14. x-30. 

15. 

20. 16. 

2x. 

17. 

36 -r. 

18. x-ho. 

19. 

5x (Uys, 20. 

4. 

21. 

X 

¥ 


23 

xy nut's. 24. 

^ niilt-s. 

X 

26. 

ear 

a 

120 

28. - boure. 

X 

27. 

bp. 28. 

44 

X 

29. 

5a >26. 

30. 400 

-X. 

31. 240w-12/3-r. 

32. 

r -6. 

33. 6. 

34. 

40x. 35. 

20a -^26- 

36. 

lOO 

xy 

37. y- j . 

38. 100 

-X y :. 

39. 

240r + 12yrr-30. 

40. 

2y f 2r - X, 




DC. b. 

Page 69 


I. 

X, x + 1, x>2, x + 3. 


2. y-2,y-l. 

y- 

3. 

x-2,x- 

1, j,x + l, x + 2. 


4. 2n>2. 

5. 2r-l. 

6. 

6n+3. 

7. X - a - 5 milcA 

8. A (a >6). 

9. x>yf 

10. 


11. nix>y. 


12. Ox. 

11 i’106f. 

14. 

ax 

£**. 

20 

IS. 4- 


16. 

50 

17. 3xy. 

18. 

*■ 

» ■ 

19. f- 


20. 

ao 

21, 

X 
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22. 

■‘-j- 

24. 

^houra. 

22a 

26. -• 
106 

26. 


28. 

29. X. 

30. 

or 

31. 

p(ij-l}(p-2)=y. 

32. 

6n~z. 33. 

pg-6(o-6]. 

34. 

“ m T n + 10. 

y 

35. 

a + j;-i-5 = 2(a+5) 

; 35; 24. 

36. 

20(p-r) = 3(7+20j'). 

37. 

P-5-7(7-5). 



IX. c. Page 73 


1. (i) 272 flti, ft. ; (ii) 16 ft. ; (iii) 6 ch. 64 Iks. 

2. (i) 50 cu. ft. : (ii) 4} cu, ft. ; (iii) 5 ft. 

3. (i) 46 ; (Ii) 1 hr. 20 min. ; 37^. 

4- (i) 144-6 ft. ; (ii) T) .sots. 

5. 22 in., 3S-.'i aq, in. ; 1 1 ft., 0-62o sq. ft. 

6. (i) 24-64 sq. in. ; (ii) 1 ft. 6 in. 

7. (i) 2(j: +y) ft. ; (ii) ry sq. ft. ; (iii) 2j(i sq. ft. 


8. 

59 ft. lOin, ; 2IOwi. ft. 

; 718 sq. ft. 

9. 

10 ft. 6 in. 

10. 

(i) 22 sq, rm. ; (ii) 3-6 sq. in. 11. 1-5 in, 

12. 

27 aq. ft, 

13, 

328. 14. 15. 

16. 55. 

16. 

(i) and (iii). 

20. 

(i> 17 ; (ii) 24 ; (iii) 40 ; 

(iv) 1-6. 



21. 

(i) -7^54 ; (U) 66-6 ; (iii) 294. 22. 40. 

23. 

12. 

24. 

(1)9780: (ii) 1; (iii) 12; 

(iv) -40-5. 



26. 

i ■'i, 8i 10. 





X. a 

.. Pack 79 



1. 

17.12. 2. 13.5. 

3. 75. 

4. 

20 miles. 

6. 

15,43. 6. 162. 

7. 1. 

8. 

50, 55. 

9 . 

27,28,29. 10. 3,5. 

11. 15,6. 

12. 

£20. 

13. 

5. 14. GO, 61. 

15. 

6, 3. 

16. 

/1£100, ^£130. ril50. 

17. 53 Horins, 71 shillings. 

18. 

Silk &!., Linen U. 

19. 48,12. 

20. 

65,40. 

21. 

60, 10. 22, 

20 hslf-rrowns, 5 crowns, 10 ahillings. 


23. 25, 5. 24. 123 runs, 10 byes, 5 widos, 

26. 15 ft., 12 ft. 26. 18 ft., 10 ft. 
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X. b. Page 81 


1. 

54. 

2. 

24. 

3, 

60. 

4, 35. 

5. 

75. 

6. 

24, 25. 

7. 

224, 252 

. 8, 49, 50. 

9. 

50, 51, 52. 



10. 

£33. 

11. 27, 

12. 

90 Port, 150 CWet. 

13. 

.4 £450, B £180, C £140. 

14. 

.-1 £525, B £600, V £160. 

15. 

£49. 


16. 

12 ft., 18 ft. 


17. 

£12000. 

18. 44. 




H. a. 

Page 82 


1. 

Itib 

2. 


3. 


4. abc. 

5. 

5ab. 

6. 

3<y*;. 

7. 

2aW. 

8. 7u5V*. 

9. 

3x*y:*. 

10. 

2<ix. 

11. 

Trt. 

12. ITafcf. 

13. 

xy. 

14. 

So*6V. 

15. 

2.Mry. 

16. U 

17. 

5oW. 

18. 

ahr. 







XI. b. 

Paoe 83 


In 

C'xanipl<« 19-29 the H.C.F. stanilft tin«t ; the Bccond. 

1. 

2a*ir. 

2. 


3. 

liry?. 

4. 2tViW. 

5. 

I.-mW. 

6. 

24«i5j;y. 

7. 

u/w. 

8 . «W. 

9. 

I2atr. 

10. 

llryz. 

11. 


12. 4'2ay^, 

13. 


14. 

3 O 0 W. 

15. 


16. 5«jry. 

17. 

2 IO 1 W. 

18. 

264fl*AV. 

19. 

Of, I2af)r. 20. 2y. 12jy:. 

21. 

ftr, 9aA^<*. 


22. WU. 39ri>ic*. 23. 

17/y, 5Ix*y;*. 

24. 

5ry*:, 

25, b, Wtc, 

26. 

17my, 51m*«y. 


27. 

y», 

28. 5/.60wiV/. 

29. 36i**m*n*. 216Jb»m>«». 




xn. A. 

Page 

81 



1. 

1 

2b’ 

2. 

a 

3. 

2y 

4. 

I 

bah 


4A’ 


.wr 


5. 


A 

3a 

7. 

3x* 

fl 

2a* 


D< 


4j»- 

0 . 

36r‘ 

9. 

4h 

omp 

10. 

5m y 
lii* ■ 

11. 

r 

i*6* 

12. 

3X2 

•v' 

13. 


14. 

aM 

IS. 


16. 

2«y*^ 

It’ 

36* ’ 

my* 

3 m 

17. 


18. 

3 

4a6c 

19. 

2p«m« 

20. 

2zyz 

3oy* 

3i 
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Xn. b. Page 86 


1. 

2cfP 

3A ’ 

2. 

be 

3. 

9a;r*z* 

”r' 


^ 14ft* 

loc*^ 

c 



9m;jp 

7 

X 


8 




4i- 


2a" 


441jp 

9. 

10. 

MJ"* 

.3. 

11. 

7^ 

4<j 

"■ i 


13 

SWj- 

14. 

15. 

<Ki 

16. 8. 
4x*^ 

17 pVy 
JOz*’ 

18. y*. 




XII 

. c. Page 86 



1 

4j'. y 


2. 

4i*, 3y* 


3 

flf. 2ft* 

i. 

'M l ' 






IftT* 

4. 

ad, U. 2Ui 


5. 

6<if, 6* 


6. 

5wj, 4/) 


fjd 



Sic 



20jt ' 

7. 

2 p 

8. 

2w, n 

9. 

fl", ft* 


10. 


ftr 


Gj- 


oZ/c 


z* 

11. 

2y, 3x 


12. 

y*, 

13. 

4z*, 9y* ^ 




■>"»/ 




14. 

Srtr, 3rt^ 


15. 

9<;r, 5/j* 


16. 

18, 3aft, 



2I6<: 


9a 


Xn. d. Page 87 


1. 

hi 

2. 

.V ^ 

3. 

fj 

4. 

2j-*-I6 

6 ' 


Mi' 

i2* 


3^ 

6. 

(u + '2y 

6. 

3a - 2ft 

7. 

3w - 2n 

8. 

2m - 3» 

10 

”l2 

24 

' - 15 ■' ■ 

9. 

-V-y 

10. 

Ml -* ft 

11. 


12. 

15«i - V 


21 

“irr ■ 

'Is 


.36 


22x 


9z 

15. 

/ 

16. 

6a -4/i 

13, 

16 * 

14. 

20* 

4* 


17. 

llfi 

18. 

5/ 

19. 

7/^ 

20. 

"w 

SO ' 

24* 


IS " 


4 

21. 

3lx 

36 ’ 

22. 

17/ 

24 ■ 

23. 

ftz -ay 
oft 

24. 

%x + 2ny 
Mib 

25. 

nr f 6 

c 

26. 


27. 

3a 

28. 

a* + 6» 

a 

29. 

i*-2y» 

30. 

t.dt. 







pt 
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MisceUaneoTis ExAznpIes IL Page 88 


1. 

3/*r7x-8. 

2. 

13c. 

3. 

20. 



4. 

a» + 6* + c*. 

5. 

j*-llx-10. 

6. 

{l)i 

; (2) -3. 

7. 

x» + ir-3. 

8. 

-4aT55, 

9. 




10. 

4x*-tlr-I. 

11. 

(1)x»+14j:-51 

; (2) 

247*- 

r>,jjr 

-24. 

12. 

(1)|; (2)1. 

13. 

~ab. 

14. 

8 

5 



15*. 

l6o»^2a5. 

16. 

x*-4x* f48r-32. 




17. 

20i. 

16. 

(1) -2: (2)41. 

19. 

3p>- 

Tip* 

f2p. 

20. 

6rt ^ 2f - iW. 

21. 


22. 

1. 



23. 

1935. 

24. 

4. 

25. 

4 m - 

3n. 


26. 

3x-9. 

27. 

0. 

28. 

(1) - 

■ 15 ; 

(2) 4. 

2^. 

3y»~9y«^2y-l 

1. 

* 

30. 

.4 £800, il £320. 

31. 

U. 

32. 

6m* - 96. 

33. 

7-2, 



34. 

rtp - bq niilos ; 

hours. Xumprirally, 

.V) milt's ; 

5 hours. 

35. 

(l)h (2) 7 A- 

36. 

4320. 






Xm. a. Page 04 


1. 

x 2. y^l. 

2. 7 3,y-.5. 


3. 7 - 2. y - .3. 

4. 

7 4, y=-I. 

5. 7- l,y7 2. 


6. 7 3, y . 4. 

7. 

7 - .5, y - B, 

8. 7 l.y 2. 


9. 7 -. .3. y 1. 

10. 

7-2, y-l. 

II. 7 2- I, y-3. 


12. 72. l.y. 1. 

13. 

7-7, y-r,. 

14. 7 lO.y 3. 


15. 7 -,\y 12. 

16. 

7 -7, y " 8. 

17. 7- 6, y 8. 


18. 7 . 1 , y 8. 

19. 

7 - - 7, y^ - .3. 

20. 7 2 17. y . - IS. 

21. 7 l,y 2. 



xm. b. Page 95 



1. 

7 - 12, y - 8. 

2. 7 -10, y : 6. 

3. 

7-l.S, y.I2. 

4. 

J = 20,y-15. 

5. 7-45, y-Vt, 

6. 

7-M, y2=17. 

7. 

7-20. y ^60. 

8. 7 -14, y-I'>, 

9. 

7-: -2,y : 4. 

10. 

7= .3,y* 6. 

11. 72= 7,y2^ 3. 

12. 

7 = r>. y=2 4. 

13. 

x~ 3, y - - 4. 

14. 7=^19, y--2 3. 

15. 

7-12, y3i-4. 


16. x = 7. 
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JLLU. c. Page 98 


1. 

x=l.y= 2, 

2= 3. 

2. 

-2, 

y= 4, 

z= 1. 

3. 

J--2,y- 3, 

2= 1. 

4. 

1= 1, 

II 

z= 3. 

5. 

J--9.y= 2. 

2“ -4, 

6. 

3, 

y= 2. 

2 = 1. 

7. 

y-- 

2== 7. 

8. 

X- 1, 

y - 2. 

z= 3. 

9. 

X 2,y^-2, 

2= 5. 

10. 

x~ A, 

« 

II 

2= 2. 

11. 

X -8, y-10, 

2 = 14. 

12. 

3. 

y= 9. 

z = 1.5. 

13. 

x ~ 6, y :: 8, 

2= 5. 

14. 

3 

2 

5 

6 

15. 

x--6,y- 2. 

2= 1. 

16, 

z^35, 

y=30, 

z = 25. 


m. d. Page 100 


1. 

J"5.y . 3. 

2. 

x = 2: y-7. 

3. 

x-3,y=2. 

4. 

1 1 
x^3.y=-. 

5. 

x = 7. y-6. 

6. 

2 3 

7. 

x-2,y^-3. 

8. 

r--5,y = 4. 

9, 


10. 

xr^^, y^>25. 

11. 

1 1 

12. 

1 1 

13. 

1 1 1 


14. xJ, 

y = 

1 ^ 1 
llf "“16 


15. x~Z, y- -2» ?-I. 


XIV. Page 103 

1. 22. 12. 2. 55, 18, 3. 25. 17. 4, 53. 23. 

5. 23,17. 6. Tea U, Sugar 4W. 7. Horse £23, Cow £16. 
8. .-I £140. B£60. C£70. /)£20. 9. ^4 £99, ii £1 1.5, C £33, £23. 

10. .1 36 ywire, li 14 y«ir*. 11. .4 55 years, B 21 years. 

12. .4 5 miles. !i 4 miles, 13. C miles, D 44 miles. 

14. 15. 16- n' 

19. 8,5.58. 20. 27. 21. 72. 22. £6.11^. 

23. 8 white. 12 blaek. 24. 860. 26. Man 2^. 6(/.. Boy 1 a. 6J. 

26. 20 lbs.. 40 Ihs. 27. 15 mfisa. 28. 8 hours. 

29. 6 mile*, 3 miles an hour. 30. 10s., 1a. 6<1. 

31^ £500, 32. 3 miles, 4f miles an hour. 
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XV. a. 

.Page 107 



1. 

9fl*6*. 

2. 


3. 

49«*6*, 

4. 

12l6<c«. 

5. 


6. 

25ry'- 

7. 

4/;*A»i'*. 

8. 

9rV. 




4 

11. 

4x* 

12. 

16 

9. 

l&r*y*;*. 

10. 


»y*‘ 

Hj^V ‘ 

13, 

49b»6» 

9 

14. 

9a*{>' 

15. 

I 

4/*y* 

16. 

4/*y*. 

* 

^Vi*6* 




I 

20. 

frl'O 

17. 

4xV* 

18. 

l69f»V. 

19. 

itkT*' 

2.V* 

21. 

8rt*6*. 

22. 

27x*. 

23. 

04/**. 

24. 

- 27»f*A* 

25. 

-125a*6*. 

26. 

-hW, 

27. 

-2I6fi'*. 

26. 

- 


I 


27/** 




X .. 

29. 

27/' 

30. 

‘i^r 

^1. 

343/*y**. 

32. 

“27'* ' 

33. 

8!a*6>*. 

34. 

0**/*. 

35. 

-32/*V. 

36. 

1 

12S..»*’ 

37. 

24.1r** 

38. 

2.V!/« 

6.>6iy*' 

39. 

/** 

"2M7* 

40. 

W/*“ 


XV. b. Page 100 


1 . a* 2. (i> - fkiA ^ 0A». 3, x* - lOxy • 2,V. 

4. 4j»^liry-9y*. 5. »r*-6ryt/. 6. 9r* - 3(Jry - 2,^ . 

7. 81x* “ 3&ry r 4y*. 8. i5a*6* - lOoAc • r*, 9. - 2pyr - r*. 

10. - 2«Acx - a*6*r*. 11. o*x* r - 4/*V. 

12. jr^ " iH f 1 , 13. 0* ^ A* 4 r* - 2^A - 2«f * 2/>r. 

14. a* - A* -r* 2aA - iJ^r “ 2Ar. 15. a* ■* 4A* - r* * 4flA Srtf - 4A<“, 

16. 4ffl>*96^^1ftr*-I2nA-Ifirtr-24A<-. 

17. r*-y**i*~2rV-lA* f 2^. 

18. r yh* * r*x* - 2ry*z t 2x*y2 4 2xy2*. 

19. &p* + 4^ + l6r*-* 12/)^-i“24fr- lO^r. 

20. 2*-2r'r3i*-2x + l, 21. 4x* - llr^ ^ .V -dr r I. 

22. x*+|^+a*+A*-2jry +3tw ~ 2Ax * 2fly * 2Aiy “ 2rtA, 

23. 4x*4V + «* + 4J5^^12zy4 4ax-8Ax^6fly-12Ay-4<iA. 

24. m* + A* ^ p* 4 y* “ 2mn - 2mp - 2mq * 2hp * 2nq f 2/>7. 


fl® ^ ar *** 

25. - +4A*->-—-2aA 26. 

4 16 4 



- -f 96* -♦ i - 2a6 - a + 96. 
9 4 
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XV. c. Page 109 

i. z* f + 3a*x + a*. 2. ar*~3cut* + 3a*2:“a*. 

3. z^-aj^y+l^jy-Sy*. 4. &r^ + 12r»y+6zj^*+y*. 

5. 21 Jc* - 1 3r>j:*y -r- 22.'w-y* - 1 25y*. 6. a*6* + 3a*6*c + 3aAc* + c*. 

7. H^i»i>-3fk<*//Vf54aif»-27c*. 8. I2r>«3 - 75o*&c + 15a6*c* -iV. 

9. z-4l2r»y» + 4SzV4(Hy*. 

10. - 240i^y» + 300z*/ - 1 2r>y< . 

11. 8a> - r - 27//. 

12 . l 2 .“»j-«‘- 300 z’V + 240 j^y*- 64 y» 


13. 




14. ri 

1 . 

” fl* -r 

|a>*4<T+8. 


15. 


« 

16. 

1 . 
216*'’ 

ia*z^2ax* + 8z*. 

o 




XVI. a. 

Page 111 



1, 

2.1//*. 

2. 

3x*y. 

3. 

.")X*y*, 

4. 

4fl*A<^. 5. 

9a*ft*. 

6. 


7. 


8. 


9. 

Sx^y*. 10. 

6 

11. 

r/// 

4 * 

12. 

IV, 

5 

13. 

W 

13y»‘ 

14. 

15. 

6ft* 

16xy* 
17;>' ■ 

16. 

Uriy*”. 

17. 

.3ii*//r. 

18. 

- 'MK 

19. 

4>*y:*. 20. 

- 7aV/ 

21. 

5*y* 

22. 

ir* 

Oy*' 

23. 

rwft* 

24. 

- 

o*x*. 

26. 


27. 

iry*. 

28. 

3aV/. 

29. 

2rtx*, 30. 


31. 

*1 

rt*//' 

32. 

"ft'*’ 

33. 

a* 

ft*f** 





XVI. b. Page 114 

1. r^ 2y. 2. .3<i > 2/>. 3. r-5y. 4. 2r-3y. 

5, Oxry. 6. .'M'-Sy. 7, x*-y*. 8. l-<i>. 

9. fl*>a + l. 10. 2x*-3x+r». 11. 3ar*-2z-I. 

12. /* 2x-fl. 13. 2rt* + o-2. 14. l-Txr + z^. 

15. 2x+3y-5i. 16. 4r> + ir<-A 17. z>-llx+17. 

18. /Vx*-.3rtxf4a‘. 19. 2x* + y»-3r*. 20. oA-2m- + 35f. 

21, 2ft» + 5»~3r*. 22. 2z«-jy + 3.v*. 23. 3jr<-5x + 7. 

»2i l-.2z + 3r*-4z*. 26. oz* - 26z* r 3<-. 
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XVI. c. Page 

no 


1. 

|-3. 2. 

3- 

X ..X 

»• 5^='- 

4. 

-+5. 6. --' 2 , 

V 2y 

6. 

--1 »• 

S 4 

8x 

«• 

5 3x 


9. 

8 2 

3y 


10. 



11 1 ^ ^ 
11. 


12. x»-3x + .^- 

13.* 

0 * a X 
2^x"fl' 


14. -H-xri- 


15- 2 --^ + 3' 

16. 

3a 1 2x 

x 5 3a 


17. 

I. 

H 

18. 

X* 




XVI. d. Page 118 


1. 

a - 1. 


2. x-2. 


3. «x - 

4. 

2in - 1. 


5. 4a-3A. 


6. 

7. 

I -2xt3x». 


8. o-2A-r. 


9. 2/;>-;krl. 

10. 

y> y4l. 


11. 2r*^x-3. 


12. .tr^-2r«^3a>. 


13. 32^ r-1. 14. -iry-V. 15. ;ir«-2-0. 



XVn, a. Page 120 

I. a(a*-2). 2. jr*(x-l). 3. 2a(l -«). 4. a(a -M). 

5. pOp^I). 6. 2x( 4-2). 7. 5a2(l -a*2). 

fl. 2 * (3 + 2 *). 9. x(i + j/). 10. x*(z-y). 

II. 6*(l-5ay), 12. 5{3+&r*). 13. I6j{l442y). 

14. 15o*(Ui6o*}. 16. 27(2-3x). 16, 5jr»(2-r)xy). 

17. z(3**-af+I). 18, 2z»(3 + x+2x*). 19. x(jr* 

20. -oft + 26*). 21. 2iy‘(jy - 32 + y). 

22. fe(2ic*-3jy+4/), 23. 6x»(2*-2a*>3a-). 

21 7®(l-o«42a*). 25. 19aV(2z»+3al. 
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XVII. b. Page 121 

1. (a r6)(a + c), 2 . {a-c){a-rb), 3. (ac+rf)(ac+6). 

4. {a + 3)(a +f), 5, + 6. (ar-a)(z-t' 0 ). 

7. (5 +6) (a +6). 8. (a-y)(ft-y), 9. (a-6)(x-2). 

10. (p + ?]('*'•«). U, {z-y){m~n). 12. (jr-a)(m + n). 

13. ['2zry}{<iib). 14. (3a-ft)(j:-y). 15. (2x +y)(3j: -a). 

16. (x - 2y)(m -n). 17. (ox - 3i/y)(x - y). 18. (x-!-nty)(x-4y).^ 

19. (a fi/)(x» + 2). 20. (x-3)(x-y), 21. (2x- l)(x» + 2). * 

22. (3x4 5)(x*4 l). 23. U + I)(x* + 2). 24, (y-l)(y*^I). 

25. (a T6c}(xy-r). 26. (/* + -ff), 27. (2x+3y)(aa:“&y). 

28. (oj +Ay)(nfx- «y).29. {a ~b-c){x~y). 30. {a+h){az -i^by-rc), 

XVn. c. Page 123 

1. (ari)(o+2). 2. (aTl)(otl). 3. (ar3}(a+4). 

4. (a-4){a-:t). 6. (x-5j(x-6). 6. (x-7)(x-8). 

7. (x-y)(x-10). 8. (z^6)(x + 7). 9. (x-10)(x-ll]. 

10. (x-9)(x-12). 11. (j--r))(x-16). 12. (x + 6)(x+15). 

13. (x-7)(x-12). 14. (x-C)(x-l3). 15. (x-3)(x-15). 

16. {xr8)(x-12). 17. ( 2 ‘-Jl)(x-Jj). 18. (x-13)(jc-8). 

19. (X 4 17){x - G). 20. (a - 19) (a - 5). 21. (a - 16) (a - 16). 

22. (a r 1.7) (a 4 15). 23. (a t 27) (a 4 27). 24. (a - 19) (a - 19). 

25. (a --7ij(a ~ 75). 26. (a f25)(a -* 36). 27. (rn-5«)(w -8/i). 

28. (m -7n){m - ion). 29, (x- lly)(.r - I2y). 30. (x- 13y)lx - I3y). 
31. (x*fl)(x^T7). 32. (x«4 2y»){x> + 7y*).33. (xy - 3)(xy ~ 13). 

34. (X T 24y)(x 4 2ay). 35. {zy 4 ll){Ty + 17). 36. («*6» 4 2,5){a^* + 12). 
37. («-r>6/)(«-ir)6r).38. (x + I3y)(X430y). 39. (a -26) (a -276). 
40. (x *4 81)(x> 4 81). 41. (4-x)(3-x). 42. (54x)(4 4x}. 

43. (12-x){ll -X). 44. (8+x)(n 4x). 45. (26 +xy)(5 4xy). 

46. {13-xa)(ll -/a). 47. (17 -x*)(12 -x*). 48. (27 4x)(S+x). 

XVH. d. Page 124 

1. {x + l)(x-2), 2. (x 42 )(x- 1 ), 3. (x 42 )(x- 3 ). 

4. (x + 3)(x-2). 5. (x + l)(x-3). 6. (X43)(x-1). 

7 . {x-u8)(x-7), 8. (x + 8){x-r>). 9 . (X + 2)(x-C). 

10, (a + 4)(a-5). 11. (a + 3)(a-7). 12. (rt45)(a-4). 

13. (o + 9)(a-I3). 14, (x + 12)(x-3). 15. (x + 13)(x- 12). 

1§. (x + ll)(x-10). 17. (x + 0){x-15). 18. {x + !6}(x-16). 
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19. (<j-r5)(o-17). 20. (af8)(tf-19). 21. (/y-f3)(2y-8). 

22. (Xt I2y)(j' -5^). 23. (x + 7a)(x-6a). 24. (XT3y)(x-35y). 

25. (<n-Uy){(i-l5y). 26. (x + 23)(x -5). 27. (x^4y)(x-24y). 

28. (x +26)(x - 10). 29. (a +2)(o - 13). 30, (ny + 24){ay - lO;. 

31. (a»r76*){(**-85*).32. {/« + 3){x* - 17). 33. (y‘ + 9x*)(y»-3x*}. 


34. 

(n5 

-2f)(fi5 

-5f). 


35, (o + 146x)(fl - 25x). 


36. 

{ii - 

9xy)(a 

-27xy 

. 

37. {x» + 2;Vi»){x>-l2«*). 


39. 


-]lo»)(x*-I2a*). 

39. (x^+2 

a>){x*-22a»). 


40. 


-30)(x" 

~29). 

41. (U 

x)(2 - X). 

42. (2+x)(3-xK 

43. 

{11 

rx)(10 

“X). 

44. (20 

Tx)(lu-x), 

45. (ir>rax)(8 

-ox). 

46. 


ry)(13 

-jry). 

47. (14 

4X)(7-X). 

48. |l7+x)(12 






rvn. 

e. Page 127 


1. 


I){2^- 

1). 

2. (X. 

I)(3x*2). 

3 (x-2)(2x i 

I). 

4. 

(x^ 

3)(lr^ 

1). 

5. {x ^ 

4)(2x^l). 

6. (x^2)(3x^ 

2). 

7, 

(x^ 

2)(2x- 

3). 

8. (x^ 

5)(2x-l). ' 

9. (x + 3)|3x r 

2). 

10. 

lx- 

2)(5x^ 

1). 

11. {X4 

2)(2x^l). 

12. (x^i)(3x- 

2). 

13. 

(X- 

3){4x-. 

1). 

14. {X - 

.5)(3x-l). 

15, {x + 8)(2x- 

1). 

16. 

(2r 

^I){i‘- 

IK 

17. (X- 

3){3x-2). 

18. (x4-4){2x- 

7). 

19. 

(X4 

6){3x~ 

5). 

20. (2X 

*3)(:ir-l). 

21. (3xr l)(2x 

-3). 

22. 

(3x 

.4)(x- 

1). 

23. {X. 

:)(3x^2). 

24. (2x-.'5)(x~ 

3). 

25. 

(X* 

7){3r~ 

2). 

28. {x- 

7){3x-2). 

27. {3x-.5)(2x 

- 7). 

28. 

{4x 

~7)(Xr 

2). 

29. (X - 

2){3x-7). 

30. (x - 1.3)(.lr 

-2). 

31. 

(x^ 

5){4x- 

3). 

32. (2X 

"y)(^-3y). 

33. (2x-7)(4x 

-5). 

34. 

(3x 

-2y){4i 

■ - ■'yyh 

35. (\r^ 

r-l)(x + !,'>). 

36. {i:)x-2)(x 

-5). 

37. 

(I2x-5)(^ 

-3). 

38. ll2x-7)(2x + 3). 

39. (8x-9)(9x 


40. 

(8x 

4y)(3x 

- 4y), 

41. (2. 

x)(J-2x). 

42, (3-x)(l 4 4 x). 

43. 

(2f 

3x)(3~ 

2x). 

44. (4 ^ 

3x)(l .-2X). 

46. {1 4 7x)(5 - 

3x). 

46. 

(7^ 

3x)(l+i). 

47. (6 

x)(3-5x). 

48. (4 4 5x)(2- 

X), 

40. 

(5^ 

4x)(4- 

5x). 

50. (S- 

&x)(3+8x). 




XVn. f. Page 128 

I. (xi2)fx-.2). 2. 3. (y 4 10)(y - 10). 

4 . (e + 12)(c-l2). 5. (3fa)(3-a). 6. (7+r)i7-f). 

7. (lUx)(ll-x). 8. (20io)(20->o). 9. (x + 3a)(x-3fl). 

10, |y + 6cr){y-5x). 11. (6x f56)(6x -5i). 12. (3x + l)(3x - 1). 

13. (6p + 79)(6;) - 7y). 14, {21: + l)(2fc - 1). 16. (7 + 101)(7 - lOit). 

W. (l+5x){I-5x). 17. (a + 2i}(a-*26): *18. (3x4y)(3x-y). , 
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19. (p? +6){p7 -6). 20. {ab +2cd){(th -2cd). 

21. {j:*r3)(x*-3). 22. (3a‘ + H)(3a* - 11). 

23. (5/T8)(/wr-8). 24. (9o» + 7ar*){9a*-7a:*). 

25. {x>+r>)(.c» 26. (l+6a»)(l -Ca’). 27. (3.c*+a)(3a:* -a). 

28. (9.r' + r>u)(9x»-5a). 29. (x»a +7){x*a -7). 

30. (a + 8a**}(a -Sx*). 31. (a5-3jc*){«A~3x*). 32. {jr^y®+2)(i*y*-2). 
33. (1 ro6)(I -fl5). 34. (2+x)(2-x). 35. {3 + 2a}(3-2a). 

36. (3a* i-.'>6*)(3n* -56*). 37. (j*+46)(r*-46y 

38. (x + 5y)(x-.’)i/). 39. (I + I06}(l - 106). 40. (5 +ar)(5 -8 j). 

41. (lla^9x)(lla -9x), 42. (py 4- 8a*){p7 -8a*). 

43. (8x-r.5z*)(8x-r>;*), 44. (7x* -r 4y*}(7j* - 4y*). 

45. (V:* f 56) (9p>j* - 56). 46. (4r» + 3y*) (4 j« - 3y*). 

47. (6x“ + 7a’)(6x**-7a’). 48. (1 + 10a*6*t:)(l - I0a»6*c). 

49. (r>x*+4«*)(5x*--4<j*). 50. {a6V + z») (a6*c» - x»). 

51. im >: 150 150000. 52. 241 x I r^241. 

53. 1000 X .500 -.500000. 54. 658 x 20 13160. 

55. ) 006 X .500 - mm. 56. 200 < 2 - 400. 

57. 2000 X 1446 28U2000. 58. 2378 x 900 - 2140200. 

59. 2500 X 11 22 ^ 2805000. 60. 3000 x 2462 7386000. 

61. 16264 X 2 32528. 62. 10002 x KKKK) 100020000. 


xvn. g. 

1. (a + 6 f c)(o t 6 -c). 

3 . (.r+y* 2 :)(x + y - 2 :). 

5. (0 f 36 +4jr)(rt t36 - 4j}. 

7, (x + .V f l)(x irx- - I). 

9. (2x-3a+3(')(2x-3a-3r). 
11. (X X y + 2)(x-y-:). 

13. (3x + 2a~36)(3x-2rt + 36). 
15. (r +5a-36)(c-5a + 36). 

17. (a “ft +X'f y)(a -6 -X -y). 
19. (a + 6 + m - H)(a f 6 - m + n). 
21. (6“C + o-x)(6“r-o+x). 

23. {a + 26 + 3x + 4y)(a + 26-3jr 

24. (U7o“3ft)(l-7o + 3ft). 

26. (0“3x+4y)(a-3x-4y). 

26. (a+ft “C+x-y +2)(a +6 -c 

(3o+26+c+x-2y)(3a + 2ft 


Page 129 

2. {a - 6 -rc)(a - 6 - c). 

4. (xt2y + fl)(x + 2y -fl). 

6. (x -^50 +3y)(x-h5a -3y). 

8. (a -2x-i-6)(a -2x-6). 

10. (a fb -c){a-b-f-c). 

12 . ( 2 ni'y- 2 )( 2 a~y + :). 

14. (1 -ffi -ft}(l -ft ^b). 

16, (fi +ft if + d)(a -i-ft -(“ -rf). 

18. (7x + y + l)(7x+y-l). 

20. (fl-H4-6+m)(a-n-6-»n)* 
22. (4a4-x-fftfy){4a+x-6-y). 
4y}. 

25. (o -ft +x -y)(a -6 - X ty). 

27. {2a-6x + l)(2a-5x-l). 

-x + y-z). 

c-x + 2y). 30. y(2r+y). 
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31. y{2r-y). 32. (jr+5y){ar+y). 33. 47x(4r + 2j/). 

34. |{Lr+y)(2Jff3y). 36. 5y(fe-5y). 36. (i2x-l)(ir + 7). 

37. 3a(fl+2). 38. (7o + I)(o-l), 39. 3fl(« + 26-2c). 

40. j:(j:-14yT2s). 41. y(2r + y-16). 42. a(4j'ra-0). 

X7I7. h. Page 130 

1. (xry-i-(j)(xry-fl). 2. (a - 6 +x)(<i -6 -j:). 

3. (j - 3a +46)(x - 3a -46), 4. (2a t6 -f 3<')(3a +6 - 3r}. 

{x*a -y)(rrfl -y). 6. (a +y + i)(a ry -z). 

7. (x-a -a -6). 8. (y t-c -x)(y -ci x). 

9. (1 rx-r-y)(l -x-y). 10. (<• rx -y)(f -x+y). 

11. (x ■^y T iry)(x 4 -y - ixy). 12. (a -26i-3af)(a -26 -3af). 

13. (x r y - a ^6)(x f y -a 6). 14. (a - 6 rc irf)(a - 6 - c - rf). 

15. (x - 2a ~6 - y>(x - 2a - 6 + y). 1^. (y 1 6 f a + 3x)(y f 6 - a ~ 3x). 

17. (x - 1 -a -26)(x - 1 -a -26). 18. (3a - 1 rx r 4(/)(3 «j - 1 -x- 4rf). 

19. (x-y ^a - 6)(x - y - a ^6). 20. (a -6 tr f rf)(a - 6 - 

21. (2x-3<iTr-i)(2x 3a-r-l:). 

22. (a-o6r36x-l)(a-.V. 36x-l). 

23. (a»r4x*-5x^-3)(a* r 4x<-r)x*t3). 

24. (x*-a»-x-3)(x^-a*-x^3). 

25. (a* ■fff6 r 6*}(a* - a6 -6*). 26. (x* -f 2xy >4y*)(x* -2xy ^ 4y*). 

27. (jj* •-.3/>7 -97 *)(p* - 3p«/ 28. (r* ■►rd r2tP)(r* -r</ + 2(/*). 

29. fx»-3xy-y*)(x^-,lxy-y*). 

30. (2m* r 3«n - B*)(2m* - Smii + n*). or (4m* - ii*)(fn* -«*). 

^ XVn. k. Page ni 

1. {x-y)(x*+xy-y*). 2. (x Ty){x* -xy + y*j. 

3. (x - 1)(x^-!- j r 1). 4. (1 Ta)(l -o-«*). 

5. (2x-y)(4x*f2xy-y*). 6. (x .2y)(x*-2*y + 4y*). 

7. (3x • l)(9x*-3xtl). 8. (I -2y)(l+2y + 4y»). 

9. (a6 -c)(a*6* +c*). 10. (2i + 3y)(4x* -ftxy r^). 

11. (1 -7x)(U7x^40x*). 12. (4^y){l6-4y4-y»), 

13. (5 4 0 ) (2.5 -5a + a*). 14. (6 -«)(36 i-6a .^o*). 

15. (a6 f8}(a*6»-»<i6 >84). 16. (Uiy- I)(10(V > lOy > I ). 

17. (x>4y){x*-4xy fifty*). 18. (3 - 10x)(9 t30x f lOOx*). 

19. (o6 + 6c)(a*6*-ea6c4 36c*). 20. (7 -2x)(49 + 14xf 4x*). 

21. (o + 36)(a*-3o6t96*). 22. (ax-4y)(9x« + 12xy + 16y*). 

23. (3«-l)(2,5x*f.‘5x^l). 24. (6p-7)(3V ^*2^ + 49). 

25, (xy+>x)(x*y* -xy? + *•). M. (a6c - +a6c + 1), 
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27. (7jr + 10y)(49x*-7<tey+l(XV). 

28. (9a-46){8la* + 36ai + 166»). 

29. (2<i* + 5jr)(4a*6>-10flAa: + 26r*). 

30. {ry-6z)[j^y» + ^+W), 31., (x* -3y)(x* +3a!^+9sf*). 

32. (4x* + .'>y)(10a4 -2(ltr*y + 25y*). 33. {2x-2*){4x*+2«^ + z*). 

34. (at*-6)(3ar< + 0j^+6»). 35, (a +76)(a*~7a5+496*). 

36. {rt» + !»6)(a*-9a‘6+81t*). 37. (2x - V)(4x* + 18ry* +81|*). 

38. (p?-3ar)(pV+3p9r + 9jr»). 39. {z-4y*)(2* + 42y» + i6y<). 

40. (xi/ - N)(jYi-84:j/ + 61). 


I. (/-l)(x-2|. 

4. (y-7)<y-^3). 

7. (»+2)(n ^lO). 
lO. (y^n|{y-lO). 

13. (ff - 9|{<i 4 9). 

I6, (x-7)(x~7). 

19. (n. H)(»-3). 

22. («A-2>(o6-2}. 

25. (m^ ll)(m-8). 

28. (ry-9)(xy4 8). 

31. (fl-I3/»)(fi+2ft). 
34. (ri-l.3)(rU6). 

37. wi*n*(fH -3»)* 

40. (<j i If], 

43. (25f l)(ft4.U 
46. {rrf + l)(rrf-2). 

49. 2)(ff + I). 

52. (2y~3)(3y+I). 

56. {i ^pqHi ^ w). 

58. (m* +2){2m - I). 

61. (I7-:)(I-2). 

64. (3i»>-5)(2m»+9). 


XVn. I. Page I33 

2. (a +2) (a +5). 

5. (r^l)(r4ll). 

8. ( y 4 lO ){ y - l }. 
ll , ( r - ir >)( 2 -}- 6 ). 

14. (/>-27)(6 f3). 
n . (y 4 7 i )( yT 3 r ). 
20. { p -8)(/>43). 

23. ((75 + 8)(fl5-r2}. 

26. (B-ir>)(n-^3). 

29. (2-5)(:.4). 

32. (ofA - 8)(oA r 7). 

35. (.y*fr)){y*-7). 

38. rwr^(2 45^^r). 

41. (x + y){r- 2 ). 

44. (x-.3y)(x-3y}. 
47. (2x + 3){3x-I). 
60. 3fV(r-.3rf+rf*). 

53. (2 jr -3}(2 x -3). 
66. 2(4i-3)(2 + 2). 
59. 

62. (2wi* + 3)(w»-7). 
65. (3m-4)(3m-4). 


3. (6+4)(6-3). 

6. ( z -5 ){z + l ). 

9. (i3-69)(p44^). 
12. ( t -6)( jl **8). 

I5, {C4 27)(C-r3). 

18. (z49)(2-7). 

21. (^4l2)(l-3). 

24. (6 -9) {6 4 5). 

27. (pt13){p- 3). 
30. (x + 8y)(x-7y). 
33, (y* + l3)(y*-l2). 

36. (x + I3y)(x-7y). 

39. (y-5)(y + 3). 

42. (.3e-2)(c4l). 

46. (3x-l)(x-3). 
48. (a-A){4-f). 

51. iy(j4 9)(x-7). 

54. (3 + 4;5)(l-3f). 
57. a(a + 7)(a-6). 
60, a + a-)(2-x). 

63. {5x-3y)(x + 2y). 
66. (5 4 9 r ?){5-9 ff ). 
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67. 

(oV>*43)(oV-3). 

68. 

(34i)(9-3/4P). 

69. 

(1 -4w)(I +4w 4 lB»r}. 

70. 

a-*4 5/){i*-5i). 

71, 

{pj-i)(pV + /v + U, 

72. 

(2:4l)(4x*-2;^l). 

73. 

{I 4&r)(l -Sir). 

74. 

2(r>p4]){2V-r>y^i). 

75. 

4{5«5> + l}{5o5»-l). 

76. 

(9 4n/)(81-9«f+cV), 

77. 

(a 4X-kI)(o 4x - 1). 

78. 

(4 f6-f)(4-64f). 

79> 

x(3x42y)(3x-2y). 

80. 

(P-57)(P + 49). 

81. 

/{N7)(/t6). 

82. 

{oAr 4 W)(aAf -9rf). 

83. 

(4x* -3y){I6x< r 49y*). 

84. 

(x-.17)(x4l9). 

85. 

(x^4l7)(x>-17). 

86. 

(/-17K/-16). 

87. 

(10:-3)(!00:^r30:-9). 

88. 

(o r23){a-13). 

89. 

{arb •r-f)(a -A - r). 

93, 

(Ux-3y){l-j-3y). 

91. 

(x* 4 y* 4 3xy) (r* 4 y* - 3.ry). 

92. 

(o* 4 a 4 2){o* -0 4 2), 

93. 

(A-29)(6 4 27). 94. (/ ^ 


'-2x44)(x-2)(x*42x4 


95. Uy + 2:r)(f>y^-6j:y-4x*)(3y -&ry +4/*). 

96. 

97. aA(3a-t-5){9a*-3aiTe^)|:kj-i)(9rt*TM-6*). 

98. o>(tw r2y)(aV - tcuy + 4y*)(tt): - 2y){<iV 2ojy i 4y*). 

99. (a* +6*)(a^-a*6* rM)(a ^b){n* -a6 + 6*)(n -&){a* oA - M). 

100. (i^r2y»:^}(jr*rV3>). 101. (rt54 8)(o*6»-8flA-ft4). 

102. (2r47)(x-5). 103. 20y{5r 4y)(/Lr -y). 

104. {{a r I)(a 4 Dfo 4A - 1). 

105. (C4(i-l){(i:4rf)*.r.rf^l}. 

106. {l-*4y){Uz-y-(z-y)*}. 

107. (x-19)(i4l3). 108. (a + 9)(o-3l). 

109. 2{5(o-&)4l}(2.5(a-A)»-r)(rt-6)4i}. 110. 2r(f*4 3rf*). 

111. 9y(4x» + 2iy+y»). 112. (x-2y)(i + 2y + 1). 

113. (a-6){a46 + I). 114. (a4A)(a + 6 f 1). 

116. (a + &)(a*-a5 + M^I). 116. (a4 3A)(a-36 + l). 

117. (x-y){2(x-y) + l}{2(x-y)-l). 

118. ay(*+y)(3f-y)(jf-y)- 
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MiscellaBeous Examples m. Page 136 
2. 42a-40ft + 30c. 3. 

(1)12; (2) 2 = 5, y=6. 5, ar^ + ii-l. 

7-> 7 H 

7. 2jq 8' '4* +4 

2jr*-x. 10. (!) (az-5)(ar-!-3) ; (2) (2;«* -r9p7)(2m* -Op^). 

(l)r--2.y^^4; (2)z:=.'). y--2. 12. ^ miles. 

pb 

84i< + 25j» + 101a:-30. 14. (1)7; (2) -ij. 

t 27 j^-1,>Jx 1 121. 

(l)(z^2o)(/-M; (2)(.f*^14y)(j:*-4v). 

H.r.F.^T; L(\M.-352anW. 18, £14. 19, 3p. 

(I) m - « -rt f f ; (2) - r*-- p(w -i- «). 

8. 23. 

Apples 4^^. ft dozen ; c^s U. 4</, a s(^re. 

(j-.'j)(2j--3)(z4-l). 26, 33. 27. 2i:*T9zy-7y». 

zi 2, y 3, 2-0. 

(l>zy(z+2y)(jr-2y); (2) (m + »i)(m-n)(2jn* + 3n*). 


XVm. a. Page 139 


1. 

rt 4 b. 

2. 

x4y. 

3. 

x(z-y). 

4. 

2x-3y. 

5. 

-Tty. 

6. 

o5(a -ft). 

7. 

a{(i-T). 

8. 

fl +2x. 

9. 

6(<I T ft). 

10. 

x~3y. 

n. 

a -X. 

12. 

2zfy. 

13. 

2(.\r-l). 

14, 

3x4 2y. 

15. 

x + 1. 

16. 

y(«-l). 

17. 


IS. 

X»4«*. 

19. 

X 4 2y. 

20. 

x-3o. 

21. 

x + 2. 

22. 

x-5. 

23. 

x-3. 

24. 

x-3. 

25. 

3X41. 

26. 

X- 1. 

27. 

CX 4d. 

28. 

x*+y. 

29. 

x{tt-3A). 

30. 

2x + l. 

31. 

x*(3x + 2). 
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1 . 

4. 

7 . 

10. ir*-7, 
13. 


XVm. b.^ Page 143 
2 . jr*-l 3 r 4 5 . 

5. 

8 . /-I. 

11 . :ir*.l. 

14. X* - «jr f 0 *. 


3 . 2 * - 8 . 

6 . 2 + 3 , 

9. i*-3z + 7. 
12. 2x* -3. 

15. X* r2ax -ff*. 


16. 3<i*-ox-2u^, 17. jy(2r* + xy-3y»). 18. ir*a*(ir -3a). 


19, iri{2jr+7). 
22 . x«rx^-i. 

25 . x| 3 +ir). 


20 . 6 ( 3 x- 5 fl). 
23. I-jH-x*. 
26 , x*- 2 x-l. 


21 . Sx^-ij^f+y*. 

24 . l+d. 

27 . 22 »- 7 . 


XIX. a. Page 147 

. 3 . _L.. 4 . 

r * ax-i 20 (a- 6 ) 

i, 4(x-y). 7. 8. -r-^vi* 

' ^ Ja.;{x x*-2y* 


x^ ^ 3xy r 9y* * x -r 1 


14. 15, 16. 

a ' r> jr - .'i jr + 2y iy“ 

18 . Iti'. 19 . +-’ . 20 . 

X +.5 x^l 3 2 


xrs. b. Page W9 

The rxprrssion in [ j i.s in each fMc the H.C.F. of the numerator 
ami the flenominator. 




D'l. 


[(a-l)(-i-2)I. 


ar 4 ‘' 

in- 34 ^’'"* 
i-l 

4**-flur + o* 

E*+a* 


E( 2 « ^. 3 A)(/i - 6 )], 


ax'.rtry^Ty*' ' 

4 , l“Xf 2 z<,, 

6 . 

a 3 a* 4 ^a „ 

8 . 

32 * + 2 * + x- 2 ‘ ^ 


n. (2a-3a)»((22 + 3o)*]. 
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+ 2 

13. ;F-^[x»-3]. 

iX -4 


#6- 


3(x-3fl)(j-4o) 
2(x-f 3<J)(J + 4a) 


[r-2a]. 


14. 


16. 


2a:* + 3x+5 
2x*+3ar-5 


[2z»-3x+5]. 


a{x + Sa) 
ar(jc+7a) 


[ar*- 13ajr + 5a*], 





m. c. 

Page 152 


1. 

7 

12* 

2. 

ah 

3. 2. 

4. 

a -2 

6. 

4x ^3a 

6. 

5a -5 

7. ^±1 

. 8 

X ^ 2' * 

x(^2V 

Xt5 

9. 

X 

X - 2 

10. 

2x-I 

2x-3’ 

11. 

x45 

• 12. ^ 
4x4? 

13. 

b' r 3b t 9. 

14. 

I 

X47‘ . 

15. %pq - Z' 

*. 16. X. 

17. 

X M 

j:: 1 ' 

18. 

X - 5 

19, i- 
y 

20. X. 

21. 

2x1 

ir-o* 

22. 

1. 

23. 

24. 

0 -c -a 

25. 

1 

I -1 ' 

26. 

0 - X 

a 4X 

27. -• 

n 

28. 1(2*1). 

29. 

x^4 
j<x - 4) 

30. 

1. 31. 

0 4 2. 

32 

16a*T4a5 




XX. a. 

Page 154 



1 . 

5. 

8. 

11 . 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29. 

30. 


i-(x,l). 2. 3. I2 x>(4’^2>. 4. 21jJ(j: + 1]. 

rfx • l)(jr - 1). 6. ah{a ~ h), 7- zy{2T -f l)(2x - 1). 

9. x(x. 1)(/-2K 10. (x + l)(x-*I)(x-2). 


(x-3>(x~l)(j + 2>. 

(j- + 7)(x~6)(x-.U 

(X f2)(x + 3)(.3x + 2). 

(x + 2)(x + 8}(2x- 1). 
I2 x(x4 2)(2x I)(4x - 7). 

(x-y)(.V-2y)(4x-.5y). 
2axy*(x 43)(4x - l)(3x-2 


-l)(x-2}(x-4). 
(x4,’j)(x-4)(x-6). 


16, (x41)(x+2)(2xt1}. 

18. (xt2}{x + 3)(5x + I). 

20. (x + 2}(x-2)(3x-7). 

22. «x^(x 4 7)(3x+5){3Lr-2). 

26. Sa^xl-Tx-allSj + S^zl^x + Sa) 

28. x>(3-5jr)*(2 + a’)>. 


42a»5*{o ~ ft)* (<i 4 4 ab f 6*). 

31. 8c*(2.-3<l)‘(8f*-27rf>). 
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XX. b. Page 156 

1. H.C.F.x-2. L.CX(x + l)*(/+2)(x-2)(/-3). 

2. {ox t6)(<i 4:-6)(6/ +o). 3. xy(X“o){y •-•6)(y-26). 

4. H.C.F.x(xt^3). L.C.M.x(x-l)(x + 3)(2x-l). 

5. (Ux)^(l-x)>. 6. (x-2K^-4)(x-6). 

7. H.r.F.ir^l. LCM.(2r^l)(x + l){x-l)(3x-f2)(3x-2). 

8. aA*c*{c +«)*|r - a)*, 

9., LC.M.y*(x-y)*(j*+jy-y*). H.C.K.z-y. 

10. H.C.F.2X-3. LC.M. {2x-3){3x-2)(xf4)(3xf4). 

11. (x *o)*(x* + ar ■*-o‘)(x* -ox -f 1 *). 

12. H.C.F.3x-y. L.C.M. (3x -y)(x f y)>(x ~ y)». 

13. x-I. 14 (o -f ft)(o - 6){a -26)(a* '^oA 

15. H.C.F. o* -r xy. LC.M. (o* f jy){2x *3y){2x - 3y), 

16. H.C.F, (x-3){x-4). L.C.M. {x*-2)(x-3)(x-4)(x-r>). 

17. x-Ho. 18. KKii*y*(x *y)*(x - y)*. 


1 . 

5. 

9. 


XXr. a. Page 160 

4(x^I) I.3{r-2) 25X-6I . 17x 

'5 ! ' 12 ■ ' ~ m 3<J * 

l»x-20l . lir*^2Hx -27 . ^ . 3(0 ^3/i) 

®- — i?— ■ 

* 6Ac* * 3or* 3a*r - 4a*6 * 4aM o* ■ .Xr* 

12o5r ‘ i;x 


,, -^^31 ,o „ IIx»-iar*-27x 16 

11* . - * A ' A * Xl)a • 

Io2x 0*6 V 3(ix* 

14. 15. 18, 

x^y* y: rroc 


XXL b. Page 161 



2x + 5 


x^5 


1 



{x + 2)(z+3) 


(r.3)(x + 4) 

i). 

(^-4}(x 


4. 

2(x+6) 

5. 

{a-6)x 

6. 

(tf 4 6) X - 

2fl6 


(*-6)(i + 2) 


(x^a)(x + 6) 


(x-fl)(x 

-6) 


2 


4ar 


8x 



(i + 2)(* + 4) 

o. 

o»-x*‘ 

V. 

X* - 4 ' 


10, 

8 

11. 

ox 

12. 

fix + 9 



(x-2)(x-6) 


X* -o* 


x«-9 


13. 

xHh2y 

4^V‘ 

14. 

3ax 

15. 

4o6 
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__2xy 

25/* -y*' 
ii* 

x*-Y' 


— • 2. ~v .■ 3. 

x^y 4/* - y 

g 4/ -5 

l) -u*' ‘ ■« (/*- iV 

2(13/ -7) 

3(/* -4) ’ ‘ /*rx*y* f y* 


|/-2)(/ - 3){/-4) 

I 


16. 
19. 
22 . 
25. 

1 . 

'5. 

9. 
12 . 
14. 
16. 
18. 
21 . 
24. 
26. 
28. 
31. 
34. 
37. 

^ 40 . 


2x* 

17, . 

1 -X* 


20 . 

23. 

26. 


_5* ^ 

- y*) * 

2flx 
jr f o* 


18. 


21 . 


xy{3^-f) 

4a* 


«/(/ - a) (x + a)* 

XXI. c. Page 163 
1 - 6 /* 


x(i'h2a) 

24. 26. 


4a" +6* 


1 -4x* 

7, 0. 

11 . 


4a* -96* 

12a* -4a f 7 

^3(4a*-9r' 


(/-r)(lr-l)(3/-2) 

23/ 


{ \ - 2/) (2 -/)(.7 -9/) 

19. 

X . 1 *1*6 

1 

/ . 2 


13. 

15. 

17. 

20 . 


{/-4)(/-6) ‘ 

2 

(/-1)(2/.1)12/t3)‘ 

17a 

(l-2a)(4+n)(3^r3a)* 

/-2 


22 , 


8/* + 4/-3 


/*. 11 


(/. lj(/-72)(/.3) 

32a* 

"(I - 2a)* (I r2r/)' 

4x* 

SI -.!*■ 

a(rt* i 2a/» t 3/*) 

“47a* X*) 

2rt/*J* * .32a^) 

3{a* 2,56/*)‘ 

36a< 

d * 6501* 


(/-i)(/^i}(2/ *1) 
25. 


29. 

32. 

35. 

38. 


27. 

7^_ 

16-/*’ 

7fl* f 4:) 


(/^l)(/^3) 

3/^2 

(/-2)(/-l){/rl)’ 

23 

2/-1 
2/ -13 
(/t3){x + 4)(/-4)’ 
96/* 

(3 -2/)* (3+^)' 

-rT*' 


33, 


6(a*-81) 


a^(i*-4) 
41. 1. 


36. 


39. 


/(37^n2/*) 

6(1-16/*) 

/* 


l-r*' 


1 


(3x-y){x-3y) 
.. 4/ 

42. 0. 43. 
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1 . 


5. 


13. 

17. 


20 . 


24. 

28. 


31. 


x-H 

20(x*-l)' 

0 . 

61-216 
12 ( 1 - 6 »)‘ 

x-y' 

26x 

ii* - 1 ■ 

2a 

(X -a)(x-6)* 
r* 


XXI. d. Page 

166 


2. 


xfSa 
x + a ' 

4. 

X TO 

6. 


1 

x-3‘ 

5 I2(it + 1) 
*■ it*-9 

10. 

•> 

“ IL 

y* 

12. 

» 

3(1 -a») ’ 


14. 

- 

a 

4a* -256= 

■16. 

jr -b* 

18. 

X 

19. 

X -r 

(x-a)(x-6)' 

(x -rt)(x -6} 

21. 

0. 22. 23. 

X* - a* 

4Sa* 

(r=-a=)(x* -«•!*) 

25. 

0. 26- 27. 

a* -6* 

a ~x 

U 4-X 


a» 

(a -6) (a* +6*) 
0 . 


29. 

32. 


2-x^3x* 
2(1 - X*) * 
4a6 
a* -6* 


30. 


2{x=4 1) 
- 1 )’ 





XXI. e. 

Pa(;e 

: 160 




1 

n A 

-a6-a* 6* 

r* 


'~yz 

_ zx 

-xy 

1. 

1/. «. - 

(0- 

6)(6-f)(r-fl) 



4. 

A 

0. 5. - 

{hc *i 

•a - a6 - a* - 


6. 

, 0. 





{a 

~6)(6-c)(r- 

a) 





7. 

0. 

8. 

0. 

9. 

2(7r r rp -^7 
{p-7)(7- 

-p*- 

r)(f- 

7*- 


10. 

0. 

11. 

0. 

12. 

p{y-:) ♦ 7 ( 1 - 
(.V **)(:- 

■X) 

>)(x*: 

r(x 

‘if 





XXH. a. 

Pace 173 





«• - ai 


x^y 

0 

od + 6 

A 

X 

r r 

1. 

Na - Wi 

2. 

y-x' 


dz~y 


6- 

- X 

5. 

3 

4i' 

6. 

a 

t 

7. 

?• 4y ’ 

8. 

o« + 6 

9. 

ad 

bd^y 

10. 

nx 

nx - m 

11. 

pii(ad + 6<) 
M(pw + lr») 

12. 

X 

-1. 

13. 

»<f+3). 

* + 4 

a 

X4l 

'‘X*(X4^’ 

15. 

x*(2x+3) 

x+2 

18. 

1 

X 
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17. 

a* - 6 * 

18. 

2. 

19. 

y* 

20. 

1 

2 

2 * + y* 

2a:=-l 

21. 

2(0+6) 

a -6 

22. 

a + 2 . 

23. 

4 

24. 

1 +2 

1 + 2 ** 

25. 

u* - a + 1 

26. 

6 +r + 2 y 

27. 

a{yz+n) 

28. 

1 - 2 . 

‘ 2 a'-r’ 

82 (y + 6 )' 

2 y 2 + n 2 + w 

29. 

2 * 32 + ! 
2 * - 42 + r 

30. 

2 

2*’ 

31. 

a-c 

1 -flC 

32. 

6 

0 , 

33. 

^ ^ 

34. 

4. 

35. 

82 * - 1 . 

36. 

22 *. 


1 . 

4. 

7. 

9, 

n. 

12 . 

17. 

20 . 

1 . 

4. 

7. 

9. 

12 . 

15. 


r y y* 

3 'irox’ 

1,1 1 

IfC ' ca a/> 


XXn. b. Page 17 
fl* ax r* 

■ 4 " 3 "■ 2 ■ 

. I >• I 


^_3fl ,36 , 6* 
26 2 ^2 
1 

6 2 


jr - f ; Hcni. r^. 

I .r2.r - Hciti. 2A 

. 9 27 „ 81 

J 3‘ Hcni. 

j* r* 

1-^2/* !ix* • 4r* ; Korn. r>jr* ~ 4j^. 
j ,3 
/ 4* 
n» - 46* 
o ^ 36 

4(r-2} 

3{a+x)' . 

fr*-y*)* ■ 


^ 6 6^ 63 ^ fj* 

8., 1+ R«n, 

• a a* fl* 

10. 1+2 -2* -2*; Rem. 2®, 


18. 3(«-22p. 1 

91 

6 

XXn. c. Page 178 


6*-36- 

6-6 


2(2 + a) 

2 

_42(_2_:2) _ 

(2-ih2*-:T)‘ 


2(2+ 1)3(1 +2 + 2^) 
22 + 3 

.3(2+6)* 


(tt-2)(a + 2]» 

2 (fl*+a + l) 
a(a + l)(a+2)‘ 


62 + fi 
02+6 

(X + IP 

32* + 62* -2 -8 

1 

2(3 -2i)* 


+ fl6 - 26^ 

1 -2+2* 

1 +2 + 2* 

fl2*(2» + a») 


2*+t2> 

a + y 

«‘“y* 

4_ 

f-?' 
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18. 

1 . 

19. 

( 2 z-l)(x + l) 


20 . 

x -2 


(x + 2 )(z-l) ' 


4x*-5x- 

5 

21. 

X 

22 . 

a(«*4-z*) 


23. 

1. 24. 

1 . 

{x-2af 

(z-a)(o 4 x)s' 


25. 

cu-!. 

X 

26. 



1 

99 

6 * 

2 x( 2 x-l 

) • 

6 - - «• 

29. 

ab 

a 

30. 

X. 31. 

X. 

32. 

6 x. 33. 

a^ - 6 * 

34. 

1 . 

35. 

(-!)■ 


36. 

1. 37. 

1 , 

38. 

x(z*l) 

. 39. 

12 


40. 

3)1* 

Z* r 4x j- 1 

(ri^-4}(n*-l) 


{3m T2H)(9m' - h*j 


1+Z 

- jr 

— ■ 42 


2 x 


1 

(i +z}(i- 


-X)*' ■* 

{X- 

2 )(x * 


X - y 

44. 

I. 

45. 

1. 46. 

1 . 

47. 

0. 


48. 

o’^ 6 »+H 

~hr-i 

^ 49 

1 . 

50. 

1. 51, 

0. 

{ 6 -f)(r 

-a) (a 


52. 

2 y -a - 6 . 

53. 

(ir - i^){a - X 


54. 

2s{x-4) 


a*£ 


9{Xr3) 


55. 

7(z-4) 
4(z- I)'- 

56. 

x-3. 

57. 

l+a 

-a*. 58. 

f 


HbceUaneous Examples IV. Pace iH2. 

1. - 2. 6, 3. - f) ; -6. 4. 7, 5. ',j- 


6. 0)232; 1 2) 20. 7. (I) -10; {2)0. 8. I, 9. 

10. 0) -12; (2)1. II. 1. 12. h\, 13. 9K/-2v; lOj. 

14. (l)l;(2)21v 15. (149)0^12). 16. (a-7}(fl^l3]. 

17. (x-8y)(x-12y). 18. (oA - I7)(oA 4 3). 19. f (f M3)(*- - I2i. 

20. «(in-3ii)(m~3n). 21. (p* ^ 77*)(p» 87*). 

22. (rf* -3r}(</ -3^). 23. Jry(z t 6y)(x 7^). 

24, (rn-^l3)(m^l.U 25. {U - o)(I5 4 a). 26. (19 -p7){3 ‘ 

27. (j* + 16)(jt*^ll). 28. {aUH)(a*-7). 29. (r>27)(r-27), 

30. (9-zy)(8 + r^). 31. (a* ‘ 2z*)(a* + 7 j*). 

32. (p-12g){p+9g). 33. 2(rt» + 12)(a» - 11). 

3i **(*-9)(x + 7). 35. (6c f l2)(fcc-7). 38. (z + 17)(: 4 17). 

37. («-3c)(a-l9c). 38. y:(y-7)(y + 13). 

30. (2+33*)(l -*)(!+* + *•). 40. (2a6-5)(ii6+}). 
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41. (3p-4)(3p-4). 42. (5 + mn){7+mn). 43. (I7+c)(7-c). 

44. x*(2-a;)(3-z). 45. {2m + 3)(3m - 1). 46. (2a -56) (2a +6). 

47. (6p‘-^)(p-2^). 46. (5z+4z)(4z-5z). 49. (2z* + 3)(4z* -5). 

50. 0(2y-^l}{y-2). 51. (3aA+4)(4a5-3). 

52. (2fi*6-.7)(a*6-2). 53. (7z + 8y)(3z-2y). 

54. (Om ~ I5n) (2m + 3n). 55. (c + a - fc) (c - a + 6). 

56. (fl f t ~f)(« -6 f f). 57. (r>i + 3y)(25oc* - 15w/ + 9y*), 

58. («/> f7)(f»s6* -7a5 f49). 59. (84 -a*l(64i* + 86a*+o*). ■> 

60. (d + 2 jc 2y}(a 2x-i 2y). 61. (m i n + l}(m +n- 1). 

62. 2c-{^i d)(c d). 63, 1 -t z - y)(o*6* - 1 -z ty). 

64. (1 2m) (I 2m) (I 2Hf - 4»i-}(l . 2m -t-4m*), 

65. p>(l +!Ov)(I KVy + m/-). 66. (81 fa*)(9 i o)(9 -a). 

67. (x’ - 1 f (/ 2 )(x^ I y f ;). 68. (a 4 44 -4c){a -44 f 4c). 

69. (r~d)(\Y'ir '2d)[\-'lr.^U]. 70. (p - 4^)(p +4^ + 1). 

71. 2 [ 1 4 4d f 44 )( I 4 (<i + 4) f 16 (a + 4}*]. 

72. (x •3t/)(l tz^ -3xi/4 9y*). 73. (x +y)(z* +y*). 

74. (rxr rf)(fix< 4). 75. (7 4 a)(2-a). 

76. (14x* •i/*)(7x^-y*). 77. (l7fa)(3-o). 

78. (1 i m t /))(! m p). 79. (4x -a)(az -6). 

80. (34 cf4)(34'r 4). 81. (c + l)(r* - c + l)(z + l)(x - 1). 

82. (3x 4)(xf2a). 83, (m 70(m + n+z)(m+7t-x). 

84. (af6)(ria b)(c a+4). 

85. (xf2)(x^ 2xM)(x* n)(xM)(x ■l).86.(x-( l)(z + 7)(2z-3). 

87. (2x + ISy){x - 3y)(2z-5y). 88. a-)’(x f 2o), 

89. 2 ^ Six f SI. 90. 2 j^ (xV- 4 ) (X* - 1 6). 

91. U.C.F. (if4ir,LC.M. (o t 4 if)(a -f>)(6 -c)(c-a). 


92. 

a i 4 ' r. 

93. (a 4)»(o)4). 

95. (a*-6*)(a + 4-2c). 

97. 

H.C.F. (X 

7)(z 3). 



U'.M. (X 

- l)(z 2){x -3)(x - 

4)(x - 5) (I -7). 


1 

z 9 


98. 

(I'-i)’’ 

(z*-G)(z-3) 


m. 

102. 

. * 103. 1 

1 . 104. 0. 105. 


X 


VP 


106. 107. y x. 

no. 1 . 111 . I. 


108. a4. 109. 2(ac + 4<l)(a(i + 4c). 

112, 113. * . 

z j-g 


114. -i,. 116. z{Uz-z»). 116. 117. a + 4. 118. I 

* z + l + ® 

B.A. 



alqebiu 


YYTTT . a. Paqk 100 


YTTH . b, ’ Pa«E 102 

« 6* - <1^ 

i.b. 3. ^ • 


6. m - n. 

14. 3fl *2/^. 


5 . 20 . 

10. -Oj. 


n. 

6. 

12. 

1 1 

6. 

13. 

R 

~n 

14. 

7 

15. 

1. 

?6. 

-10. 

17. 

-4. 

18. 

3i. 

19. 

3. 

20. 

4, 

21. 

6, 

22. 

n. 

23. 

-7. 

24. 

2_ 

25. 


28. 

4. 

27. 

il 

28. 

U. 

29. 

1 

4’ 

30. 

21. 

31. 

1 

«■ 

32. 

3. 

33. 

20. 






a' - a/' i 
a 

0* 2/i/) 

'■“V" h 


n 

21 . 


, c. Pv.K lor. 


al hm fiw' ^>1 

^ i' .r >y 

U 

' «■-// 
a * y 1 ■" fwi* 

' . a-' a' a'- 

a i n' ft* ' ft 
^ a'ft -aft^' ^ y^ft ' yft^ 
2 ^ 


/r »7» 

2 / ' ■ y f 

ft/ W</* 1'/ "'/> 

fi* . /fft . ft' 

^ „.h 

6 . . 

f/r 7'” r 

8. jr 2/i, y 2/}. 

wi fft 

10. .. '' .y -. 
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+ ^ nr-Trt'* 


12. 

qn 

1 V 

ql i>m 

pfi 

~7np-i>j 

13. . = 

2^1 

p(a -5) 

2a 

14. 

s II +b, y-a " Ik 

15. x~3a, y- -25. 


16. 

2{in '{) 

III/ -j-a'b' 

'Ml/ 

^ (ib'ra'b 

17. x^a, y-0. 


18. 

j I/I-/, y ; 

m 

10 " ^ 

19. ,j-^. 


20. 

j- n y « “fe. 

21. x~a^ -5*, y-a' 

» + 5». 



xxin. d. 

Page m 


1. 

/ ] 

X - 1 ’ X i- 1 

2- - 

3. 26-. 

o - c 

5- a5 

’ s — V 
a M -b 

4 . 

V.'l!,' 



A~27rr 

7. 

.1 

2r(rv/,)' 

vtr 


r^} 

10. 

I'.l :;,l 
a,// a ''- 




13. 

4:r; 

47r2/ 

■<• '--rs 


4ft* ‘ r-ii ' 

r-M ' 

„ .= 

IC 

16 5/1 - M f 




V 1<U’ j 

K‘-0j 

17. 

.4 


.. 18. 

iy l~X 

3oy 1 - X 

A-. '■y 

0 : 


V uW 




19. 

41' - 5 

VI Hi* - 4* 


r* < — 

20 . ,2vrrJ. 

4fr 



1 1 4t 


11 ^ t4 


21. 

6V> 

22. — M 

u-f v-J 


23. 

• 

(6 + l)(6 + ft). 


«• ^1- 



E.A. 


s2 
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algebra 


25. 


9 - 4 ’ p-i 




PW + fift 1 , ,1 

,. - ", - {mc-^nc - no). 


2S. 




30. 


•2tib ^ ^.t 

tt - h' 2ti “ s' 


'2b-i 


2l>' n 

31. 

fi(n - 1) 


32. £(^^/t). 5 (?’->') 33. T ll^r F"«^ 


34. J - {in -rjr, 2. 


35. 





30. 

r --s(2«'' - 

2Ac -ab), 4 inches. 

«( 

' r' 

/ •'' ,1, 

)■ 

38. 

224'. 



39. n 


.V). m. 

41 

36^ C. 

42. 

'“(.V ' 

’i, £152. 

43. 

tii) WU. 

44. 

240itf j 
n 

46. 

(a) £175, 

ib) 10'.,. 

47. 

,'v ron4 «'t. 

48. 

Whrn u = > 

i--r. 

4y. 

273. 

50. 

.-x. 

51. 

lOf) “ m,. 


52. X2\ 

Ull 



53. 

2rt(a - kL) 
'U~'kL ' 

2a{a - 
k\'2a - 

,1) 2^1 (« _ 
^)’ ‘a ( 2a - 

lU. 54. 

S) * 

IIJ' \t"h 
fA'(h - i') 


/(u r) l(ll - v) 60{f‘ - D) fV){r f I)) 
ftO * 60 " ’ ti - r * a r 


56. 

2f)P~rfd 

p~q 

57. 

— niilcs. 

y 

58. 

jW(^-y) 

^ 26 y ‘ 

59. 

Sz* * 

5280 ;Vzf-^‘- 
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61. 

62. 

63. 


P -n(f ffe) 
a-b 

d-rz^e . . 2yd~2rTy~f,x 

Numerator — -r— > uenoniiiiator 

z-2y z~2y 

’ ^S^Zzl 64 

Uty ‘ 2 r(c-t) 


XXIV. Page 204 

1. 4n. 2. W. 3. 5,"). 4. £2. 12«. 

5. Silk !)(#. CAlira 9rf. i)cr yard, 6. 54. 7. 42. 

8. 4S, 23. 9. 21 ' pa.^t one, 10. IT^y' [>ast three. 

11 , 32-j\' jj^st wx. 12. 5} j-' pa.<t two, 13, 37S, 216. 

14. 1.7jK'nion»; shilling's. IS, S yards at 4’?, O'/. ; IG yards?.! 4a, 

16. 17,1,'}. 17. 3 miles per hour. 

18. -VI. 19, 2,1 miles per hour. 

20 . 2 1 ' a n d 54 ' j jast sc \ cn . At .'ry ^ ' pa,«t , 21. ^ ■ 


22 . 

10 p.m, ; halfwav 23. 

I 3 hours. 

24. 

i'200. 

25. 

30 miles. 26. 

i:360(X). 

27. 

i 200 . 

28. 

4 and 3 pallor, s. 29. 

3 2 

. and . 'd a j int. 

30. 

pa 

miles. 

p - 7 


31. HI and 12G miles. 32. {'olT^o to (hieorv as 7 to 2. 

33. 1 “ /) ami <1 - f Ihs. 34. ; . ” 36. l>< hiides. 

'2a 0 ' 


1 . 

1 , 5. 

2 . 

XXV. a. 

-.4. 

P.4 OK 

3. 

210 

X -25. 

4. 1. -2.5. 

5. 

3. 7. 

6 . 

o-S. 

7. 

3 . - 6 , 

8 . 2. -7. 

9. 

9. -4. 

10. 

9, - 8 , 

U. 

31, -11- 

12 . 20 . - 11 . 

13. 

4. -17. 

14. 

13. - 12, 

15. 

11, -17. 

16. S, 15. 

17. 

7, G. 

18. 

2.3, 1 , 

19. 


20 . 14’ 

i u 

21. 

3 1 

2’ "3“ 

22. 

1.-4. 

23. 

iO. 


0 
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XXV, b. 

Paiie 213 



1. 

n 

, - 0 . 

2. 


3. 3.'. 

A. 

8 ' ■ 

5. 

a * 

6. 

0 

6 

7. -3. 

8. 

^-3. 

9. 

13 11 

a ’ a ' 

10. 

7 2 

4’ a‘ 

- -:■ 

12. 

-3. 

K 

13. 

V' 1 

7’ a 

14. 

0 a 

lU* 'i' 

- ^ 

16. 

3. ;• 

,> 

17. 

n a 

a' 

18. 

<r 

7 ‘ a ‘ 

19. A 

20. 

.‘)4‘ 2 

' 4 ’ ' : 

21. 

4‘ .V 
:i ’ “ 4 ' 

22. 

a 

23. ''|‘ 

24, 

4. !■ 

23. 

a. - 1 . 

26. 

1 

*" a” 

27. 4. ' ‘ • 

28. 

7 

29. 

1 1. 2. 

30. 

v:-- 

31. la. '• 

32. 

. 40 
la' 

33. 

.> 

,s 

34. 

'■ 

35. 12, 2. 

36. 

- -3 

37. 


38. 

-'h- 

39, a, . 

tj 2h 






XIV. c. 

I’.v(ir. 217 



1. 


2. 

a 

3. \,l- 

4. 

a : V 29 

5. 

-4,-!. 

6. 

» ■ \ ^ 

7. 1. - 

K 

8 . 

17 ; 

19 

9. 

^ r> 

10 . 

1 rsia 

6 

11 , J. 2 . 

12 , 


13. 

6’-‘- 

14. 

7 3 

4' 2' 

15. ;,.-3. 

16, 

6 

-4. 

17. 

9 .5 

lb' “6* 

18. 

H a 
a’ 4 ' 

19. -14. 

20 . 

r» a 
12' “k' 

21 . 

3 2 

5 ' 5 

22 . 

3 7 

' 4 * .3 

24. 

(kt 4a 

4 ’ V 

23. 

.% Ih 

Z ’ “ 3 ‘ 

28. 

7 ^ .1A 

fl * 6 ' 

27. •2n,2h. 

28. 

2a, -8. 
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30. 0,--. 31. l2, ^1. 32. -^2,-3. 

34. 3, -2. 35. ±4, ij- 36. ±6. 

4 

37. 2,-3. 38. ±3, r.4. 39. 3, -2.4, ~ 3. 40. 4«, -2«,a. 


XXV. d. Page 219 


1. 

1 - 1, 

-1. 

2. 1. 

-1.2. 3. 

1. 2, 

- 2. 

4. ; 

1, -3, •5. 

5. 

2. - 1, 

-1. 

6. 0, 

1, 1, -2. 7. 

3, 2, 

-5. 

8. i 

2, - 7. 

9. 

7, -3, 

-4. 

10. 

- 2ij, - 2^/, 

4«. 

11. 

0, 6m, 

, 6m, - 12fl. 

12. 

1 ' 0 . 7 , - 

3U;'j. 

13. 

3-90, --90. 


14. 

■66, 

-1-66. 

15. 


17 -4.7. 

16. 

♦99, 1-01, 


17. 

318, 

2-32. 

18. 

■r>.7, - 

■22. 

19. 






20. 

n 

1). 


1). 7-416, - 

19'416. 





21 . I (a . V ,t* - -k*). 1 3-21>2. 2’708. 


XXVI. a. Page 221 


1. 

j" 

17, 11 ; y 11, 17, 

2. 

j-^37, 14; 

y=U.:i7. 

3. 

j 

.VI. 21; y 21.33. 

4. 

.t-14, -9; 

y^9. -14. 

5. 

X 

27, -19; y 19. -27. 

6. 

-43, r2o; 

y-2:>, -43. 

7. 

X 

71, 13; y 13. 71. 

8. 

j- - 33, -41 ; 

y-41. -33. 

9. 

X 

.72. -74; y.^74, -.72. 

10. 

.r - 43, -71; 

y.:. - .71.43. 

11. 

X 

29, -47 ; y 47, -IMI, 

12. 

.r - 22, -87‘ 

y=-87.22. 

13. 

X 

8, i .7 ; y - .7. > 8. 

14. 

f 13. ±1 

; y-ri. rl3 

15. 

I 

♦4, -*7; y ^ .:.7. 4. 

16. 

X 13, 3 ; 

y = 3, 13. 

17. 

X 

10. ,7; y - :). 10. 

18. 

j-9, -3; 

y-,7. - 9, 

19. 

X 

12. -6; y 6. -12. 

». 

j 11, -8; 

y^8. -11. 

21, 

X 

9.4; y 4,9. 

22, 

X -- .7, 4 ; 

y=:4, .7. 

23. 

X 

7, 4; y 4, -7. 

24. 

j--10,4; 

y~4, 10. 

25. 

X 

12.-2; y 2, -12. 

26. 

z-1; 

y-i. 


y .3, 4. 28. j;-*; 

' a 0 


29. 0, 
33. 


2a+5 
3 " 
1 , - 2 . 


27. 4* . 4, 3; 
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1. 

XXVI. b. 
y = 4, 7. 

Page 223 

2. z " 8, 5 ; 

y=5. 

3. / 14.9; 

y-9, 14. 

4. J--7, -5; 

y-5. 

5. /-ll, -7: 

y-7, -n. 

6. J- :13, 0; 

y-O, 

7. J- - -4 ; 

',4. Lti. 

8. / ±7, i3 ; 

y- ±: 

9. x ^±9. 

y ' : :i:9. 

10. i'-iO, ^3; 

y- ±; 

• ♦> X 

11. 

O A 

S t) 

3’S‘ 

12. J -tt, i;5; 

y= 

13. x -4. 2; 

y 4. 

14. X 7. -3; 

y-3. 

15. x-5, j ; 

y 3. 5. 

16. XV.4, 2; 

y 2, 

17. i--8, -2; 

y 2. -J*. 

18. X 5,1; 

y 1. 

19. .r^j. 1: 

y 1, "i. 

20, X 1 - 

1 

y 5‘ 


XXVI. c. Page 


1. 

. 4. 

y 3. -20. 2. X- 

±3; y-2. 

3. 

/ 12, S; 

y 2, -2. 4. x ^^ 

2.'^ y .-,,3. 

5. 

/ =4. 7 ; 

y 1. IM. 6. X - 

i. 3; y 1. 

7. 


: y 8. X . 

.2,.\.y .J. 

\ S ' 

9, 


10.. 

±i, - y ,:2. 4. 

n. 

^ i3. :: 

4: y : 2. : 12. x 

3 1 1 .3 

- 2* ^ -2' ’2 

13. 

£ , *> . 

l:y .il, .:2. 14. x 

j 2, l5 ; y . 3, ^ fi. 

15. 

^ " JL ^ 1 

n 2 ; y ^,2, - ^3. 


16. 

X -3, :i 

M;!(— S. ' f- 17. 

, X 5, 3 ; y 3, 5. 

18. 

z ' 7, - 6 ; 

y 6. - 7. 19. 

, X ~ 6, - 2 ; y ^ 2, - 6. 

20. 

X “ 7, 1,4 

i^ 28 ; y 1, 7, 4^v2^- 


21. 

X . 4, 3, 6. 

2; y ?,2. 1..1. 


22. 

r=2.H.4 

. y 2. 6, 1,12. 
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XXVII, Page 229 

I. 13. 2. 45, 9. 3. 7, 8 . 4. 3, 5. 15, 12. 

6. 9. 7. 7 hourn. 8. 7, 5. 9, 99 yards, 160 yards. 

10. 55 30 fcid. 11. 36^60^ 12. 6. 

13. 5 sfiiltingH, 14, 12. 15. NinqK^n(.' 0 . 16. 3 feet. 

17. 4 iiuiu-s. 18. 121 square 19. Fourpente. 

20. 40, 12 : 30, 16 yiird^. 21, ">(). 22. r>(i. 23. 25. 

24. 65 miles. 25. 75. 26. 20 , 30 miles an hour. 

27. 40 )tnil 4.7 mile.s an hour. 28. 10 gallons, 

29. ,1, 16; }{, 14. 30. lH-^tancc, 12 miles; rate, 8 miles an hour. 

31. J l:v'5). 32. 3 7 cm.. 2 '3 cm. 

33. Al* 20 9 ein., HP 12'9 rm. 35. S-4 cm. 

36. 2 6 ( tn.. 16 cm. 37. 9 cm,, 4 cm. 

39. (i) 3. 4 : (ii) 7, 6 ; (iii) 7-2, 0-8 ; (iv) 5 7, 2-3. 

xxvm. a. P.AGE 234 

1 . (,r» ‘ 4 r . 16){/‘ - 4^ 16). 2 . (IVi* 'iab - t-}(9a* - 3<i5 t 5*). 

3. (J^ - :try ‘ y*)(j^-3jy- j/*), 4 . (w* tIhu? - r!*)(jn* “4mn -n*). 

5. (rJ -2j7/-j/*)(i^-2Tv-y»). 

6 . 1 2 j= • 9jy 3//=) { 2 j^ - 9ry - 3t^). 

7. rirri' . 6 h>»? ^ 3ri' )(2 w* -■ 6mn + 3 u*), 

8 . (3jr - xy 1 2 y®)(, 3 x^-xy 4 . 2 y*). 

9. (x>-3xy-.7..r)(x^-3xy-5y»). 

10. {4rt* ” 6rtA c ft*) (4/7* - 6aft -( ft*). 
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17. {y~3x){x + y)(j'-y). 18. (m» - 5/i)(2h T3fn)(2ii -3m), 

19. {tjj - 6) f a). ' 20, ( ^ y*)(jry + :) (jy - :). 

21. (a® +^)(ti +x). 22, (mn-;))(pm-n). 

23. (ljA-ir)(2rtx-3i). 24, (2r + 3y)(a*Try). 

25. (2x-3y)(o’^xy), 26. {ox T(a t l)}((a - 1 )j: + a}. 

27. (x-(i)(;ir-o -26). 

28. {ax + 2(6 -f)yl(2<ix - (36 - 4<')y}. 

29. {{d-l)r foU(<j -2)x-(o-l)}. 

30. {io + l)x ' (6- l)y;(ax -6y). • 

31. (6 -c - l)(6*+c* -1 .c-6). 

32. (o + 2<' - l)(a^ - 1 - 2<v <j - ic). 

33. (o - 6 - 2r) (a* r 6^ - - a6 - ‘J/k- - ii-n). 

34. {o-36^f)(a>+l«»'-r*^3<i6+36r-ra). 

35. (a ~ 6 - r) (a* f 6^ • r* r a6 - 6c + ca). 

36. (2«r36rr)(4<i*-i>M-f5-6a6-3/>--2fa). 

37. (x«-0xa.r8l)(x3+3x-9)(x^-3x -9). 

{o*-4o*6=-6<)(a»+6»)(a ^6)(a -6). 

39. (0 *6 - c -rf)(a + 6 -c * d)(r -rf o -6)(c +d -o +6). 

»■ 

41. (^^y*)(^^y*)(^*y*)('r+y)(j-y). 

42. (i*TxV^y‘){'^~-^y*^y‘)(^" •fy+y*)(jf'^y){-fy)* 

«• (^OC - l^(a - 2z)(a* i- 2ax *4x^). 

44. (x»^y‘)(x*-xV-S“y*)(J-2y)(i^*lry + 4y*). 

45. (z* + 4)(i<-4x» + 16)(z + l)(x*-x + l). 
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47 . 


48. 

49. 

50. 


(x* + 5)(r2-5) 


)• 


(x - 1 ) (/* + r + I ) {4x* + 9) (2x + 3) (2ar - 3). 


XXVUl. b. Page 238 

I. 4x*-49y*r42y:-9z*. 2. Ox* + 26xV + 49i/<. 

3. 2 .')X* ' lir^x^yi rSly*. 4. 49x* - 64x*t/® + 48x^ - Oy*. 

5. X*-/. 6. (xry)<+4(x^t/)* + 16. 7. 16x*(l-4x*). 

8. 4Srt*(o*-l). 9. x*-64. 10. x*-729a«. 

11. y 3a*-x>-'^j. 12. 64ir*(9x*-l). 13. x*+<7*x*Tn*. 

14. l+x*>x'V 15. a‘*-3a»X'-f3a*x*-x^^ 

16. I-2j:*fX>V 17. x*-i4x*+49jr-36. 

18. /‘-l4x* + 49x*-36. 19. x*~64. 20. «*-18a*6*T81i*. 

21 . fP f + r* - ‘AaU, 22 . 7 x y 4- 

23, (x* - 4<Px^ - 16<i*}(x^ - 2<ix + 4<i*). 24, 5x-r7y-65. 

25. x^T), 26. 2x(x + l). 27. o(x-l3), 

28. {x + 3 )(x* r2x f 4). 29. {7x-3)(x-l). 30. a - 6 . 

31. X* - 3x*y - 3 xy* + y*. 32. x* - 4 x*y 2 + 7yy. 

33. ] v9x^ f4y* + 6xy+2y-3x. 34. |x^-I)(x-3). 

35. ( 2 «- :)}(2a-7). 36. (x-f;)(x-&). 

37. n* r Ox* + 4y* Cxy 4 2(fy + Jax. 

38. 0 ^ 4x* + 16y*-8xyTl2y + 6 x. 

45 . . 47. (3a* + 5*) (a* + 36*). 

4 

49. jg(9p* - "*'*P*)’ 10^*' 

XXIX. a. Page 241 

1 . j + f. 2 . x*-ax+ 6 . 3, x*+26x-ax-2a6. 

4. x»-.(p + y)x ♦. 27 (p-.g). 5, x* -(m +M)z + »«(m *- n). 

6 . ox + fl+*l. 7. jt^ + 6 x + a*. 8 . 2/x-(3»i ~4«)y. 

9. (a + 2 )x + (a + l)y. 10. x + 6 . 

II. (x + l)* + 3(x + I)* + 3(x + l)* + l. 

^2* (m+l)6*x*+(« + 1)(pn + l)a6x + (tt + l)o». 
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13. (w - l)jr -i“ m. 14. wjr - n. 16. ap - bq, 

16. <u r A, 17. Seij - 3. 18. r 1 2a6. 

19. r p). 

20. {pr ~ [p - 1)}((/) P ^ 1}. 

2!. { (a - 3)Jt - a * 1 ) { {« - 2}jr - - {at 4)}. 

XXIX. b. P.\ciE 24o 


1. 

1-7. 

2, 2 

3. atix. 

/M 

4. 

i '-T- I*. 

&. 1 

6. 1-z. 

7. 

jr-'ia. 

8. c 

► ar. 9. x-K. 

10. 

jr-(p- 1)J - 

1 . n. 1 

r X* r> z* 

12. l-.r-7-'V. 
2 S \u 2 2 

13. 

“ 2"!6'W’ 

X .’Vr* 

14. I ^ . 

2 K l« 

15. 

jr 


«> ri* ** 

* Pi/*' 


, ar» 

37z* 

- — r-L" 


■' «o* 

l(ki« ■ 

19. 

(t* a‘ 
Dj4 


20. 2 ’ - 

12 2S8 

21. 

. 3.rx ~ OaV. 

0 

22. l-2r^ax». 

23. 

- z " I . 


24, 



XXIX. 

C. Page 248 

19. 

0. 


20. 0. 26. 0. 



XXIX. 

d. Pai;b ZV) 

I. 

0. 

Z 1. 

3, 1, 4. rt • 6 ^-r. 

5. 

1. 

«• i- 

7. 8. 1. 

aU 

9. 

d. 1 

n 



{/ a)(z-6)(z-f) (x ta)Izt6)(z f r) 

12. 

(a^fctr)*. 

13. “* 

1 "- »• t »»• 

16. 

6c tea tab. 

17. abc. 

18. (6tc){e+o)(o+6). 
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XXIX. e. Page 256 

1. 5. 2. 10. 3. -■ 4. 

a 16? 

5c rf — u* 

6. 'p 6. „ , ■ 7. o = t,6=“+2. 8. 6. 

1/ 2fr -c 4 

9. 10. U. b^r-27c\ 

\ m 

12. c fj (?/- «*)*, (/ (t -«“j\ wlietK’C 13- 32.* 

15. {X 1)(/-2){J- 3). 16. (i^2)(-r-3)(x-4). 

17. fj . 4). 18. U-3)(x-5)(a:^7). 

19. (J -2) 20. (/-l)(j:T2)(i--ll). 

21. </ • n{:ij-.2i(2/ 1). 22. (j'-2)(3z-l)(2jr-3). 

23. . ■ /v - j^ir - - nf^ ~ ^if‘ - ]f‘. 

24. I' j^y V jr^y- x*!/’ ^ ~ y’. 

25. ■ s^y r r^y- ■ ■ i/\ 

26. r* . I'y T j^y* - +x^y^ ^ry'’ 

27. • (fi - 2 )j: - (7. 28. {ff ^ rOJ^-ea -3. 29. 6 or -• 

30. 13. 34. 35. -37«». 


XXX. a. Page 262 


1. 

0 

2. 

3 

3. 


4. 

3a2. 

5, 

O' 

rl’ 

«!■ 

^ ■ 




4* 

ai 

2' 




6. 

A 

7. 

.V‘,r 

.Vi\y* 

8. 

x%‘^ 

/ ’ 

9. 

6 

J 

10. 




] 





15. 

j 

11, 


12. 

3oV‘ 

13. 


14. 

4 

2y*. 

16. 

B 

r*. 

17. 

fi 

’ 1* 

18. 

ji* 

19. 

1 

a* 

20. 







03 


I 

2lla 



21. 

1 

22. 

5 

N'T 

23. 

0 

24. 

25. 


26. 

1 

27. 

(>. 

28. 

•> 

29. 

sja 

30, 

21 

31. 

•> 

vfl' 

32. 

1 

3^>P' 

33. 

4 

34. 

I 

35. 

4/fl« 
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36. 

s^- 

37. 

"x“. 38. 39. i- 

' -^x Ca 

40. 

Va". 

41. 

8. 

42. 

1. 43. 25. 44. 

45. 

1 

218* 

46. 

625. 

47. 

3 '^7 

9. 48. 1- 49. . 

50 

2187 

128 

• 



2ZX. b. Page 26o 



1. 


2. 

3 ‘ . 4 _L. 

y y^-* 2x5yi 

5. 

4 

^ijS* 

6. 

I6ar*. 

7. 

4 8. x!. 9. 

y* 

1 1 * 1 

10. 

x"-‘. 

n. 

1 

^.1 

12. 

' ■ 13. 14. o5. 

aS6i 

15. 


16. 

f 

A 

17. 

V 18. ab*. 19. (I >6. 20. 

1 

(■r* r)*” 

21. 

1 

a* 

22, 

i!. 23. x‘. 24. 

(0-6)5 


25. 

26. 


27. 

A. 28. o6(6‘-a*)i- 29. 

a* 


30. 


*. 31. 32, A 

33. 

y 

34. 



35. 2"’. 36. i- 37. 4. 


38. 1. 




TTX. c. Page 288 



1. 

12x5 . 

-20x5 

^41 -15jr“U24r'i 



2. 

8a!- 

9x5- 

25 ^ 23fl^^ * 6a“^. 




1 2e*'~9r'-M-3Ic“'*-6r*'. 4. So;** -f 14jr« ~3jr<* -Or **. 

5. 6. 3«1 -3rt"W2fl-*. 

7. 8o-*4-7<i’* + 6. 8. .Vji +4 a1 +36"^ +26“^. 

9. 7a^-faa'-4. 10. r*"-l+r*". 

U. 3xi-2^x-i. 12. .5a!-3o4+4. 



I 
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13. 

2jr"-4+3x- 




14. 0®^- 

-3a*-2. 

15, 

«* « 2a - I6a 

“«-32a-3. 


16. 1-a 

-2je^ +22^ 

17. 


. + .^3rr5. 

18. 

2^: 4 + 4/^4 _8x“i. 

19. 

1 .^3 mtfl * . 




20. 2x^ 


21. 

3x'* Hj- 




22. 2x* 

-3y^ +4/~«yi 

23. 

9/*y ‘+2/* 


9. 


24, 

‘-> 1 - 3 /. 




XXX 

. d. 

P.\GE 270 


1. 

t-4/' - 21. 


2. 

16jJ 

- 8 - 15/-*. 

3. 49/*-81ir’‘- 

4. 


‘y". 

5. 


4^4a--^. 

6. a®^ T 2a''^ + 0 '. 

7. 



8. 

2i)x^ir^ - 13 - 13jr'3“jr^. 

9. 

1*2 „ 
3 ^ ” 

1 

10. 


-liltr^-lay 

-^-2oz-^. 

n. 

a- 

-a ^ 


. 12. r'- / 

-3r®-2+2/''^a-2x^~“. 

13 

2(i ■ 2{a- . 

14. 

(i^b 

i{n -6)-^-: 


15. 

xl 


16. 

.r-3j-i +9. 

17. «-^ + 4. 

18. 

P* 2/> . 4. 

19. 

r • ( 


20. l+2a^®T4fl'®. 

21. 



22. 

s. 



23. 

4 i 

. X * ■ 

, /* .;- 

I. 


24. 

■ 2.r^T4jr"~8i:"-^16. 

25. 

T* * 2x* ^ X 

-16. 



26. 4/'- 

rl6j* +l6-9j:“i 

27. 

4 - j:"* 4x 




28. a^- 

49-42a*^-9a-®^. 

29. 

1 1 1 

30. 

1. 

1 

31. - 

/* + 

2 00 

2 ^ 




XXXI. a. 

Page 273 


1. 


2. 



3■;/^ 

4. '-a*. 

5. 


6. 



7. 

8. I"/^. 
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9. 

;a». 

10, 

1 

srti 

■' »■ 
n. \x>ys 

12. ;^a". 







13. 

1 

14. 

^ Oix-’. 

15. 

'«, 16. '««•. 

17. 



18. '•> 

r», j'®. 

19. ^ 

i s a>fe*. 

20. 

1 0 ; 's 



21. ^'125.- 

121. ;M3. 

•>■> 

\ t>4, 

^6. 


23. = 2, * 2. 

s .> 




TTITT b. 

I'a.;e 274 




1. 

ll\J. 

2. 


3. 4^4. 

4. 

6^ 2. 

5. 

I:s6. 

6. 

24^5. 

7. 3\:). 

8. 

7=3. 

9. 

5^ 5. 

10. 

-9^3. 

11. 

12. 

.“Vi/A’a^iA. 

13. 

3jrys 4jr. 

14. 


15. 

16. 

(fl - 6\ <l, 

17. 

-(■r y)< xy. 


18. s242. 

19. 

9<y>. 

20. 

.i 864. 

21. 

»75e). 

22 !'* 

“■ \ir 

23. 

\ ‘ih. 

24. 

v^. 

25. 

.•Id 

\ X • 

26. \ 

27, 

X 2rt. 

28. 

Ca^. 

29. 

^ ah. 

30. 

> y 

31. 

- y*. 

32. 

- Jt 

\ fl - X 

33. 

14^:>. 

34. t. 

35. 

12,^11. 

36. 


37. 

7.^ 7. 

38. 11^3. 

39. 

0. 

40. 

17^2. 

41. 

21VTJ - 13^ 

2. 

42. 

3^ ft. 

43. 

5^7 l.\6. 


9 * 






TUI. c. 

I'ACJE 277 



1. 

Hv6. 

2. 


3. l(K'3rt. 

4. 

30v3. 

6. 


6. 


7. 3^3. 

8. 

•V2 

4 

9. 

-v^l3. 

10. 

14=9. 

11. 240^4. 

12. 

s6. 

13. 

o4*vW. 

14. 

33 

10 ’ 

15. V2. 

16. 

a 
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17 . 


a-h 


21. 105959. 
25. -2^87, 
29. 


18. 9*8905. 

22 . 26 8 :i 28 . 

26. -(>147, 


19. 1M804, 20. 3'7796. 


1. 6.r- 10s.f. 

4 . / . y s x -y. 
7. 6 ^ .,10. 

10. jr • n - N. r* - n’ 


23. 

27. 


58-7878. 

•2.066. 


24. 

28. 


•8165. 

1*5749. 


XXXI. d. Page 278 
2. 2z-2\^u-. 3. a^Jb-rh^Ja. 

5. 30M2,.0. 6. 6^/21-46. 

8. (ki - 6^- - .'a */j*, 9. z - 1 T - 

11, 5^; -r z - 4s u* +az. 


12. 1 ■ 8^1 ' 4s r U\ 
14. ff • z - 2 - 3s <j 4z. 
17. Jr 2s'4r* -a^ 

19. 2m - 2s m*”n*. 


13. 2r;-2sa^~z2. 

15. 2s 6. 16. 16r6s'10. 

18. 2r=-2sr< 4y». 

20. 1 .'k- -- ,0o“ ~ 12s <z* - 5*. 


21. 63 - I8r%l4 - 4 j^. 


22, 8z=-2sl6r*-l. 


XXXI. e. Page 280 


1. 

11,3. 

2. 

- 166. 

3. 172. 4. -6. 

5. 

ri - 45. 

6. 

•Vi - 4r. 

7. X. 8. 2p-q, 



10. 


„ 11-3s7 

9. 

2r, 

2.0(r- 3y=)- 

-4fVj^ 11. — - 

12. 

3sT 

3 

13. 

19 6s 2 

17 

14. 2rs6- 

15. 

sry^ 

16. 

17. 

18. 4 "f-s li^* 

y 



n - X 

19, 

.0 . s 6. 

20. 

S-s42. 

21, 

n 

22. 

3s 2 -^ 3. 

23. 

z-sz*-y*. 

24. N>T^-a. 

25. 

1 - si r* 


26. 

7fi - 5 "■ 8s 

> 


.3fi +56 

27, 

29. 

IS . _ fts'9^ 

■? 

28. 

30. 

s3. 

2 -S 3’*" -26795, 

11 +5s 5 = 22*18035. 

31. 

s 5 - s 3 ■50402. 

32. 

v5+ 2 4-23607. 

33. 

# 

’^^-111803. 


34. 

= *09807, 
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XXXI. f. iUoK 284 


1. 

\«' 

2. 

.,10 + v3. 

3. 

v7-l. 

4. 

s3 s2. 

5. 

V7^2s3. 

6. 

OO 2s, 2. 

7. 

4^2-3. 

8. 

2^3^ 3s. 7. 

9. 

2vn-v3. 

10. 


11. 

= ;-■ 

12. 

« /* . r* 

^2^V2' 

13. 

i3U2^1). 

14. 

;2U3-1). 

15. 

*5{s.2^1). 

15. 

^2^1. 

17. 

^3-1. 

18. 

^ U- 

19. 


20. 

\ 9 “ \ 2, 

21. 

i42(s5-s3). 

22. 

^2 1. 

23. 

,3^1. 

24. 


25. 

4 *.,3. 

26. 


27. 

7 

\ ‘ - s -. 

28. 

2>^ 2 -f 3. 

29. 

2s2-,7. 

30. 

- 3^2. 



XXXI. g. I’AfiR 

2sti 


1. 

14. 2. 

33. 

3. 2»). 

4. 44. 

5. 13. 

6. 

«. 7. 

17 

6 * 

8. 0. 

9. 7. 

10. 

11. 

14-1. 12. 


- 


15. 3. 

16. 

12. 17. 

1. 

18. 0. 

19. H. 

20. 12. 


1 



24. (5- 


21. 


1. 

23. 2. 

. Ai- 

a]'. 25. * 

- h 

28- 

<t. (1 - 6 . 27. 

ID. 

28. 

29. 2. 

30. 



XXXI. h. pA(;r. 287 


1. 

49. 2. 

4. 

3. 49. 


6. 16. 

6 . 

M. 1. 

64 

o’ 



10. 0. 

u. 

4. 12. 

1. 

13. 4. 

14, 50. 

15. 11. 

16. 

3, 17. 

6. 

18. 2.-5. 


20. 

5 

21. 

6. 22. 

361. 
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XXXTT . a. Page 292 


1. 

6:1. 

2. 

1:2. 

3. l:.o. 

4. 

9:32. 

5. 

2r:3y. 

6. 

,% : 4r?. 

7. 6:1. 

8. 

1 

5 

9. 

4:1. 

10. 

17 : 7. 

11. 3:4. 

12. 

5:4, 

16. 

21, 28. 

17. 

11. 

18. 27. 






xxxn. 

b. Page 298 



1. 

y. 

2. 

i]!? 

3. ay-. 

4. 

b. 

5. 

\x. 

6. 

\W- 

7. 

8. 

ab. 

9. 

47^. 

10. 

(kj-.’-. 

• 11. ikil.K 

19. 

8or?- 

20. 

7 17. y 

11. 


21. 2(ir0, 

22. 

5 or 0. 


XXXII. c. Page 

1. r>4. 2. 27. 3. 3."|. 4. 21. 5. 10. 

6. ^ 7. 10. 8. IS. 12. :Ja=:5i. 13. “wr^Ty. 


14. 2.V».27y^, 

19. y (If :i.r^ . 

22. 7.V,, j 3 fl, 1'2. 

26. fiO. 12, 6. 4. 

29. V 2^- 1 . 

33. 20 milrd per hour. 
37. £1960. 38, 


15. 16. zA 17. 20. 

20. 21. 4. j/ (3/ ^20) -2400. 


25. 1-2, 2-7, T o. 10-8. 

27. y lx. 28. y--- 

^ .5 ^7 

31. 346 1 square feet. 

34, 9:4. 35. i jfoet. 36. 4 feet. 


42. 1-7 w«i. 43, 3 inile.-i. 10 3 ft. 


xxxm. a. Pace 309 

1. 161, 245, 2. o9. 37, 3, 34, S9^. 4. 16. 9, 

5744, 93J. 6. 08.24.36. 7. 43. 8* -49. 
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9. 

-40}. 

10. 

72. 

11. 

97. 

12. 


13. 

a T Sid, 

14. 

80a - 795. 

15. 

934, 9780. 

16. 

3 2. 25 2. 

17. 

- 387, -1 

8900. 

18. 


-99^. 19. 

4l|. -361. 

20. 

.>44, 4834. 

21. 

779. 

22. 

4.S3. 

23. 

98Uj. 

24. 

-5.569i. 

25. 

493. 

26. 

140, 

27. 


28. 

0^(4 -a). 

29. 

0^(3 - 0 ) 

30. 

IH{{p - 4). 

31. 

30, 3. 

32. 

25. -3. 

33. 

16, -1. 

34. 

24, 25. 

35. 

U. -1. 

36. 

20, 4, 

37. 

7, 2a. 

38. 

20. -2/. 




XXXin. b. I‘a.;k m 


1 , 

4. 11, IS 

2. 13. 10. 7: 

3. 3, 1. 1 

4. 

.. ‘ 

■ 5. 

6 . - 11, 4, 19, , 

7. 

43. 

8. ■ 9.7. 

9. 

10 . 

6s, 26. 

11 . 913 . : 


\Z 

-«!!. 

-2,V 13. 6 4, 

.7 6 - .7 6. 

u. 

1^1 gl .»! 

'■a- -a- 

15. U or 1.7. 

16. 8 or 2.7. 

17. 

9 or 86. 

18. 13.>r20. 

19. 7 or S. 

20. 

il or 24. 

21. 12. 1.3. U. 

22. 1,4.7. 

23. 

7, 11, 15, 19, 23 

.24. 2. .7. 8. 11, 14. 

25. 131. 



mrv. a, I’aoe .317 

1. 

48, 384. 

2. . 

2’ 128 


4 . 

1 1 
"27’ "2liV 

5. 128. 1. 

6. 1,62.7. 

7. 

512. 

8. - 4374. 


10. 

-3«. 

11. 

- J.- 

13. 

162. 54, 18. 

14. * . 2. 8, 32. 

15. - 28, 14 


le. 3 . R 384. 735. 


18 . - 1458 , - 1092 . 
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19. 

o' 1272. 

8 8 

20. 12|^ 

21. 30|,45g. 

22. 

. L ftl093 

14.>«’ 

23. ill 

24. 1,^. 

25. 

12S1 

2.760 ■ 

“• ->048 • 

27. 5ff. 

28. 

4:m 

mri' 

29. '(S'-l). 

30. ^(1-2*P). 

31. 

40(3 ^., 3) 

3 

32. 

tl - 1 

„ o85^'2-292 

33. ^ . 

34. 






XXXIV. b, Vm',z 320 

1. 

27. 2. 24. 

3. 1. * 4. ;. 

'• «■ 1 

7, 

27 .K 

211 ■ 1.7 

■ 6- 

- I- - 1 

13. 

1 

14. 

S 4 2 

2187 729 243 

2.76 128 04 

16. 

J.i,... 

. 17. 

U 32 16 

18. 73,60.48. 

20. 

3 1 1 

4’ 4‘ 12 

21. 22. 

y* 1 8 

23. 

‘ 1\2} 
46 

24. 




XXXV. a, P.u;k 

324 

1. 

2. ' 

3 14 

3. - 4. 4. 

5. 

H 3 

6. 

4, 


- ^ .... 8. 2l 9. 1?. 

23 * 


10. 1 . n. 12. '. 13. 14, 4,7i. 

♦ f| . f) ,1' -r 

15. 3.4,6. 16. Ij, l|. H 19. 20. 17^. 

ff tn _ ^SH 

2^(i>i 3)a'(p 3)/]. 22. 23. -18. 31. 

«. i 38. "'V‘’ - + '(>■ o'.)- 


39. i;{3fl + 2). 



542 


ALGEBRA 


XXXV. b, Paok 3Ln 

t Mj. 4. W. 6. 3'x392. 7. 3i, T)}, 7j. 9|. 

8. 50200. 9. 1152. 10. Jn(Hfl}. 11. 12.9. 

12. msew. 13. n(n+7K S. 14. 

17. - 2 or - r I ur i. 18. x 9 or 4, y 6 or -4. 

19. 20. £20.'i2. 22. 21>{| J 30 fwt. 

Miscellaneous Examples V. Paok :129 


1. 

‘ r ^■ 

o*M 

7. 


0. 5. 

10. 52, 7?v. 91 yard><. 

12, 

0) 

(2) (u - 


ft* 7 

14. (1) (21 . 

»r 

15. 

a -6 
r r‘ 

21. 

- 

23. .1. 

2. i. 4, 7, 10. i;i. 

24. 

1,4. 7 

25. 

1. 

26, (Ii2:. 

5 ; (2) - 170.',. 

28. 

2, 0.2. 4. 6. 

29. 

'i' 

30. 1. 31. u-ft. 

32. 

m 69 

7."i 

«l S7 

34. a)9(PVi -fllxl. (-I’jjj’’. 

37. 

10. 38. (1) s ' 

1 -.3»" 

4 ’ 

1 . -S*" >. 

(2} 2n ; 1 1 - 4 m. 

39. 

1 anri 9, 

40. 


1 

9 ' 

41. H and 2. 


XXXVI, p,uiK m 

1 KationAl. 2. Kaliomil, 3. K<n»l, But opposite in nign. 

4 . Imaj^irvarA'. 5. ImafOnar)'. 6. But oppoditr in j»isn, 

8 . 0. 

10. llr* - + l.V 0. 

12. M-7X-0. 13. 


7. 

9. i*-2ax4.a»-fc* 0. 
11. I5x*-aax-8a*s0. 
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14. (i)6. (ij) -7, 15. ^ — - 

a+b 

4 7 22 

17. Sum y , differtmce , sum of stjuarcs • 

2.7 

19. ^ • 20. k must not lie between 10 and ~ 10. 

49 

21. 22. (4-r)(3-rz); between -3and4. 

24. x*-0/r4 0. 25. jr*T4jTl-0. 

26. SOf* i (6a - rA)r rj4 0. 27. 4 j:*-16z+9=^0. 

26. (o* - - 2 (a* ri'lJT tQ* -6* -0. 


29. 

30. 

33. 

36. 

38. 

41. 



(iii) ^ 0. (iv) (4/)*-a(4j’)Tii“:0. 

(y) (j^l* -dj^ . 0. (vi) (\i-)2 -av'j +6-^0. 

{vii| fc*/* (a* 3aA)J‘-5“0. (viii) r’ - 3aa; T2a* -f 6 =0. 

(ix ) («» , n ~ 2 ^) 1 . ^ 5 - n» - ;kA 0. 

( x ) 4 J* ‘ fc-r - 2.55 - 4 d* - 0 , 



43. p-. -'l{br(),q^’^bc. 


44. p 45; ijorl^. 45. 

47. I.Kt. 4«. HMi'-. 

49. (!);;« 4^. {») q \. (iii) 2p* 9?. 

(iv) 4(g + l). (v) p-^ “7, (vi) p= -2?, 

p* - 2?, - (P ^?)-r " y* - 0. 51 . - 20o>x - a« =0. 



ALGEBBA 


M4 

b ] A 

54. 58. 60. --^,-10. 

XXIVII. a. Pauk :W7 

1. 120,5040,56.300. 2. (1)2520. (2)5040. 3. S. 


4. 

126. 5. 0. 6. 36. 

7. 

7i»r8. 8. 2100. 

9. 

4.55, 816 ; (r 15). 10. 242880. 

11. 

1596000. 12. 501000, 


XXIVn. b. Page 3.52 

1. 

(1)9071*2UU. (2)151200. (3| 166.120. 

2. 420, ,m 3. 1.'. 

4. 

1023. 5. m**. 6. 

Hi8l6S. 7. 34avi. 

8. 

120, 144. 9. 1296. 10. 

1>M). 

n. 11520. 

13. 

7S. 14. (« -2)(f» -3) H - 

2. 


16. 

8! 7! 51 4! 4 1 (atM>ut 1-4 j' 10**). 

8 ! 7: 5! 4 ! 12 (dlxtut 7 ^ 10**). 



17. 

35, 324. 18. 10, 10. 


19. 

20. 

2.50. 21. " ' . 36, 28 

P- 


22. 1980. 660. 

2Z. 

4060, asir 24. 38. 


25. 

a\h'r' 

26. 

a 16 -4320,6 7 -30240. 


27. 216.90. 

28. 

70, 3.5. 


30. 3456. 

31. 

52! I .52! 

(13 :p’ 4V(13r’ 


32, 0,9,5. 


Xuvui. a. Page 359 

1. jc< + 8z*-24jc* + 32z-16. 

2. jr* + 15«* + 90r*^270i*^40ftj fm 

3. «' +21a‘^ + Xkt*x^ ^ t 2li»V 4^ 7tt/* + jt*. 
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-.Wr + lOa®r»-10a*z3T5aa:*-2». 

1 - lOy f40^-80y» + 8(y-.32y». 

lftr<TlGjayrftx2y*rXy»-^. 

G4 - IKix + OOx* - 

4 H 64 

{Hw* 51W y03a 2187 

' ^ 6 ‘ '^~b* W' , 

a* I* r Jb‘/*y ^ 3<xt*x'y* + 84a*a:*y* 1 126cr®y‘ 

, 84xY^36iiy’^92y" y' 


11 . - 448 yi. 

, . 2 i 0 


12 . 2\Hlba^bK 

5103 x<a* 
15. — -. 

18. -24310j:«. 


20. 32 ^40x2^10j4. 21. 11520. 


XXXVin. b. Page 354 

Tlu-S»»>. 2. ThcOOi. 3. The 2ii4 and 3rd. 

ThoTGi. 5. Thollth. 6. The6tHand7rh. 

r 7; oxi'ludingthe valuer- 4, which makesthetermsthesame. 

2?» :2rt 

« 4G. 9. 3r 3n4 2. 10. 11. 


d.Vt36. 13. 262144 

«(»t U (« ~r • 2 ) 

r I ‘ 




"I " '> .( 2 j.)n-r.l. 

fio* + ISfi* i 20n* -t l.Vi* * 6rt 4- 1 j 
/* * 12 jr*>- 54 j*- 112 j^ + I 0 Sx^- 48 x + 8 . 


*> S H 


- 6 xi 27 j»- 108 j» + . 


I + 3 «* fOJC* 4 lte* + ... . 21 . l- 12 x 4 9 (yr“- 540 x* + ...* 
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1 3 3 . 


32 


;c» + .,.. 23. 1 


3 . 5 , 

-a: +- X* - - ar + , 
*^2 2 


1 /, 3x 15x» 35x* \ 315 . 230945 . 

24. -s(l + -+^+VT+ •■)• 26. 

f\ a 2a* 2o“ / 128 65536 


Oft ^ -r* ~ 


27. -4x*, {-l/(f + ^)x^ 


28.^ 

29. 

30. 


21 1.3.5...(2r-3) 

1024 2'’[r 

¥ (n-l)(2n-l)...{(r-l)n-l}^, ' 

^ ~ X . ^ X . 

4-95967. 31. 4-98998. 32. 1-98734. 


33. 100504 


xxxa. a. 


15, -l.v 


Page 373 



3 3 
4’ 2* 


3. 5.^, 125000,1,-^,2-89,-01. 4. Jloga. 


5. -Slogy. 6. 3,2,0, -1, -1, -4.1. 

7. 1-5705780, 5-5705780, 8-5705780. 

8. 7-623, -000007623, 76230000. 

9. 2-8627278. 10. 3-9242793. 11. 1-4082400. 

12. -7658178. 13. -8644286. 14. r4841414. 

41 1 1 

16. log 7 + 41og3 ^ 2-7535832. 17. 61og2 + -^log3-~=:3-392216Q 
18. ^log2+Jlog3-f^log 7—4797536. 


19. 

20 . 
24. 


26. 

28. 


i(7 log 2 - 3 log 3 - log 7) = 1-9661490. 

Sixty-nine. 22. 176. 23. -398742. 

•500977. 25. 2 - log 2 - log 3 - log 7 = -3767507. 

l+21og3-log2 6-71og2 ^ 

^3 ' = 3-46.27. 


= 1-206. 


1 -log 2 


=4-29. 


29. 


2 log 2 - 4 log 3 
4log2-l<)g3 


- 1-8 veryneArly. 


XXXIX, b. Page 377 

1. 481-9. 2. 46-22. 3. -1396. 4. -008682. 

5. 342-9. 6. -03892. 7. 8-119. 8. 44-22. 

9. -6797. 10. 7 446. 11. 0-3056. 12. 3-361, 
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•7783. 14. 1-923. 15. 1-444. 16. 19-97. 

•2008. 18. -00008855. 19. 415. 20. -7142. 

2-887. 22. 1-997. 23. 1-936. 24. 1-973, 

1-291. 26. 9-29; 2560. 27. 9-076. 28. 178-1. 

16. 30. 4-616. 31. 9-529, 32. £73. 

£514. 34. 20yrs. 35. 19. 36. -87. 

XL. Page 387 

30215. 2. 25566556. 3, 244332343.' 

36641tt. 5. 3245. 6. 14320241. 

123807; 1101122. 8. 3e7580. 9. 32099. 

30523. 11. 10000011. 

2» 4- 28 2’ + 2* + 2= + 2H 1 ; Be* + 9e® + c® + 4c -f 1. 

1736; li5; 328108. 14., 667. 15. 203-71. 

31-573. 17. -100133. 18. -50213 ; -404052. 


23. Seven. 24. 444; 1425; 3333. 


XLI. Page 393 


1 / 


a* a* 


10 . 


13. — — 


XLH. a. Page 306 


2 

- 1 — 3 5i«^/21 

2 ' “2“'* 


2. 2, g(l±s/10). 


9. 3, -2, 


10. 1,^. 


15 . ^ 
iJ. *•* 2’ 4 


^6. 1, li;2sl5. 


7» -L 3ti:2s^. W, 3, 


12 
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19. 

20. 

22. o^-. 
a 

23. 

25. a, 6. 

26. 

28.» 8, -2. 

29. 


XLH. 

1. x=5. 

y-2. 


3. x-7, -2; y = 2, -7. 
5. a: = 12, 3; y^3, 12. 


^ 1 3±^/.505 

“F 4 

21 

13 7 

a-b 

24. 1,'-^- 
o{o 

a*+6^ -dc - be 
0 + 6 - 2 c 

27. p+q. 

5 13 

2’ 2’ 

30. 0, 6. 

}. Page 399 


2. x=4, 3; 

, y-3,4. 

4. x = 8, 2; 

; y=2,8. 

,6. x=3, 

y=6. 


7. ^=fy-5- 8. ar^4,l,*(-5W4I); s = 1,44(-5Tv'41). 


9. x=±10,0; si=±l, i "• 10- ■' = 7. 

11. x = 5,2, l±v'6: y= -2, -5, -1+^6. 

12. X = J, 1,0; y=2,0, 1. 

A 4 


35 


i y='i* - 


15 

'4 


13, I = - 1 . 5 i:v6 ; y - i, 1 ±Jr, • >'It may be shewn that 

(z + l)^ = 27(y + l)®,] 


14. (t) 3,2; 2,3. (2) 1 = 3, -1; y = l, -3. 

15, 2 = 16,1; i/=l, 16. 16. x=17, y=i8. 

17. z=±3, y= £2, »= ±4. 18. x = 5, y = 6, z = l, tt=4. 

19. ±6, i|, := i"- 20. i5, y= i7, 2= ±11. 

21. x= -a±2, y = 6±l, 2 = -c±3. 22. x= ±5, y = ±2, r= ±4. 

23. x= ±7, y= ±3, 2 = ±2. 24, z= ±3, y = T 4, 2= ±2. 

25. x=2, -4; y=3, -5; 2=0, -2. 28. x=7,y=2,2 = 4. 

27. x=±^,0; y=±^,0; 2=±1,0. 28. x = 8, 2; y=2, 8; 2=4. 

29. x=2, -6; y = 5; 2 = 6, '2. 30. x= -6 ; y = 3, 1 ; 2 = 1, 3. 

xv 30 26 

31. z = 6; y=9,4; 2=4,9. 32. * = y=JY‘ 
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33. a:=3,j/ = 9,2=6. 

+ __ ,tf(a2+6*) 

XLm. Page 404 

1, £1288o5000. 2. 87 years nearly. 

3. £1287. lOfl. 4. 20-63 per cent, nearly. 

6. £2001. 17s. 6d. 6. 4 per cjent. 

7. £3360. 8. £11708. 8s. 

9. £1604. 10, 20 years nearly. 

XLIV. a. Page 408 

7. 36. 8. 32. 9. 25. 11. 1-2 sq.cm. 

12. y =3^. Any point whose ordinate is equal to three times its 
abscissa. 

14, The lines are x — 5, j/ = 8. The point (5, 8). 

15. A circle of radius 13 whose centre is at the origin, 

XLIV. b. Page 411 

21. 32 units of area. 22. 1 sq. in. 

23. 72 units of area. 24. 0-64 sq. cm, 

XLIV. c. Page 414 

1. x-1, y^5. 2. x = 2, y^lO. 3. z=3, y^l2. 

4. x~3,y~~2. 5. x-4, y^2. 6. x = 6, y^8. 

7, x = -2, j/=4. 8. x=0, y = -3. 9. x=: -3, y-0. 

10. At the point (0,21). 11. 3x+4y-7. 


XLIV. d. Page 419 

1. y-x. 2. (0,0), (-4,2). 5. (2,1). 

6. (i) 1-46, -546 ; (ii) 3-24, - 1-24 ; (iii) 3-32, 0-68. 

7. -5; 7. 8. -1; 3«79, -0-79; 4-54, -1-54. 

4 

9. x = 8, or 6 ; y=6, or 8. 

10. The straight line 3x + 4y=25 touches the circle x®+y*= 25 at 
the point (3, 4). 

XLIV. e. Page 428 

3. Each axis ia an asymptote to the curve, which approaches 
the axis of y much less rapidly than it does the axis of x. 

7. y=5,3. 8. *=3, -3 ; y=2, -2. 

• « 

9, x=2;y=-l. 31. -1,1,2. 32. -2,4-41,1-59. 



550 


ALGEBRA 


XLIV. f. Page 434 

1. 0-52, 2-9, 11-6; 2-75, 2-3, 3 1. 3. 2 080,2 140. 4. 2-4. 

5. -2,4; -9. 9. -Sandl. 10. -2,1,4. 

12. 26-9. 38, 3-58. 13. 0-477, 0-22o, 0-350, 1-538. 

14. 3 in. from the point of suspension. 

15. 22 Ib8„ 101 Iba., 14j lbs., 13^ lbs., 11 lbs., 9^ lbs,, 8 lbs., 
7^ lbs. The curve ia a rectangular hyperbola whose equation is 
/y -22x12. 

16. 1-5. 17. 18. (i)l. (ii) 1,2, -3. 


19. (i) a: = 8, y = 1^ ; or x = 1^, y = 8. (ii) x -6-43, y =3 u7. 

(iii)i=6, y~2; orx--6, y=-2. 20. 2,2, -1. 

22. 1, 1-732, -1-732, Negative for values ofx< -1-732; positive 
between - 1-732 and 1 ; negative between 1 and 1-732 ; positive for 
values of x >1-732. 


XLIV. g. Page 444 

2. (i) 54-1 grains ; (ii) 0-2. 3. 39-3 ; 91-6 ; y==0-393x. 

4. 3-83 in.; 17-6 in. 5. 54-5" F. 86-9'’ F. F = 32 + ?C. 

X ^ 

6. f/ = 100+ - 45-96 ; 39-40. 

10 / 

8. £2. 12^. ; £3. 8i. 9. 81 in. ; 24-375 oz. 

IQ (i) £320 ; (ii) £580. 11. y- j^x-70. 112; 168; 78. 

12. 5 ft. per sec. ; o^secs. ; p-5 + 41. 13. 2-49 sq.ft. 

14. (i) 52 ft. ; (ii) 160 ft. 15. Max. he^ht=:64 ft. ; 4 secs. 

16. P =0-66’ -14-4; 24. 17. 26^. ; 36#. 6d. 18. OS-:/ E. 

20. y=0-21z + l-37. 21. y=0-4x + l-6; 9-2; 3. 

22. a =45-7, i = 118. Error = 8-43 in defect. 

23. 86; P=014ir-f02; 225 lbs. 

24. 5 = 3. 2; 12. 25. o=3,5 = 2. 7 ; 4-25. 

4 

26. 11=3,0 = 27x10“, 27. n = l-5, c = 79500. 


XLIV. li. Page 456 

1, 6 p.m. ; (i) 3.30 p.m. ; (ii) 7.30 p.m. 2. (i) 2 p.m. ; 2..52 p.ni. 
3. 47 ml. from A'b starting place at 12.42 p.m. 

11.12 a.rn. and 2.12 p.m. ; 4. 27 mi, 

5. 35 mi. from London at 3.33 p.m, 3.9 p.m. ; 3.67 p.m. ; 36 mi, 

6. (i) 15 mi. after C’s start, 1 mi. from Bath ; 

(ii) 45 3^ mi ; 

(iii) half a mile behind A and B, 
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7. 9 mi. from Y at 12.48 p.m. 12.18 p.m. and 1.18 p.m, 

8. 40 yds. A 16 yds. ahead, C 16 yds. behind. 

9. 5 sees. 10, 5 hours from the start . 

11. 7.116 p.m. ; 3 p.m. and 5 p.m. ; 19 mi. from Y. 

12. 7 hours. 3.7 p.m. 13. 12.12 p.m. (i) 11 a.m. ; (ii) 57 mi. 

14. 5 mi, 15. 4.12 p.m. 16. 10.4 a.m. 

17. 400 yds. 18. £420. 20 for £480. 

19. After 10 sees. 400 ft. per sec. ; 600 ft. per sec. 

20. 30 years. £410; £320. 

21. 75 in Latin ; 80 in Greek. 74 and 50. 


Miscellaneous Graphs. Pack 460 
1. (2, -3). 2. (1,2). 4. x^l,i/-18. 5. 26; 1-28 (approx.). 
6. 9; 2-4. 7. (-4,5). 8. (3, 4), (4, 1), ( -3, 2). 

13. 2-65, l‘9l, 14. 2-79, - 1*79. 15. The pt. (6, 5). 

16. 22^. 3d. ; 36.?., 39,?. 5d. 17. 37 ; Is. 9d. 18. 6«. 2d. ; 20-3. 

19. (i) 1 = 2, or -7 ; y = 7, or -2. (ii) x = 8, or 6; y~6, or 8, 

(hi) x-'i, or -5-8; y-S, or -0'6. (iv) x-o-2, or -1-3; 
y- -2'9, or 5-7. 

20. 6-46, -0-46: 12. 21. 52; 2^. 4d., 5s, 

22. Is. r>d., 2^., 3^. 8d. ; 5 hrs. 23. 3 30, -0 30. 

24. 18,40,51. 25. 90,72. 27. 2-60, 5-63, 4-16, 5-77. 

28. 6 48 mi. from London, At 4 and 8 p.m. 

(i) B 4 mi. behind A ; C 6 mi. behind B. (ii) 4.21 p.m. 

29. 4.30 p.m., 18 mi. from 0. (i) At 3 and 6 p.m. (ii) 20 mi. 

30. (i) 1 p.m., 28 mi. from P ; (ii) 20 mi, ; (iii) 11.30 a.m. 

31. 29^ and 39 millions. 32. £80; £240. 

33. 1-5, -1. 34. Max. ordinates (=2) at the points ( -1,2), (1,-2). 

35. -1-73,0, 1-73. 

36. (i)x = 12, or3\ . (ii)x = 6, or -3\. (iii)x = 2,3, -3, -2\^ 

t|f-3, ori2/’ y=3, or -6/’ y=3, 2, -2, -3/’ 

37. 30-4 cm. 38. ? = MQ + 6 ; £171 ; £144 ; £92. 

41. 17«. ; 26j. 6d, 42. 4j mi. per hr. 

43. 1.30 p.m. ; 3 : 1. 44, 24 min. 

15. At Northampton. 48-4 mi., 84-8 mi. The quickest run is 

from Willesden to Northampton. 
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Miscellaneous Examples VI. Page 466 


2 . - 6 a- 26 -U 


1 1 2 

3 . 


5. 4-12x + 13x*-6:c»+x*. 6. 4^. 

4 


9. i: = 15, y = 16. 


lo 13 ^ 11 .2 - 

12. v7,^-.7f;y“+-, 


10 ., 1 , 3 . 11 . g ... 20 ’ ‘ 3 ' 

j’r 24 i’y + 192 xy= + 5 l 2 !/ 5 , 14, ji.y., 15, n, 

H.C.F. (j+ 2)(4:-1). L.C.M. (,c-l)(ar + 2)S(x*+2). 

-.200 10 Sb + la Sa^lb x 

2a^~Za+Z. 18. z = — 7^ >y = ^i7—' 19- 

9 9 a -X 


13. 

16. 

17. 

20 , 

24. 

25. 
28. 
30. 
32. 
35. 


40. 

42. 

45. 

47. 

49. 

51. 

54. 

56. 


22. x--y. 


9 

23. — 3i>.c 4- 18y + 1 


(1) (l(k-l)(x + 8). 

( 2 ) ( 3 a:-(/){ 35 C + y)( 9 x 2 + 3 j^^.y 3 )( 9 ;p 8 _ 3 j^ + y 2 ). 


13. 26. 2. 

29. xJ-.y^3b. 
x + Zy a ' 

21yf' and od-yi' paat 7. 

5 ^- 8 !/*. 


1 


33. 2a* + 12a=+2. 

36. x = 14,y=^17. 

39. i(a:5+y®)(3x-y). 


21 crowns, 40 half-guineas. 
2a5^-f36<. 43. 36. 

46. 

ab{a-bf 0 

jj-L y=L orz=0, y~0. 


48. 


27. 

31. 1. 

34. 884. 

37. 2z»-3j: + 7. 


41. Bah, 
44. 4z-5. 


2(z-7)(2a;-7) 


3’ - - (z-2)(z-3)(x-4)(z-5) 

(2z + 3) (4z + 5) (3z - 5){x -I- 2) (z - 2). 50. 3s. 9d. 

-56062 + 6589. 52. 4a* -96* + 245c -16c*. 

6(z + 1)(x-3)(z- 4). 55. 2(o* + 6*)(x«+y*). 

z^3, y=2, 2 = 1. 67. 0. 58. x:=-6. 

■J-, jr- 60. 24d»y«. 61. ?**-&e' + j+9. 

y*(ar-y)’(i’+ay+y') ’2 4 
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62. 

65. 

67. 

70. 

73. 

75. 

77. 

80. 

82. 

84. 

86 . 

89. 

92. 

94. 

95. 


94. 63. 


i DA ^ i ^ 

64. —x^--x. 

b c 


a; = 2-^ 
x=:34,y = 9,2 = 5. 

3. 

6 . 


x^-\ 

66. <l)(a^ + l)(x + 5). (2)(x-I9y)(x + 17y). 

68 . 

z+yy 

71. zH/+2». 72. -2ah, 

74. (i)3x(x-r9)(x-7). {2)(a+6 + I)(a + «!). 


i9. (2a -36 -1-20)2. 




pr 

78. 


r»-fx2-2 
2x2+2x + l 


t) 

,79. 




640. 

1 

2 ‘ 


81. 


lo 3 


83, ^27. 

4 8 4 4 


2a’'6‘(a-26)^(2a + 6)' 
.'3x' - 4x - 8 


87, 2a2-f-3a-: 


85. 

88. x:=2a6, y=:3o6. 


3.r- i 4x + 24 

3(2x -?/)(jx + 4y). 90. 25 shillings, 30 half-crowns. 91. 0. 


- Z“ - X 


93. 60(;)®~g«). 


23 „ 163 

■o' 

( 1 ) (a - 24“) (a- + 2ni“ + (2) (.t= ^ l - 1) {l= - 1 ^ 1), 


x^ a - 26, 




97. x-l,y--I, z=0. 
99. 

101 . 


98. 


(l/ + l)(y-5) 


2a - 36 -l-c 
2a - ^ 


103. 

105. 

107. 

no. 

P2, 


(l)5l. (2) -1.102. (1) 

.,31 1 

a*-3o-!- ;; a-- • 

£ 20 . 


100. Twelve minutes past four. 
2{a-fx) 


, 2 (2) 1+^-a^- 

a^+ax +x^ 

104, 1-5xt15x2-45x-3 


106. (2a -36} (a + 6). 


7 5 4 

(1) 2 or-. (2) ^orj. 


109. 7.t‘-- + 3. 

5 


111 . 


3xS-h7x-12 


(x2-9)(xa-.16)’ (x-3)(x-4) 
H.C.F. X - 66. L.CJM. 6(x 3a) (x - 3a) (x - 66). 
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Ob 

. (l)^or2d. (2) 9 or -3. 114. 177. 115. 18 maes. 

(3x + 2y)* + {3x +2y) (2x + 3y) + {22: +3y)> = Iftr* + 37xy + 

U ) U + y) {-c + y) {* + y). (2) mft {m - n). 

>" ®:3:y- 

(I) I. (2) 122. a-b. 123. 435. 

(1) x=!i±b. (2) i=3,!/ = 2. 

'>» 1^' iSVi,- 

(1) (a:-3v)(x + 8s + l). (2) 

P-P-Pl 129. (l)x = 4'.'(2).r = -.--'; . <1 

ip ® ^ a^~abT(j'^^ a’-ab + b^ 

JTra, 131. (i) (2) 

>1 

3 dhillings. 134. x-4-y“’ 

X 

H.C.F. i-o*. L.C.M. '{at* +a*)(x^ - 4a*). 

{\) -2y. (2)3. 137. (2:-2a)(x* + 2ca-^4a*){2o+36)(2^-3/»). 
(1)3. (2) z— 105, y —210, 2 = 420. 139. The difference is 3. 

x3-4y*-9:’-12i/M. ^ ^ 141. 3 hrs. 36 min. 

<') 5 - ( 2 ) I H 3 . ^yjl-L 

(')'‘(^/2 + ^/3). (2)s,'21+v'14. 

a® 4 - h* 

3:=2|or -liy^-ljorlf 

ai-2aizi+z^. 149. a* + l. 150. Sixshaiings. 

0 . 153 . 

(7z+4)(4z-3) 

(1) z=7 or - (2) 3 := ±5 or ±2^/3, y=i3 or ±^^- 

(1)0. (2)zV- 157. b + l):c-{i)-l). 158. 

{]) 1~2*«. (2) 3«-2". m 5hr8.67',47i'. 

13. 162. (1, (^-)-. (2) I 
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m 1. 164. 1, 0+^/7. 

165. {3y+2a:)(3!/-2a;)(a:+2){a:*-2ar + 4)(a;-2)(a;2^2a;+4).^ 

32 

166. (1)1. ( 2 )^. 167. {1)1. { 2 )^ 11 -^ 3 . 

168. E.C.Y. 5x^-1. L.C.M.=(5a:2~I)2(4zHl)(5a:2+a; + l). 

169. { 1) ^^^2^ ' ^ dozen. 

172. 0. 173. (1) (2) 1. 

ixyz » 

174. n. 175. (I) 71. (2). 2-^3. 

176, (1) (2)*=±^, ±^: y=±^, 4' 

nx 4- 1 3 

177. 178. (l)c^^ (2) 27. 179. 4 miles an hour. 

181. 1 * 2 . ( 1 ) xHy^xy-l. ( 2 ) 

183. . 3 - 2 rS. 184. (!) 2x. ( 2 ) 10. 

185. (1)5,1. (2)a:^6, 2, 4; y-2, 6 , 4, 186. 0. 

187. (I) 2 O 4 or I 64 -. (2) j:-.j or - I or 
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223. Number of terms =6 ; common difference =2. 

243 


1024 


o*; 


l.Vi 405 

224. (1) 32 - 60a + 45a>-^o»+^a 

o IZo 

(2, 

225. Senary. 226. 4f; 1-412. 227. 5 039684. 228. 316. 

1 


230. - 10a: f 19-0. 


229. (I) v^; (2) z--. 

z 

231. 2-71405; kt. 232. 1-75; 1-75; -2; 5-237r>439. 

233. B overtakes .4 at the end of the 8th day ; then A overtakes li 

at the end of the 15th day. 

234. (1) x=21, y = 6;(2) ; y=3, ; J=9, 

235. o-2d. 236. The 4th and 5tiJ terms. 237. 120; 60. 

238. 3-698970; -799340; T-785248 ; ^ ^ • 239. 8z - + 2 s j/7. 

240. log 2. 241. 14, 244. (1)3 ; (2)1-36664 ; (3) 22. 

245. ^ ^ ^ ' ■ ~ 246. 2880. 

247. z*-2(a-(-6)z+2fli-0. 
a(a -6) 


a (1) a. 


b-c 


, . a*(a -6) 

the roots s •■■■ , - 

b~c 


248. 2(»-l)hourB, 
one root is evidently a, and the product of 

']; (2) 7-P-7- 


250. The eeriee is the expansion of 


(-sr 


♦Ida, 


Additional Miac Uaneous Hxamples VI 

561: 


4ai: , 4a 

4(66-”i)'6(4a -T)’ "^^6 


•29a. 3.-6. 


♦Sda. £400. 
2(z + I)* 


27 


•5fla. Ip (a6 + 6 c -h ea), ^ abe^. 
,z = lor-^;z = lor-^. 

•79a. 390. !,£!. 18s.W.. 195. ‘Oaa. ^30.6. ‘Sda. 1. 


•69a. 


3z + 6 


•131a. 


z + 169 


•109a. 3^'. *1221. 1, *u.-. 

•Hfla. 16. •149a, l-661i»i. •196a. dn*-i-n(2a-d)-2S=0; 10. 


norriD im csuat bxitais by robbrt kaclkkosc asd co. i.to. 
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